
 
SP.587 Let 𝒂, 𝒃, 𝒄 be sides in 𝚫𝑨𝑩𝑪. If 𝐭𝐚𝐧𝑩 = 𝟐; 𝐭𝐚𝐧𝑪 = 𝟑 then: 

𝒂𝟐 +𝒃𝟐 + 𝒄𝟐 >
𝟐𝑭

𝟑
(𝟑√𝟐+ 𝟑√𝟓+ 𝟐√𝟏𝟎 − 𝟏𝟏) 

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

It is known that:  𝐭𝐚𝐧𝑨 + 𝐭𝐚𝐧𝑩 + 𝐭𝐚𝐧𝑪 = 𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩 𝐭𝐚𝐧𝑪 

𝐭𝐚𝐧𝑨 + 𝟐 + 𝟑 = 𝐭𝐚𝐧𝑨 ⋅ 𝟐 ⋅ 𝟑 

𝟓 + 𝐭𝐚𝐧𝑨 = 𝟔 𝐭𝐚𝐧𝑨 ⇒ 𝐭𝐚𝐧𝑨 = 𝟏 ⇒ 𝑨̂ = 𝟒𝟓° 

𝐭𝐚𝐧𝑩 = 𝐭𝐚𝐧 (𝟐 ⋅
𝑩

𝟐
) =

𝟐 𝐭𝐚𝐧
𝑩
𝟐

𝟏 − 𝐭𝐚𝐧𝟐
𝑩
𝟐

 

𝟐 =
𝟐 𝐭𝐚𝐧

𝑩
𝟐

𝟏 − 𝐭𝐚𝐧𝟐
𝑩
𝟐

⇒ 𝟐 𝐭𝐚𝐧
𝑩

𝟐
= 𝟐 − 𝟐 𝐭𝐚𝐧𝟐

𝑩

𝟐
, 𝐭𝐚𝐧𝟐

𝑩

𝟐
+ 𝐭𝐚𝐧

𝑩

𝟐
− 𝟏 = 𝟎 

𝐭𝐚𝐧
𝑩

𝟐
=

−𝟏+√𝟓

𝟐
       (1) 

𝐭𝐚𝐧𝑪 = 𝐭𝐚𝐧 (𝟐 ⋅
𝑪

𝟐
) =

𝟐 𝐭𝐚𝐧
𝑪
𝟐

𝟏 − 𝐭𝐚𝐧𝟐
𝑪
𝟐

 

𝟑 =
𝟐 𝐭𝐚𝐧

𝑪
𝟐

𝟏 − 𝐭𝐚𝐧𝟐
𝑪
𝟐

⇒ 𝟑 − 𝟑 𝐭𝐚𝐧𝟐
𝑪

𝟐
= 𝟐 𝐭𝐚𝐧

𝑪

𝟐
, 𝟑 𝐭𝐚𝐧𝟐

𝑪

𝟐
+ 𝟐 𝐭𝐚𝐧

𝑪

𝟐
− 𝟑 = 𝟎 

𝐭𝐚𝐧
𝑪

𝟐
=
−𝟐 + √𝟒 + 𝟑𝟔

𝟐 ⋅ 𝟑
=
−𝟐 + 𝟐√𝟏𝟎

𝟐 ⋅ 𝟑
=
√𝟏𝟎 − 𝟏

𝟑
 

𝐭𝐚𝐧
𝑪

𝟐
=

√𝟏𝟎−𝟏

𝟑
     (2) 

𝐭𝐚𝐧𝑨 = 𝐭𝐚𝐧 (𝟐 ⋅
𝑨

𝟐
) =

𝟐 𝐭𝐚𝐧
𝑨
𝟐

𝟏 − 𝐭𝐚𝐧𝟐
𝑨
𝟐

 

𝟏 =
𝟐 𝐭𝐚𝐧

𝑨
𝟐

𝟏 − 𝐭𝐚𝐧𝟐
𝑨
𝟐

⇒ 𝟏 − 𝐭𝐚𝐧𝟐
𝑨

𝟐
= 𝟐 𝐭𝐚𝐧

𝑨

𝟐
 



 

𝐭𝐚𝐧𝟐
𝑨

𝟐
+ 𝟐 𝐭𝐚𝐧

𝑨

𝟐
− 𝟏 = 𝟎 

𝐭𝐚𝐧
𝑨

𝟐
=
−𝟐 + √𝟖

𝟐
=
−𝟐 + 𝟐√𝟐

𝟐
= √𝟐 − 𝟏 

𝐭𝐚𝐧
𝑨

𝟐
= √𝟐 − 𝟏       (3) 

