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3601. In acute AABC the following relationship holds:

cos?A . cos’B . cos*C - 3
1+sinA 1+sinB 1+sinC 4+ 23

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

/5 cos’x  1-sin’x )
f:(O,E)—HR,f(x): — = - =1-sinx

1+ sinx 1+ sinx

f'(x) = —cosx, f"(x)=sinx>0

JENSEN

cos N S 3 ( +B+C)_3 (n)_
Zl+smA Zf() = 3f f 3/
cyc cyc

cos? T 3 3
. T 3 4
=3(1—-sin-)=3 = =
( 3) 1+sinZE V3  4+2V3

Equality holdsfor A =B =C =
3602. In AABC the following relationship holds:

Z a+b
—_— >
a+b—c

cyc

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

Z a+b _ 2s—¢c zs+s—c
a+tb—c Zi2s—2c 2 s—c

cyc cyc cyc

S 1 3 S 3
ZEZ:-I_E:2(s—a)(s—b)(s—c);(s_a)(s_b)+§:

cyc

SZ

3
_ E 2 _ =
=552 (s s(a+b)+ab)+2

cyc
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3
2s2r2<3s —S- 22a+2ab>+— (35 — 452 +Zab>+i

cyc cyc cyc

1 i ir?arr 4 r+4R+3EU;ER
21‘2 S S Tr Tr 2 2 =
>r+8r+3_9+3_6

= 2r 2 2 2

Equality holds for:a = b = c.
3603. In AABC the following relationship holds:

2

a b? a?

=>4

+ +
WpW, WW, WaWp

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

2 AM GM (abC)Z (4RF)Z
cye WpW, (Wawbwc)2 (rarbrc)
16R2F? 16R2F?2 3/16R%F?
( F3 ) (F3S) F+s

(s—a)(s—b)(s—o¢)
5 16R2_3364_3 4_4
27R%2 T |27 T 3

3[16R2 MITRINOVICI
=3 |— S 3
S

Equality holds fora = b = c.

4 RMM-TRIANGLE MARATHON 3601-3700
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3604. In any A ABC, the following relationship holds :

— | =1
pa Wa

z na—\/4r2+(b—c)2 9a
cyc

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

Fustei
and
(b — ¢)? Ajiba

18
N2 A2\ 5 a2\ 2
(s(s —a)+ (® 4C) )(s(s —a)+ —s(b a ©) ) > <s(s —a)+ s(35(-2|-sa-|)_((ll))2 ©) >
(b—c)* (b-c)? s(3s+ a)(b —¢)?
T322 T '<S(S_a)+ 2s + a)? >
s(b—c)* ? s2(3s +a)?(b —c)*
= s(s—a)b-o)? (E-I_Z) + 4a = (2s + a)*

s(3s+a)(b—c)> (b-c)* (b-—c)? s(BBs+a)b-c)*

Zsta? T 3za TSmO Tt ae

s 1 2sBs+a)(b—-0c)? 1
<:>s(s—a)<a+z— (2s + a)? _§>+

s s2@s+a)? 1 s(3s+a) ?
(E_ 2s+a)* 324 9(2s+ a)2> (b= =00 (b-0)*20)

s(s — a)(144s3 — 52s%a — 16sa? + 5a?)
(b — )2 >
Gb-0"20) e 36a(2s + a)?

1296s° — 772s*a — 608s3a? + 48s2a® + 37sa* — a®
324a(2s + a)*
s(s—a) ((s — a)(144s? + 92sa + 76a?) + 81a3)
36a(2s + a)?
(s—a) ((s —a)(1296s3 + 1820s%a + 1736sa? + 1700a3) + 1701a4)
324a(2s + a)*

)
S 2
na2pa+

s 1

2s(s — a).

(b-0)2=>0

=4

+

.(b—-1c¢)?

(b —©)?

?
> 0 - true (strict inequality) .- mgn, > p2 + > p2 = mgyn, > p2 - (1)

18
Bogdan Fustei
and NgYa = m,w, = (Z) (1)'(2) = (mana)(naga) = ptzl mq,w,
:l_ &lena—\/4r2+(b—c)2. &Zna—\/4ﬂ+(b—c)2
pa Wa na pa wa na

5 | RMM-TRIANGLE MARATHON 3601-3700
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an,

Bogdan Fustei Ilg — n, —/4r2 + (b — ¢)? a
= t s ,a v ( ) . "/gTa >1- 5 and analogs
a

n, Pa

n, —+/4r? + (b — c)? 1 2s
'..Z<a \/ ( ) ) &)23__Za=3——=1VAABC,
Pa Wa S S

cyc cyc

" =" iff A ABC is equilateral (QED)

3605. In any A ABC the following relationship holds :

S4 dadv9Ic > r PaPbPc
WaWpWe Hcyc (na - \/4-1‘2 + (b — C)Z)

