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SP.588 For given n = 3, prove that 2 is the least positive value of k such that:

1 N 1 . 1 - n
ka;+1 ka,+1 ka,+1 k+1

for any positive real numbers a; with at mosttwo a; > 1 and aqa, ...a,, = 1.
Proposed by Vasile Cirtoaje — Romania
Solution by proposer
Fora, =a, =x>1a3;=--=a, 1=1anda, = xiz, the constraints are satisfied and

the inequality becomes:
2 x? 3
+ > :
kx+1 x2+k k+1

For x — o, we get the necessary condition 1 > %, thatis k > 2. To show that 2 is the

least positive value of k, we will prove that E > 0 for n > 3, where

£ 1 N 1 . 1 n
C2a;+1 2a;+1 2a,+1 3

We will use the induction method. For n = 2, we have a;a, = 1and a; + a, >
2\/ a|a,; = 2
therefore

- 2a;,+1 2a,+1 3 2(a;+ay)+5 3 3QRa;+2a;+5) "

Assumenown =>3anda; > a, = - = a,.
Casel:a, > a; =1 = a3 = - = a,.For fixed a; with the exception of a, and a3, we
may assume that a, is decreasing functions of as. Since a; = — Z—z, we have
—2a, 2 B 2a, 2 _
(2a, +1)2 az;+1)? a3;(2a,+1)2 (2a; +1)%

_ 2(az —a3)(1 —4aza;3)
as (zaz + 1)2(2a3 + 1)2

If 4a,a; = 1, then E'(a3) < 0, E(a3) is decreasing and has the minimum value when a;

E'(a3) =

is maximum (a, is minimum), hence when a3 = 1 or a, = 1. In both cases, the required

inequality is true by the induction hypothesis. If 4a,a3; < 1, then a; < i < iand
2
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t 1 2(a; +az +1) - 2(a; +az+1) 1
2a, +1  2a;+1 4azaz +2(a;+az)+1° 1+2(az+az)+1
therefore
E>1+ - 1 LN n-3 n_ +2(n—3) n n-3
2a, +1 2a,+1 3~ 2a;+1 3 3 3 3

> 0.
Case2:a; =>1=a, = az = -+ = a,. For fixed a; with the exception of a; and a,, we

. o a
may assume that a, and E are functions of a,. Since a; = — a—l, we have
2

2(ay —az)(1 - 4a,a;)
a2(2a1 + 1)2(2(12 + 1)2

E'(a;) =

If4a,a, = 1, then E'(a,) < 0, E(a,) is decreasing and has the minimum value when a,

is maximum, hence when a, = 1. So, it suffices to consider the case a, = 1, when the

required inequality is true by the induction hypothesis. If 4a;a, < 1, then a, < i < i,
1
therefore
1 1 1 n n—1 n

E > > — — >
2a,+1 24,411 "T2a, 1 324,41 3

>2(n—1) n_n—2>0
3 3 3 '

So, the proof is completed. For k = 2, the equality occurs whena; = a, = ---=a, = 1.



