
 
SP.591 If 𝒂, 𝒃, 𝒄 > 𝟎, 𝒂𝟖 + 𝒃𝟖 + 𝒄𝟖 ≤ 𝟕𝟔𝟖 then: 

∑
𝟏

√𝟒 + 𝒂𝟓
≥

𝟏

𝟐
 

Proposed by Marin Chirciu – Romania  

Solution 1 by proposer 

Using Jensen’s inequality for the convex function 𝒇: (𝟎, ∞) → ℝ, 𝒇(𝒙) =
𝟏

√𝟒+𝒙
 we obtain: 

𝑳𝑯𝑺 = ∑
𝟏

√𝟒 + 𝒂𝟓
≥

𝑱𝒆𝒏𝒔𝒆𝒏

 𝟑 ⋅
𝟏

√𝟒 +
𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓

𝟑

≥
(𝟏) 𝟑

√𝟒 +
𝟗𝟔
𝟑

=
𝟑

√𝟑𝟔
=

𝟑

𝟔
=

𝟏

𝟐
= 𝑹𝑯𝑺, 

where (1) ⇔ 𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓 ≤ 𝟗𝟔, which follows from: 

𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓 = ∑ 𝒂 ⋅ 𝒂𝟒 ≤
𝑪𝑩𝑺

√∑ 𝒂𝟐 ∑ 𝒂𝟖 ≤
(𝟐)

√𝟏𝟐 ⋅ 𝟐𝟓𝟔 = 𝟗𝟔, 

where (2) ⇔ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≤ 𝟏𝟐, which follows from: 

(∑ 𝒂𝟐)
𝟒

≤
𝑯𝒐𝒍𝒅𝒆𝒓

𝟐𝟕 ∑ 𝒂𝟖 = 𝟐𝟕 ⋅ 𝟕𝟔𝟖 = 𝟐𝟎𝟕𝟑𝟔 = 𝟏𝟐𝟒 ⇒ ∑ 𝒂𝟐 ≤ 𝟏𝟐 

Equality holds if and only if 𝒂 = 𝒃 = 𝒄 = 𝟐. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐏𝐨𝐰𝐞𝐫 − 𝐌𝐞𝒂𝐧 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 ⇒ (
∑ 𝒂𝟖

𝐜𝐲𝐜

𝟑
)

𝟏
𝟖

≥ (
∑ 𝒂𝟓

𝐜𝐲𝐜

𝟑
)

𝟏
𝟓

 𝒂𝐧𝐝 ∵ 𝟕𝟔𝟖 ≥ ∑ 𝒂𝟖

𝐜𝐲𝐜

 

∴ (
𝟕𝟔𝟖

𝟑
)

𝟏
𝟖

≥ (
∑ 𝒂𝟓

𝐜𝐲𝐜

𝟑
)

𝟏
𝟓

⇒ ∑ 𝒂𝟓

𝐜𝐲𝐜

≤ 𝟗𝟔 → ① 𝒂𝐧𝐝 𝐧𝐨𝐰, ∑
𝟏

√𝟒 + 𝒂𝟓
𝐜𝐲𝐜

 

≥
𝐀𝐌−𝐆𝐌 𝟑

√∏ (𝟒 + 𝒂𝟓)𝐜𝐲𝐜
𝟔

≥
𝐀𝐌−𝐆𝐌 𝟑

√
∑ (𝟒 + 𝒂𝟓)𝐜𝐲𝐜

𝟑

=
𝟑

√𝟒 +
𝟏
𝟑 . ∑ 𝒂𝟓

𝐜𝐲𝐜

≥
𝐯𝐢𝒂 ① 𝟑

√𝟒 + 𝟑𝟐
=

𝟏

𝟐
 

∴ ∑
𝟏

√𝟒 + 𝒂𝟓
𝐜𝐲𝐜

≥
𝟏

𝟐
 ∀ 𝒂, 𝐛, 𝐜 > 𝟎│𝒂𝟖 + 𝐛𝟖 + 𝐜𝟖 ≤ 𝟕𝟔𝟖, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟐 (𝐐𝐄𝐃) 

 