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

Fustei
and

(b — ¢)? Ajiba
18

—¢)? — M2\ - N2\ 2
(S(S—a)+(b 4c) )(s(s—a)+¥>é<s(s—a)+s(35+a)(b ©) >

”
. 2
myn, = pg +

(2s + a)?
(b—c)* (b-c)? s(3s+a)(b — c)?
TT322 T o '<S(S_“)+ 2s + a)? >
4o o2 2(h _ 4
& s(s—a)(b —¢)? (% + %) + S(b4ac) >3 (BS(ZSa-I)_ é; ©)
s3s+a)(b—c)? (b—-c)* (b—c)? s(3s+a)(b-c)*
@s+a? T 322 TS 9(2s + a)?
s 1 2s(3s + a)(b — ¢)? 1)

2s(s — a).

<:>s(s—a)<a+4 (2s + a)? 9
s s’@Bs+a)? 1 s(3s+ a) r
(E_ (2s +a@)?* 324 9(2s+ a)z> (b—0)*20( (b—0)*20)

s(s — a)(144s3 — 52s%a — 16sa? + 5a?)
(b — )2 >
Gb-0"20) e 36a(2s + a)?

1296s° — 772s*a — 608s3a? + 48s%a3 + 37sa* — a®
324a(2s + a)*
s(s—a) ((s —a)(144s? + 92sa + 76a?) + 81a3)
36a(2s + a)?

(b-0)2>0

=4

+

6 RMM-TRIANGLE MARATHON 3601-3700
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(s—a) ((s —a)(1296s3 + 1820s%a + 1736sa? + 1700a3) + 1701a4)
324a(2s + a)*

.(b—0¢)?
(b — ©)?

1
Bogdan Fustei 8
and naga awa (2) (1) (2) = (m na)(naga) > pa awa

ga 4/Ga > Pa 4 gagbgc PaPvPc
— — — and analogs -
’ w, ’ w, ’ ’ W, W, wc n,nyn,

PaPbPc Bogdan F“Stel papbpc
and again,r. —an,
cyc( \/4-1'2 + (b - C)Z cyc

_ . |PaPoPc S PaPbPc PaPuPc "% 4] Jagnge
ngnpn [ley(s — a) n,nyn, r2 n nyn, W, Wp W,
and so, s. *|9afvgc >T. PaPbPc Vv A ABC,

WaWp W cyc (na - \/41‘2 + (b - C)Z)

" =" iff A ABC is equilateral (QED)

?
> 0 - true (strict inequality) - m,n, > p2 + >pi=>mun, >p3- (1)

3606. In any A ABC the following relationship holds :

— 2 _ 2 2 _
(@—b)(b - )(c— a)] < min {‘”‘“(R 2r) 3Rs(s? — 27r?) 2s(2s 27Rr)}

R+r " 20(R+r) '’ 9
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

(a—b)Z(b—c)Z(c_a)zz Zaz Zazbz — 9a?b%c? —

cyc cyc

2acha3—ZZa3b3+2abc Za Zab — 3abc

cyc cyc cyc cyc
= 2(s? —4Rr — r?)((s? + 4Rr + r?)? — 16Rrs?) — 144R?r?s? —
16Rrs2(s? — 6Rr — 3r2) — 2 ((s2 + 4Rr + r?)3 — 24Rrs2(s? + 2Rr + rz)) n

16Rrs?(s? — 2Rr + r?) -~ (a — b)?(b — ¢)?(c — a)? ©
4r?(—s* + (4R? + 20Rr — 2r?)s? — r(4R +r)3) and so,

7 RMM-TRIANGLE MARATHON 3601-3700
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2

via (*) ?
& 4R%*s?(R—-2r)?2 > (R+r)?(—s* + (4R? + 20Rr — 2r?)s? —r(4R +r)3)
& (R+71)%s* — r(44R3 + 26R?r + 16Rr? — 2r3)s? +

®
r(64R% + 176R*r + 172R%r? + 73R?r® + 14Rr* + r®) | >| 0 and now,

the discriminant of LHS of (1), a quadratic polynomial in s? is :
8 = r?(44R3 + 26R?r + 16Rr? — 2r3)? —
4r(R +r)?(64R® + 176R*r + 172R%r? + 73R?*r3 + 14Rr* + %)

R
= —16Rr7(16t° — 45t° + 4t* + 18t3 + 42t% + 16t + 8) (t = —)

r
Euler
= —16Rr7(t—2)2(16t* + 19t3 + 16t2+6t+2) <0 ( t > 2) and so,

4Rsr(R — 2r
(D is true - [(a—=b)(b—c)(c—a)| < R(+r )—>(i) and now,
3Rs(s? —27r?) » via (+) 9R?s2(s% — 27r?)? »
> _ — — >
20R+ D - l@-Db-ole-al = —Gge Ty 2

