
 
SP.600 Let 𝒂, 𝒃, 𝒄, 𝒅, 𝒆, 𝒇, 𝒈 be real numbers such that 

𝒂 ≥ 𝒃 ≥ 𝒄 ≥ 𝒅 ≥ 𝒆 ≥ 𝒇 ≥ 𝒈 and  𝒂 + 𝒃 + 𝒄 + 𝒅 + 𝒆 + 𝒇 + 𝒈 = 𝟎. 

Prove that:  

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒅𝟐 + 𝒆𝟐 + 𝒇𝟐 + 𝒈𝟐 ≥ 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒆 + 𝒆𝒇 + 𝒇𝒈 + 𝒈𝒂) 

Proposed by Vasile Cîrtoaje – Romania 

Solution by proposer 

Write the inequality in the homogeneous form 𝑬(𝒂, 𝒃, 𝒄, 𝒅, 𝒆, 𝒇, 𝒈) ≥ 𝟎, where  

𝑬(𝒂, 𝒃, 𝒄, 𝒅, 𝒆, 𝒇, 𝒈) = 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒅𝟐 + 𝒆𝟐 + 𝒇𝟐 + 𝒈𝟐 − 

−𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒆 + 𝒆𝒇 + 𝒇𝒈 + 𝒈𝒂) +
(𝒂 + 𝒃 + 𝒄 + 𝒅 + 𝒆 + 𝒇 + 𝒈)𝟐

𝟕
 

Let 

𝒙 =
𝒂 + 𝒃

𝟐
,   𝒚 =

𝒇 + 𝒈

𝟐
 

Since 

𝑬(𝒂, 𝒃, 𝒄, 𝒅, 𝒆, 𝒇, 𝒈) − 𝑬(𝒙, 𝒙, 𝒄, 𝒅, 𝒆, 𝒇, 𝒈) = (𝒂𝟐 + 𝒃𝟐 − 𝟐𝒙𝟐) + 𝟐(𝒙𝟐 − 𝒂𝒃) + 𝟐(𝒙 − 𝒃)𝒄 + 

+𝟐(𝒙 − 𝒂)𝒈 

=
(𝒂 − 𝒃)𝟐

𝟐
+

(𝒂 − 𝒃)𝟐

𝟐
+ (𝒂 − 𝒃)𝒄 − (𝒂 − 𝒃)𝒈 = (𝒂 − 𝒃)𝟐 + (𝒂 − 𝒃)(𝒄 − 𝒈) ≥ 𝟎 

and 

𝑬(𝒂, 𝒃, 𝒄, 𝒅, 𝒆, 𝒇, 𝒈) − 𝑬(𝒂, 𝒃, 𝒄, 𝒅, 𝒆, 𝒚, 𝒚) = (𝒇 − 𝒈)𝟐 + (𝒇 − 𝒈)(𝒂 − 𝒆) ≥ 𝟎, 

we have 

𝑬(𝒂, 𝒃, 𝒄, 𝒅, 𝒆, 𝒇, 𝒈) ≥ 𝑬(𝒙, 𝒙, 𝒄, 𝒅, 𝒆, 𝒚, 𝒚). 

 So, it suffices to show that 

𝑬(𝒙, 𝒙, 𝒄, 𝒅, 𝒆, 𝒚, 𝒚) ≥ 𝟎. 

We have 

𝟕𝑬(𝒙, 𝒙, 𝒄, 𝒅, 𝒆, 𝒚, 𝒚) = 𝟕(𝟐𝒙𝟐 + 𝒄𝟐 + 𝒅𝟐 + 𝒆𝟐 + 𝟐𝒚𝟐) − 

−𝟏𝟒(𝒙𝟐 + 𝒄𝒙 + 𝒄𝒅 + 𝒅𝒆 + 𝒆𝒚 + 𝒚𝟐 + 𝒙𝒚) + 

+(𝟐𝒙 + 𝒄 + 𝒅 + 𝒆 + 𝟐𝒚)𝟐 = 𝟒𝒙𝟐 − 𝟐(𝟓𝒄 − 𝟐𝒅 − 𝟐𝒆 + 𝟑𝒚)𝒙 + 𝑨, 

where 

𝑨 = 𝟕(𝒄𝟐 + 𝒅𝟐 + 𝒆𝟐 + 𝟐𝒚𝟐) + (𝒄 + 𝒅 + 𝒆 + 𝟐𝒚)𝟐 − 𝟏𝟒(𝒄𝒅 + 𝒅𝒆 + 𝒆𝒚 + 𝒚𝟐) 

= 𝟖(𝒄𝟐 + 𝒅𝟐 + 𝒆𝟐) − 𝟏𝟐𝒄𝒅 + 𝟐𝒄𝒆 − 𝟏𝟐𝒅𝒆 + 𝟒𝒚𝟐 + 𝟒𝒄𝒚 + 𝟒𝒅𝒚 − 𝟏𝟎𝒆𝒚. 



 
Therefore, 

𝟕𝑬(𝒙, 𝒙, 𝒄, 𝒅, 𝒆, 𝒚, 𝒚) = (𝟐𝒙 −
𝟓𝒄 − 𝟐𝒅 − 𝟐𝒆 + 𝟑𝒚

𝟐
)

𝟐

+ 𝑨 − (
𝟓𝒄 − 𝟐𝒅 − 𝟐𝒆 + 𝟑𝒚

𝟐
)

𝟐

 

= (𝟐𝒙 −
𝟓𝒄 − 𝟐𝒅 − 𝟐𝒆 + 𝟑𝒚

𝟐
)

𝟐

+
𝟕(𝒚 − 𝒄 + 𝟐𝒅 − 𝟐𝒆)𝟐

𝟒
≥ 𝟎. 

The equality occurs for 𝒂 = 𝒃 ≔ 𝒙, 𝒇 = 𝒈 ≔ 𝒚, 𝟐𝒙 + 𝒄 + 𝒅 + 𝒆 + 𝟐𝒚 = 𝟎, 

 𝟒𝒙 − 𝟓𝒄 + 𝟐𝒅 + 𝟐𝒆 − 𝟑𝒚 = 𝟎 and  𝒚 − 𝒄 + 𝟐𝒅 − 𝟐𝒆 = 𝟎, i.e. for  

(𝒂, 𝒃, 𝒄, 𝒅, 𝒆, 𝒇, 𝒈) = (𝒙, 𝒙, −𝒚, −𝒙 − 𝒚, −𝒙, 𝒚, 𝒚). From 

𝒙 ≥ 𝒙 ≥ −𝒚 ≥ −𝒙 − 𝒚 ≥ −𝒙 ≥ 𝒚 ≥ 𝒚, we get 𝒚 = −𝒙, hence the equality occurs for 

(𝒂, 𝒃, 𝒄, 𝒅, 𝒆, 𝒇, 𝒈) = (𝒙, 𝒙, 𝒙, 𝟎, −𝒙, −𝒙, −𝒙) with 𝒙 ≥ 𝟎. 