𝒂𝟐

𝟒𝑭
=

𝒂𝟐

𝟐𝒃𝒄 𝐬𝐢𝐧𝑨
=

𝟒𝑹𝟐 𝐬𝐢𝐧𝟐 𝑨

𝟐 ⋅ 𝟐𝑹𝐬𝐢𝐧𝑩 ⋅ 𝟐𝑹 𝐬𝐢𝐧 𝑪 ⋅ 𝐬𝐢𝐧𝑨
= 

=
𝐬𝐢𝐧𝑨

𝐜𝐨𝐬(𝑩 − 𝑪) + 𝐜𝐨𝐬 𝑨
>

𝐬𝐢𝐧𝑨

𝟏 + 𝐜𝐨𝐬 𝑨
= 𝐭𝐚𝐧

𝑨

𝟐
=
(𝟑)

√𝟐 − 𝟏 

𝒂𝟐

𝟒𝑭
> √𝟐 − 𝟏       (4) 

𝒃𝟐

𝟒𝑭
=

𝒃𝟐

𝟐𝒂𝒄 𝐬𝐢𝐧𝑩
=

𝟒𝑹𝟐 𝐬𝐢𝐧𝟐 𝑩

𝟐 ⋅ 𝟐𝑹 𝐬𝐢𝐧𝑨 ⋅ 𝟐𝑹𝐬𝐢𝐧 𝑪 ⋅ 𝐬𝐢𝐧𝑩
= 

=
𝐬𝐢𝐧𝑩

𝟐𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑪
=

𝐬𝐢𝐧𝑩

𝟐 ⋅
𝟏
𝟐
[𝐜𝐨𝐬(𝑨 − 𝑪) − 𝐜𝐨𝐬(𝑨 + 𝑪)]

= 

=
𝐬𝐢𝐧𝑩

𝐜𝐨𝐬(𝑨 − 𝑪) − 𝐜𝐨𝐬(𝝅 − 𝑩)
=

𝐬𝐢𝐧𝑩

𝐜𝐨𝐬(𝑨 − 𝑪) + 𝐜𝐨𝐬 𝑩
> 

>
𝐬𝐢𝐧𝑩

𝟏 + 𝐜𝐨𝐬 𝑩
= 𝐭𝐚𝐧

𝑩

𝟐
=
(𝟏) √𝟓 − 𝟏

𝟐
 

𝒃𝟐

𝟒𝑭
>

√𝟓−𝟏

𝟐
       (5) 

𝒄𝟐

𝟒𝑭
=

𝒄𝟐

𝟐𝒂𝒃𝐬𝐢𝐧𝑪
=

(𝟐𝑹𝐬𝐢𝐧𝑪)𝟐

𝟐 ⋅ 𝟐𝑹 𝐬𝐢𝐧𝑨 ⋅ 𝟐𝑹 𝐬𝐢𝐧𝑩 ⋅ 𝐬𝐢𝐧 𝑪
= 

=
𝟒𝑹𝟐 𝐬𝐢𝐧𝟐 𝑪

𝟐 ⋅ 𝟒𝑹𝟐 𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩𝐬𝐢𝐧𝑪
=

𝐬𝐢𝐧𝑪

𝟐 𝐬𝐢𝐧𝑨𝐬𝐢𝐧𝑩
= 

=
𝐬𝐢𝐧𝑪

𝟐 ⋅
𝟏
𝟐
[𝐜𝐨𝐬(𝑨 − 𝑩) − 𝐜𝐨𝐬(𝑨 + 𝑩)]

=
𝐬𝐢𝐧𝑪

𝐜𝐨𝐬(𝑨 − 𝑩) − 𝐜𝐨𝐬(𝝅 − 𝑪)
= 

=
𝐬𝐢𝐧𝑪

𝐜𝐨𝐬(𝑨 − 𝑩) + 𝐜𝐨𝐬 𝑪
>

𝐬𝐢𝐧𝑪

𝟏 + 𝐜𝐨𝐬 𝑪
= 𝐭𝐚𝐧

𝑪

𝟐
=
(𝟐) √𝟏𝟎 − 𝟏

𝟑
 

𝒄𝟐

𝟒𝑭
>

√𝟏𝟎−𝟏

𝟑
     (6) 

 

 



 
By adding (4); (5); (6): 

𝒂𝟐

𝟒𝑭
+
𝒃𝟐

𝟒𝑭
+

𝒄𝟐

𝟒𝑭
> √𝟐 − 𝟏 +

√𝟓 − 𝟏

𝟐
+
√𝟏𝟎 − 𝟏

𝟑
 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝑭
> 𝟒√𝟐 − 𝟒 + 𝟐√𝟓 − 𝟐 +

𝟒√𝟏𝟎

𝟑
−
𝟒

𝟑
 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 >
𝑭

𝟑
(𝟔√𝟐 − 𝟏𝟐 + 𝟔√𝟓 − 𝟔 + 𝟒√𝟏𝟎 − 𝟒) 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 >
𝑭

𝟑
(𝟔√𝟐 + 𝟔√𝟓 + 𝟒√𝟏𝟎 − 𝟐𝟐) 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 >
𝟐𝑭

𝟑
(𝟑√𝟐 + 𝟑√𝟓 + 𝟐√𝟏𝟎 − 𝟏𝟏) 

 

 

 

 