4r?(—s* + (4R? 4+ 20Rr — 2r?)s? —r(4R +r)?)
© 9R?s® + r2(1114R? 4+ 3200Rr + 1600r?)s* —
r’(6400R* + 44800R3r + 60639R?r? + 25600Rr3 — 3200r*)s? +
r3(102400R5 + 281600R*r + 275200R°r? + 116800Rr? + 22400Rr* + 1600r°)

@
0 and - P = 9R?(s? — 16Rr + 5r2)3 +
Gerretsen
r(432R3 + 979R?r + 3200Rr? + 1600r3)(s? — 16Rr +5r?)2 > 0

?
- in order to prove (2), it suffices to prove : LHS of (2) > P
& (16R* — 421R3r + 978R?r? — 200Rr? — 400r#)s? +

®
r(896R5 + 2048R*r — 12105R3r2 + 6050R%r3 + 6200Rr* — 1200r°) |>| 0 and
= 89615 + 2048t* — 12105t3 + 6050t + 6200t — 1200 =

Euler

t > 2
(t—-2) ((t — 2)(896t3 + 5632t% + 6839t + 10878) + 22356) > 0 . when:
16R* — 421R3r + 978R?*r? — 200Rr3 — 400r* > 0, then : (3) is true and when :

Gerretsen

16R* — 421R3r + 978R2r%2 — 200Rr3 — 400r* < 0, LHS of @ >
(16R4 — 421R3r + 978R?%r2 — 200Rr3 — 4001‘4)(4R2 + 4Rr + 3r2) +
?
r(896R° + 2048R*r — 12105R%r? + 6050R?*r? + 6200Rr* — 1200r°) > 0
?
& 16t° — 181t° + 1081t* — 2564t3 + 1646t% + 1000t — 600 > 0 &
Euler

?
(t—2)2((4t2 - 23)2 +67t3 + 20t2 +100(t—2) +50) >0 > true ~ t > 2;so,

2 _ 2
3) = @ istrueVAABC - [(a—b)(b—c)(c—a)| < 3R;E)S(R +Zl:7)r )

- (ii) and

8 | RMM-TRIANGLE MARATHON 3601-3700
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? 2s(2s? — 27Rr) via ()
o
9
s2(2s%? — 27Rr)? é 81r?(—s*+ (4R?> + 20Rr — 2r?)s’ - r(4R+r)?) &

finally,|(a—b)(b—c)(c—a)| <

®
4s% — (108Rr — 81r%)s* + r2(405R? — 1620Rr + 162r?)s? + 81r3(4R+r)3 |>|0
and ~ Q = 4(s? — 16Rr + 5r?)3 + (84Rr + 21r?)(s? — 16Rr + 5r?)? +

Gerretsen

r2(21R? + 132Rr — 348r?)(s? — 16Rr +5r?) > 0. inorderto prove @),

it suffices to prove : LHS of (4) > Q © 400t3 — 1401t% + 804t + 796 > 0
Euler

o (t—2)%2(400t + 199) > 0->true~t > 2= (4)istrue
? 2s(2s% — 27Rr)

Sla=b)(b—c)(c—a)| < 5 — (iii) and so, (i), (ii) and (iii) =
4Rsr(R — 2r) 3Rs(s? —27r?) 2s(2s? —27Rr)
— — - < mi
|(a—b)(b—c)(c a)I_mln{ Rir  20R+D 5
v A ABC,"” =" iff A ABC is equilateral (QED)

3607. In AABC the following relationship holds:

1+1 1 2 2w
—_ —_= — [ —
b ¢ w, 3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

1 1 1 b+ c b+c
Tt s = & 2,/bcs(s —a) = bc &

b ¢ w, bc  2./bcs(s —a)

s4s(s—a)=bces (b+c+a)b+c—a) =bc s

& (b+¢)?2—a? = bc < b? +2bc + ¢ — b? — ¢? + 2bccosA = bc &

1 2w
< 2bccosA = —bc & cosA = —E@A =3

3608.

In any A ABC the following relationship holds :

L SR >\/§
hZ +3hf hZ+3hZ hZ+3hZ ~ 4F

Proposed by Dang Ngoc Minh-Vietnam

9 RMM-TRIANGLE MARATHON 3601-3700
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Solution by Soumava Chakraborty-Kolkata-India

Bergs>trom (chc ha)Z

;hz + 3hZ Z h2h? + 3h2h2 = 43, hZh?
B (s + 4Rr + r?)? 2 V3

16R?%r2s2 ~ 4rs
2 2 _ _ 2
16RZ2, 16R® .2(s2 —4Rr —r?)
?
& (s? + 4Rr + r?)* > 192r?s?(s? — 4Rr — r?)?
& s8 + (16Rr — 188r?)s® + r2(96R? + 1584Rr + 390r2)s4 +

r3(256R3 — 2880R?r — 1488Rr? — 188r3)s2 + r*(4R + r)*|>|0and ~ P =

®

(s? —16Rr + 5r?)* + 16r(5R — 10r)(s? — 16Rr + 5r?)3 —
48r%s?(s* — (4R? + 20Rr — 2r?)s? + r(4R +1r)3) +
16r2(138R? — 456Rr + 360r?)(s? — 16Rr + 5r%)% —

