
 
SP.599  We consider the function 𝒇: 𝑫 → ℝ 

𝒇(𝒙) = 𝒙 ∫ 𝒕
𝒙+

𝟑
𝒙

𝒙

𝐚𝐫𝐜𝐬𝐢𝐧 (
𝟏

𝒕
) 𝒅𝒕 

where 𝑫 is the maximal domain of the function. 

a. Find the domain 𝑫 

b. Show that the function 𝒇(𝒙) is even 

c. Calculate 𝐥𝐢𝐦
𝒙→−∞

𝒇(𝒙) 

Proposed by Vasile Mircea Popa – Romania 

Solution by proposer 

a. The domain 𝑫 

We consider the function: 

𝒈(𝒕) = 𝒕 𝐚𝐫𝐜𝐬𝐢𝐧 (
𝟏

𝒕
) 

In order to determine the maximal domain of this function, we impose the following 

conditions: 

𝟏

𝒕
≥ −𝟏   and 

𝟏

𝒕
≤ 𝟏 

We obtain: 

𝒕 ∈ (−∞, −𝟏] ∪ [𝟏, ∞) 

We also notice that the function 𝒈(𝒕) is even, because 𝒈(−𝒕) = 𝒈(𝒕). 

We have to decide now the range of variation of the variable 𝒙 (so the domain of the 

function 𝒇(𝒙).) 

For 𝒕 ∈ [𝟏, ∞) we must have 𝒙 ∈ [𝟏, ∞). 

For 𝒕 ∈ (−∞, −𝟏] we must have 𝒙 ∈ (−∞, −𝟏] 

So the maximal domain of the function 𝒇(𝒙) is: 

𝑫 = (−∞, −𝟏] ∪ [𝟏, ∞) 

b. We prove that the function 𝒇(𝒙) is even 

Because the function 𝒈(𝒕) is even, for any 𝒙 ∈ [𝟏, ∞) we can write: 



 

∫ 𝒈(𝒕)
𝒙+

𝟑
𝒙

𝒙

𝒅𝒕 = ∫ 𝒈(𝒕)
−𝒙

−(𝒙+
𝟑
𝒙

)

𝒅𝒕 = − ∫ 𝒈(𝒕)
−(𝒙+

𝟑
𝒙

)

−𝒙

𝒅𝒕 

So: 

𝒇(−𝒙) = (−𝒙) ∫ 𝒈(𝒕)
−(𝒙+

𝟑
𝒙

)

−𝒙

𝒅𝒕 = (−𝒙) (− ∫ 𝒈(𝒕)
𝒙+

𝟑
𝒙

𝒙

𝒅𝒕) = 𝒇(𝒙) 

So the function 𝒇(𝒙) is even. 

c. We calculate the limit required in the statement of the problem 

We calculate 𝐥𝐢𝐦
𝒙→−∞

𝒇(𝒙) 

Because the function 𝒇(𝒙) is even, we have: 

𝐥𝐢𝐦
𝒙→−∞

𝒇(𝒙) = 𝐥𝐢𝐦
𝒙→∞

𝒇(𝒙) 

We can write using the mean value theorem: 

∫ 𝒕 𝐚𝐫𝐜𝐬𝐢𝐧 (
𝟏

𝒕
) 𝒅𝒕

𝒙+
𝟑
𝒙

𝒙

= (𝒙 +
𝟑

𝒙
− 𝒙) 

𝐚𝐫𝐜𝐬𝐢𝐧 (
𝟏
𝒄)

𝟏
𝒄

=
𝟑

𝒙
⋅

𝐚𝐫𝐜𝐬𝐢𝐧 (
𝟏
𝒄)

𝟏
𝒄

 

where 𝒙 < 𝒄 < 𝒙 +
𝟑

𝒙
 

When 𝒙 → ∞, we have 𝒄 → ∞. 

So: 

𝐥𝐢𝐦
𝒙→∞

𝒇(𝒙) = 𝐥𝐢𝐦
𝒄→∞

𝟑 ⋅
𝐚𝐫𝐜𝐬𝐢𝐧 (

𝟏
𝒄)

𝟏
𝒄

= 𝟑 


