
 
SP.590 Solve the following system in integers (𝒙, 𝒚, 𝒛) ∈ ℕ∗ × ℕ∗ × ℤ 

{
𝒙𝟑 − 𝒚𝟐 + 𝟐𝒛 = 𝟎

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 = 𝟏𝟕𝟗
 

Proposed by Said Attaoui – Oran – Algeria 

Solution by proposer 

From the first equation, we isolate 𝒛: 

𝒙𝟑 − 𝒚𝟐 + 𝟐𝒛 = 𝟎 ⇒ 𝟐𝒛 = 𝒚𝟐 − 𝒙𝟑 ⇒ 𝒛 =
𝒚𝟐 − 𝒙𝟑

𝟐
 

Substituting into the second equation, we have 

𝒙𝟐 + 𝒚𝟐 + (
𝒚𝟐 − 𝒙𝟑

𝟐
)

𝟐

= 𝟏𝟕𝟗 ⇒ 𝒙𝟐 + 𝒚𝟐 +
(𝒚𝟐 − 𝒙𝟑)𝟐

𝟒
= 𝟏𝟕𝟗 ⇒ 

⇒ 𝟒𝒙𝟐 + 𝟒𝒚𝟐 + (𝒚𝟐 − 𝒙𝟑)𝟐 = 𝟕𝟏𝟔 

Instead of solving this algebraically, we test small natural values for 𝒙. Try 

𝒙 = 𝟓 ⇒ 𝒙𝟑 = 𝟏𝟐𝟓. Then we require 𝒚𝟐 = 𝟐𝒛 + 𝟏𝟐𝟓 to be a perfect square. Trying 

𝒛 = −𝟏𝟑 ⇒ 𝒚𝟐 = 𝟗𝟗, which is not a square. Try instead 𝒙 = 𝟑 ⇒ 𝒙𝟑 = 𝟐𝟕. Take 𝒛 = 𝟏𝟏, 

then, we have 

𝒚𝟐 = 𝟐𝒛 + 𝒙𝟑 = 𝟐 ⋅ 𝟏𝟏 + 𝟐𝟕 = 𝟒𝟗 ⇒ 𝒚 = 𝟕 

Check the second equation 

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 = 𝟗 + 𝟒𝟗 + 𝟏𝟐𝟏 = 𝟏𝟕𝟗 

So we find one solution: (𝒙, 𝒚, 𝒛) = (𝟑, 𝟕, 𝟏𝟏). 

Now notice that choosing 𝒛 = −𝟏𝟑 gives 

𝒙𝟑 − 𝒚𝟐 + 𝟐𝒛 = 𝟎 ⇒ 𝒙𝟑 = 𝒚𝟐 − 𝟐𝒛 = 𝒚𝟐 + 𝟐𝟔 

We want 𝒚𝟐 + 𝟐𝟔 to be a cube. Try 𝒚 = 𝟏 ⇒ 𝒙𝟑 = 𝟐𝟕 ⇒ 𝒙 = 𝟑. So 

𝒙 = 𝟑, 𝒚 = 𝟏, 𝒛 = −𝟏𝟑 

Check both equations, we have 

𝒙𝟑 − 𝒚𝟐 + 𝟐𝒛 = 𝟐𝟕 − 𝟏 − 𝟐𝟔 = 𝟎, 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 = 𝟗 + 𝟏 + 𝟏𝟔𝟗 = 𝟏𝟕𝟗 

This gives a second valid solution. Finally, 

(𝒙, 𝒚, 𝒛) = (𝟑, 𝟏,−𝟏𝟑)     and    (𝟑, 𝟕, 𝟏𝟏) 