Gerretsen
and
Double—Rouche
3024r*(s* — (4R? + 20Rr — 2r?)s? + r(4R + r)?) > 0 .. to prove (%),

it suffices to prove : LHS of (x) > P & (452R3 — 1911R?r + 1842Rr? — 628r3)s?
23972R3r + 29373R?r? — 14786Rr3 + 1900r?%)

> |r(4732R* -
(%)
452R3 — 1911R?r + 1842Rr? — 628r3 > 0 and then : LHS of (%)
Gerretsen ?
> (452R3 — 1911R?r + 1842Rr? — 628r3)(16Rr — 5r2) > RHS of (x*)
? R
© 1250t* — 44323 + 4827t% — 2236t + 620> 0 (t = ;)

Euler
& (t—2)(1250t3 — 1932t%2 + 963t — 310) > 0-true~t > 2= (x+)istrue
[Case 2]452R3 — 1911R?r + 1842Rr? — 628r° < 0 and then : LHS of (*x)
Gerretsen ?
(452R3 — 1911R?r + 1842Rr? — 628r3)(4R? + 4Rr + 3r%) > RHS of (*x*)
?

=
5284t* + 12526t3 — 15125t + 8900t— 1892 >0 &

Euler

& 90415 —
>0—>true t > 2

(t—2) ((t —2)(904t3 — 1668t? + 2238t + 499) + 194—4—)

= (*x) is true - combining both cases, (x*) = (*) is true v A ABC

1 1 1 \/§

Vv A ABC,
hg+3h§+h§+3h2 hZ + 3h2 = aF

" iff A ABC is equilateral (QED)

10 RMM-TRIANGLE MARATHON 3601-3700
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3609. In AABC the following relationship holds:

a? b? c?
+ +——>4

WaTq WpTp W,re

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

az AM_EM (abc)? 3| (4RF)?
v 3’| GREP
cye WqTg WaWpW T TpT (rarbrc)
3|16R?
3 |——=
S

=4
Equality holds for:a = b = c.
3610. In AABC the following relationship holds:
2 4 2 B 2 ¢
a cosE+ b cosE+ c cosi > 6F

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

2c0s 2+ breos B 4 o2 c‘”‘?’"gs bev?cos A cosE cos € -
acos2 cos2 ccos2 > (abc) coszcoszcosz—

5 S 5 S EULER
=3 /(4RF)2 ‘2R =3 /16R2F2 IR = 3Y/4RF2s >

> 33/8rsF2 = 63/ F3 = 6F

Equality holds for: a = b = c.

11 RMM-TRIANGLE MARATHON 3601-3700
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3611. In acute AABC the following relationship holds:

sin? A + sin? B + sin?C > 2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

c0s2A + cos2B + cos2C = 2cos(A+ B) cos(A—B) + 2cos’C—1 =

ArBLCEm_ 2c0sCcos(A—B) +2cos?C—1= -1+ 2cosC(cosC — cos(A — B)) =

A+BLC=r 2c0sC(—cos(A+ B) —cos(A—B)) —1 =—1—4cosAcosBcosC

sin? A + sin? B + sin? C = Z sin? A =

1 . 1 3 — (cos2A + cos2B + cos2C)
=EZZSm A =EZ(1—COSZA)= > =

1
=3 (3+ 1+ 4cosAcosBcosC) = 2 + 2cosAcosBcosC > 2

(in acute cosAcosBcosC > 0)

3612. In AABC the following relationship holds:

sin?A sin’B sin?C
- 2 + - 2 + - 2 S
1+4sin“A 1+4+sin“B 1 +sin<C

9
7

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

L, 1 , Leibniz 9R%> 9
Zsm Asza < W:Z(l)

sin?4 N sin’B N sin?C B sinZ4 B
1+sin24  1+sin?B  1+sin2C  Z.1 +sin24

1 1 Bergstrom 1+1+ 1)2
S0 ) -5 e - -
1 +sinZ4 1 +sinZ4 3+ )Y sin%2A

12 | RMM-TRIANGLE MARATHON 3601-3700
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®, 9 _, 129
T o342 T 77
)

Equality holds for an equilateral triangle.

