
 

SP.597 Let 𝒂, 𝒃, 𝒄, 𝒅 be positive real numbers with ∑𝒂 ≥ ∑
𝟏

𝒂
. Prove that: 

∑
𝒂+𝒃 + 𝒄 − 𝒅

𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 + 𝒂𝒃𝒄𝒅
≤
𝟒

𝟑
(
𝒂𝒃 + 𝒂𝒄 + 𝒂𝒅 + 𝒃𝒄 + 𝒃𝒅 + 𝒄𝒅

𝒂𝒃𝒄 + 𝒂𝒃𝒅 + 𝒂𝒄𝒅 + 𝒃𝒄𝒅
) 

Proposed by Huseyin Yigit Emekci – Izmir – Turkey 

Solution by proposer 

Note that by majorization (𝟒, 𝟎, 𝟎) ≻ (𝟐, 𝟏, 𝟏). Hence, by Muirhead’s inequality  

𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 ≥ 𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) 

Using this we obtain 

∑
𝒂+𝒃 + 𝒄 − 𝒅

𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 + 𝒂𝒃𝒄𝒅
≤∑

𝒂 + 𝒃 + 𝒄 − 𝒅

𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) + 𝒂𝒃𝒄𝒅

=
𝟏

𝒂𝒃𝒄𝒅∑𝒂
[∑𝒅(𝒂 + 𝒃 + 𝒄 − 𝒅)] 

=
𝟐(𝒂𝒃 + 𝒂𝒄 + 𝒂𝒅 + 𝒃𝒄 + 𝒃𝒅 + 𝒄𝒅) − ∑𝒂𝟐

𝒂𝒃𝒄𝒅∑𝒂
 

On the other hand, note that from Power Mean and Maclaurin’s inequalities 

∑𝒂𝟐 ≥⏞
𝑷−𝑴

(∑𝒂)𝟐

𝟒
   and 

∑𝒂

𝟒
≥ √

𝒂𝒃+𝒂𝒄+𝒂𝒅+𝒃𝒄+𝒃𝒅+𝒄𝒅

𝟔
 

Implies that ∑𝒂𝟐 ≥ 𝟐(𝒂𝒃 + 𝒂𝒄 + 𝒂𝒅 + 𝒃𝒄 + 𝒃𝒅) / 𝟑. Then 

∑
𝒂+ 𝒃+ 𝒄 − 𝒅

𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 + 𝒂𝒃𝒄𝒅
≤
𝟐(𝒂𝒃 + 𝒂𝒄 + 𝒂𝒅 + 𝒃𝒄 + 𝒃𝒅 + 𝒄𝒅) − ∑𝒂𝟐

𝒂𝒃𝒄𝒅∑𝒂
≤ 

≤
𝟒(𝒂𝒃 + 𝒂𝒄 + 𝒂𝒅 + 𝒃𝒄 + 𝒃𝒅 + 𝒄𝒅)

𝟑𝒂𝒃𝒄𝒅∑𝒂
 

Finally, we need to show 

𝟒(𝒂𝒃 + 𝒂𝒄 + 𝒂𝒅 + 𝒃𝒄 + 𝒃𝒅 + 𝒄𝒅)

𝟑𝒂𝒃𝒄𝒅∑𝒂
≥
𝟒

𝟑
(
𝒂𝒃 + 𝒂𝒄 + 𝒂𝒅 + 𝒃𝒄 + 𝒃𝒅 + 𝒄𝒅

𝒂𝒃𝒄 + 𝒂𝒃𝒅 + 𝒂𝒄𝒅 + 𝒃𝒄𝒅
) 

which is equivalent to ∑𝒂 ≥ ∑
𝟏

𝒂
, which was our problem condition. Equality holds for  

𝒂 = 𝒃 = 𝒄 = 𝒅 = 𝟏. 