3613. In any A ABC the following relationship holds :

Wa rpa Wa
. |—<—. |—+4r2 + (b — ¢)?
p“,fga r, ,’ga v

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

Fustei
and

mgn, ; ptzl + (b 1_8(:)2 o
_ 2 M2\ _ M2\2
<s(s —a)+ ® 4c) ><s(s —a)+ s(b . ©) ) > (s(s —a)+ s(3s(-zl-sa-l)_(:)2 2 )
b-0* (b-1c)? s(3s+a)(b — c)?
T 322 tT o '<s(s_a)+ (2s + a)? )
s 1\ s(b—0c)*?s?(Bs+a)’(b-c)*
= s(s—a)b-o (E+Z) + 4a = (2s + a)*
sB3s+a)b—c)? (b-oc)* (b—c)? sBs+a)b-c)*
25— —m Tz T e TSV 9(2s + a)?
s 1 2s3s+a)(b-c¢c)? 1
<:>s(s—a)<a+z— (2s+ a)? _6>

s s?Bs+a)* 1 s(3s+a) ?
—_— — — _ 2 > o _ 2 >
<4a (2s+a)* 324 9(2s+ a)2> (b-0)?20(:(b-c)?=0)
s(s — a)(144s3 — 52s%a — 16sa? + 5a°)

(+(b-0c?z20)e 36a(2s + a)?

1296s° — 772s*a — 608s>a® + 48s%a® + 37sa* — a® .
.(b—0c)*=0
324a(2s + a)*
s(s—a) ((s — a)(144s% + 92sa + 76a?) + 81a3)
= +

36a(2s + a)?
(s — @) ((s — a)(1296s + 1820s%a + 1736sa? + 1700a°) + 1701a* )

324a(2s + a)*

.(b—1c)?
(b—c)?

18
Bogdan Fustei
and Ngga = m,w, = (2) (1)'(2) = (mana)(naga) = p(zl' m,w,

?
> 0 - true (strict inequality) - mgn, > p? + > p2 = myn, > p2 - (1)

13 RMM-TRIANGLE MARATHON 3601-3700
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9a W rpa Wa _ wa r(s - a)
= | 2 - < Ng =P [—
W da da ga
’_ 2 ang, Bogdan Fustei 412 n (b — c)z

gaS S

W, r
,ga "Pa ,_ ++/4r2 + (b —¢)2V AABC,"” =" iff b = ¢ (QED)
a

3614. In any A ABC the following relationship holds :

3 I, r r.r r,r
Sszttorzg e, ab g3
2 W, W, W,

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

2
Nre| s?2(s—a)?(s+s —a)? s(s—b).s(s—c¢)
(Z > B Z 4bc.s(s — a) +2 Z W, W,

W,
a cyc cyc

> Z (a(s - a) (s2 +(s—a)?+2s(s— a))) +

cyc

~ 16Rrs’
cyc
ZSZ(SZ + 2Rr + 1'2) wq 2 hy and analogs
T6Rr 252 .Z((s —b).(s— c)wa) >

cyc
s? (Zs2 —2(s? —4Rr — rz)) +
_.I_

1
16Rr’ Z (a(s3 —a® — 3s%a + 3sa?) + 2s(s?a — 2sa? + a3))
cyc
s? + 2Rr +r?
_ 2
TeR%2 Z(bc(s —b).(s— c)) ﬁ (8Rr + 2r%) +
cyc
s3(2s) — 2((s? + 4Rr + r?)? — 16Rrs? — 8r%s?) — 6s2(s2 — 4Rr — r?) + 6s%(s? — 6Rr — 3r?)
16Rr
N 253(2s) — 8s%(s? — 4Rr — r?) + 4s%(s? — 6Rr — 3r2)
16Rr
r2(s? + 2Rr +r?)(s? + (4R +r)?)
16R2r?2
_ (10R —1)s? —r(4R +1)? (s + 2Rr + r?)(s? + (4R +r1r)?) ? 9(s + 9r?)
B 16R2 = 4

8R

?
& s* + (8Rr + 2r?)s? — r?(308R? — 8Rr — r?) >|0and < P =

()
RMM-TRIANGLE MARATHON 3601-3700
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Gerretsen

(s2 — 16Rr + 5r?)% + (40Rr — 8r?)(s%? — 16Rr + 5r?) z 0

. in order to prove (), it sufflces to prove : LHS of () > P
Euler

< 4r?(R—-2r)(19R — 2r) > 0 - true~ R > 2r= (x)istrue
rpT. 3 T, vsa(s—a).(b+c) CBS
s2 + 9r2 and Z z <
-2 2VA4Rrs
cyc cyc

z\/ﬁ \/Z(a(s—a)(b+c)) JZ(bH)

cyc

1
= ./2s(s? + 4Rr + r2) — (2s(s? + 4Rr + r2) — 12Rrs).V4s = 5.3

2+v/4Rrs
3 ,r. TI.I r,I
and so,—.\/s2 +9r2 < 242,49 -5 /3vAABC

2 W,  Wp W
" =" iff A ABC is equilateral (QED)

3615.Inany A ABCand V x,y,z > 0 the following relationship holds :

b 1
z<y+z'h‘2’> > 27r2—g(4R+r)2

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

x o, x+ty+z—(y+z) ,
Z( + h“):Z + ha
LYtz y+z

Bergstrom

(X)X

y+z

cyc cyc cyc
2
Z (Zeyeha)” (8% + 4Rr +1r?)? — 16Rrs?
X 2 Y AR?
cyc
_ —(s®? +4Rr +r?)? + 32Rrs? ?

1
3Rz > 27r? —3(4R+r)2

?
& —3s* + (72Rr — 6r?)s? + 64R* + 32R3r — 692R?r? — 24Rr3 — 3r40 and
()

P = —3(s* — (4R? + 20Rr — 2r?)s? + r(4R +1r)3) —
Gerretsen
and
Double—Rouche

4R(3R — 3r)(s? — 4R? — 4Rr — 3r?) > 0 .. in order to prove (x),

15 RMM-TRIANGLE MARATHON 3601-3700
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? ? R
it suffices to prove : LHS of (x) > P © 2t3 + 28t? — 67t + 6 > 0 (t = ;)

Euler

& (t—2)2t2+32t—-3)>0->true~t > 2= (x)istrue

x 1
Z(mhfl) 227r2—g(4R+r)ZVAABC AVxy,z>0|xy+yz+zx>0,

cyc

" =" iff A ABC is equilateral (QED)

3616. In any A ABC the following relationship holds :
3

a
<—. ) —
Zrb+rc_2r hy, + h

cyc cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

4Rcos tan% 2R? a?
> e 2 D = | )
I, + I, 21' h, + h, A 2r b+c

cyc cyc cyc 4R cos? = 2 cyc

Qs.rzs'z( 2(-s +sa+bc))

cyc

R? 1 ) 2"‘2 b
r 2s(s?+ 2Rr +r?)’ ale @

cyc cyc
1
adow (—2s%(s? — 4Rr — r?) + 2s2(s? — 6Rr — 3r?) + 8Rrs?) <
R_2 2 ((s2 + 4Rr + r?)? — 16Rrs? — 8r?s? +>
r '2s(sz+ 2Rr +r2)’ (s 4+ 4Rr + r?)(s? — 4Rr — r?)
O]
& (R? — 2Rr + 2r?)s? > r(4R3 + 7R?r — 2Rr? — 2r3)

Gerretsen

?
Now, (R?2 — 2Rr + 2r?)s? > (R? — 2Rr + 2r?)(16Rr — 5r?) >
?
r(4R3 + 7R?r — 2Rr?2 — 2r3) & 3R3 — 11R?*r + 11Rr2 - 2r3 >0

Euler

?
© R-2r)(B(R—2r) +Rr+r?)>0-true~R > 2r = (x)istrue

Z o’ <RZ @ AABC” =" iff AABCi ilateral (QED
. L2 b, T h. =" is equilateral (QED)

cyc cyc

16 RMM-TRIANGLE MARATHON 3601-3700
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3617. In any A ABC the following relationship holds :

h h h
o [hy f_
Iy Ic Iy

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

h, 2(s — b) 2
r_ \[ Sa \[4Rr z (\/b(T \/_)
cyc

cyc

cyc

. — 4Rr — r2)./2s = \/16Rr + 4r2
\/ZR )
T 16Rr + 2R 3 v A ABC,
Re r+ = —“<3v
2 Cyc rb

" =" iff A ABC is equilateral (QED)

3618. In AABC the following relationship holds:

A B C

sin4 +sinB +sin C < cos§+cosi+cosi

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

A+ B) (A — B) A+B+C=m
COS =

sinA+sinB=ZSin< 2

A-B
5 cosC cos (A~ B cos(“7 )<12 C .\
= —_ < —_

coszcos( > ) < cos (1)

1
sin4 + sinB + sin C =ZsinA =5225inA =

M1 Cc A B C

< = — = = — el
Z(smA + sinB) 2 cos2 cos2 + cos > + cos2

Equality holds for an equilateral triangle.

17 RMM-TRIANGLE MARATHON 3601-3700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
3619. In AABC the following relationship holds:

A B C

cscA+cscB +csc C > secE+ secE+ secE

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

A+ B
sin4 + sinB = Zsin( ) ( )A+B+C §
C A _ B COS( 2 <1
= ZCos—cos( ) < 2cos— (D

2 2
A 1 2 @ 2 AM-HM 1/ 1 1 @
— = = < < =

sec 2 A~ sinA+sinB ~ 2 (sinA sin B)

7 R |
COSZ COSZ

A B c<2)z1( 1,1 )_
sec; tsecy +secy; = ) olsinatsing) =

1 1 1
= (sinA+sinB+sinC> =cscA+cscB+csc C

Equality holds for an equilateral triangle.

3620. In AABC the following relationship holds:

B ,C
—+sec” -

2 2

csc? A + csc? B + csc? C > sec? 2 + sec?

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

A+ B
sinA + sinB = Zsm( ) (

et

) A+B+C=m

COS

2
=2 cos cos ( < 2 cos — (1)

18 RMM-TRIANGLE MARATHON 3601-3700
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A 1 2 @
sec- = = <

2 A -
coso 2 coso
2 AM-GM 1

S+ S T
sin4 + sin B vsinA.sinB

(2)

A

A 1 AM-6M 1 1 1
sec? > ( ) 3)

- <« =
sinAsinB ~ 2\sin?4 + sin?B

2A B, 11 1 2 2 2
sec E+sec E+sec ES Zf(sinzA-'_sinzB)':csc A +csc” B +csc” €

Equality holds for an equilateral triangle.

3621. In any A ABC the following relationship holds :

27r Zra 27R
2p a 4p
cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

I, rp p2r bc p ,A

E —= E = E =— E sec’ —

a a(p—a) 4RrpL.p(p—a) 4R 2
cyc

cyc cyc cyc
Mitrinovic
) , and 27R? 81R?
r uler —FH T —Fx
p p°+(AR+r) Eul 4 + 4 27R

= - < e d I ,
4R p? = 4Rp 4p and again
r, P p>+(4R+r)%Doucet p p%+3p2 p P? Gerretsen + Euler
_—= > _— = — = — >
Z a 4R p? ~ 4R p? R Rp -
cyc
- 27Rr  27r d
Z2Rp _ 2p and so
27r<Zr"<27RVAABC " =" iff A ABC is equilateral (QED
2p = a= 4p , =1 is equilateral (QED)

cyc

3622. In any A ABC the following relationship holds :

2r(2R —r)? _ 2( Ipl, ha) _ 9R3

R? rn,+r. r,/~ 16r?
cyc

19 RMM-TRIANGLE MARATHON 3601-3700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Z ( T ha> AM;HM Z (rb + I, ha)
I, + I, Iy - 4 'r,)

cyc cyc

A
4R cos? > 2rs s—a s 5
Z 4 ' A A’ rs =2rs'z(s_a)
cye 4R cos? 7 tanz cye
1 s2 — 8Rr — 2r? Gerretsen 4R* — 4Rr + r?
= —(3s?2—2s(2s) +2(s? —4Rr—r?)) = <
T (335 s(2s) + 2(s r—r )) o < o
? 9R ? ?
< Terz & 9R3 — 32R?’r + 32Rr?-8r3>0 < (R—2r)(9R? — 14Rr + 4r?) > 0
Euler I, T, h 9R3 In,T, h
—»true~R > 2r Z( bc .—a)S—andagain,Z< bc .—a)z
I, + I Iy 16r? Iy + I Iy
cyc cyc
s(s—a).bc bc(s—a 1
Z ( ) . ( ) _ Z (bzcz(s _ a))
4R.s(s—a)  2Rrs 8R2%rs
cyc cyc
B s((s? + 4Rr + r?)? — 16Rrs?) — 4Rrs(s? + 4Rr + r?) ; 2r(2R —r)?
B 8RZrs - R2

Gerretsen

& s* — (12Rr — 2r?)s? — r2(64R? — 68Rr + 15r2) > 0 - true < LHS >
(16Rr — 5r?)s? — (12Rr — 2r?)s? — r?(64R? — 68Rr + 15r?%)

Gerretsen

= (4Rr — 3r?)s? — r?(64R? — 68Rr + 15r?) > (4Rr —3r?)(16Rr — 5r?%) —
nre hy,\  2r(2R-—r)?
NS 7

) - R?

and so,

r?(64R? — 68Rr + 15r%) = 0 . Z ( .
I, + I, Iy
cyc

2r(2R —r)? nr. h, 9R3
——< — ] < v A ABC,
R? - Z (rb + 1, ra> ~ 1612

cyc
" =" iff A ABC is equilateral (QED)

3623. In any A ABC the following relationship holds :

IR <Z a3 <R3p
P=/h, +h, — 2r2

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
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2
hb+h Zb+c 2s(s? +2Rr+r2) Z (a +Zab>

cyc cyc cyc cyc
(p=s)

2R ((s2 +4Rr + r2)? — 16Rrs? — 8r2s? +) 2 R’s

s(s2 + 2Rr +r2)’ (s? +4Rr +r?)(s? — 4Rr — r?) — 2r2

O]
& (R%? — 8r?)s? + r(2R3 + R?r + 32Rr? + 24r3) > 0 and it is trivially true if :
Gerretsen

R? — 8r? > 0 and when : R? — 8r%2 < 0,LHS of (x) >
(R — 8r2)(4R? + 4Rr + 3r%) + r(2R3 4+ R%r + 32Rr? + 24r3) > 0

Euler

?
= 2R2(2R+ 7r)(R — Zr) >0->true~ R > 2r= (%)istrue

Bergstrom (Zc c )
< d Z = 2R Z > R-2ocY o
Zhb+h 2r2 an hy + h, b+c 2 yca >

cyc cyc cyc

R
and so,2Rp < Z b+ h. S 2 E v AABC,"” =" iff A ABC is equilateral (QED)
bt

cyc

3624. In any A ABC the following relationship holds :

2w

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

3 3

1 12 Radon 32 Vv27R
Z—:‘/_ZR'Z— > V2R >
o Jhy + h, o vca + ab J2Ycycab \/43{,2
9
=-—.VRVAABC," =" iff A ABCis equilateral (QED)

2p
3625. In AABC the following relationship holds:

3

12V3r(R-1) < Z <6V3R(R—-71)

Tp Tre

Proposed by Marin Chirciu-Romania
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Solution by Tapas Das-India

1 1 )_F(Zs—(b+c))_

r”+r°=F< T GobG-0o (Gobi-o PV

s—b s-—-c

Zaz(s—b)(s— c) = Z:az(sZ —s(b+c¢)—bc) = Z:az(s2 —s(2s—a) — bc) =

=Za2(sa—sz—bc) =sZa3—SZZaZ—abCZa=

= 25%(s? — 31?2 — 6Rr) — 25%(s?> — 2 — 4Rr) — 8Rrs? =

= 2s%(2Rr — 2r?) = 4s*r(R—1) (2)

3

2 _
Z rbc:_ - (1)2(2) %Z a%(s — b)(s —¢) = w =4s(R—1) (3)

F

a3 Mitrinovic 4. 3\/_R
Z —4s(R—1) < (R—1) = 6v3R(R — 1)
rpt+r. 2

3 Mitrinovic

z L _asR-1) = 43V3r(R—1) = 12V3r(R—71)
r,+r.

Equality holds for an equilateral triangle.

3626. In AABC the following relationship holds:

R
Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Zha_ 1 Zbc_ 1 abc>abc 1 abc 25 s
a 2R a 2R a2 ~ 2R Z.ab 2R ‘abc R

A
2rCr, 2r stan(f) TS ,A s ,A
RLa" R B 2k ), Sy = g (34 ) ) =
4Rsin (7) cos (7)
_Ts 3 (4R + 1)? 5 _ T L (4R +1)?\
=3t 2= gp(1t )=

22 RMM-TRIANGLE MARATHON 3601-3700
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_ Tr (32 N (4-R 4 r)z) Mitrinové'c&Euler r 27R? N 81R?2 _ 27r
~ 2R2s - 2R%s\ 4 4 ) 2s

S 27r Mitriovic
We need to show R > 25 O 2s?> > 27Rror 2(16Rr —5r*) > 27Rror

5Rr > 1072 or R = 2r true by Euler

Equality holds for an equilateral triangle.

3627. In AABC the following relationship holds:

1 9\/7
RIS,
r,+r. SN2

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Ragon 3\/§ _ 3\/§ _
V2@ +rpt+1) J2(4R+T)

3

Z 1 _ z 12
,;rb+rc 1/rb+rc
3v/3.V/3r s223r(4R+1) 9 \/7
= 2 — —
V2 x3r(4R + 1) s N2

Equality holds for an equilateral triangle.

3628. In any A ABC the following relationship holds :

t 1 1 >2\/§
a’m, b?m, c¢?m, abc

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Z a% _ Z i)z BergS>trom (ZLC%)Z Chu—>Yang

m, mg, cyc My
cyc cyc
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(s + 4Rr + r?)2 2 23

16R2r2s2,1/4s2 — 16Rr + 5r2 4Rrs

& (s? + 4Rr +r?)* — 192R?*r?s%(4s? — 16Rr + 5r2)HO and = P =
)
(s? —16Rr + 5r?)* + 16r(5R — r)(s? — 16Rr + 5r%)3 +
32r?(51R? — 30Rr + 3r?)(s? — 16Rr + 5r?)? +

Gerretsen

64r3(164R3 — 195R?*r + 60Rr? — 4r3)(s? —16Rr+5r2) > 0

?
. in order to prove (*), it suffices to prove : LHS of (x) > P

? R
o 196t* — 560t3 + 375t2 —80t+4>0 (t = ;)

Euler

& (t—2)(196t3 —168t2+39t—2) >0 >true =t > 2= ()istrue

1 1 1 Zﬁ n no= = =
Zm, + bZm, + Zm, = abe v AABC,” =" iff A ABCis equilateral (QED)
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\ \
\\ \
Nikpour

\
\
\
1

C
Prove that : yellow

\ R
o)
=@ green,green

= ¢ - pink and [OHB]
= 2[IBH]

Proposed by Jafar Nikpour-Iran
Solution by Mirsadix Muzefferov-Azerbaijan

InAGWO (0 = 90°) tan CWO = 2,

1,2 5
(WGO] ==71%-sinGWO0 = =1r? — = —1?
2" 55
2V/5
[GWHO] grl == O
[AWT] yeriow) = ETZ s [HWI] (yetiow) o
= Erz sin HW1

HWI = r_ cos 1 — = sin HWI = sin(z— cos‘li) _1
2 V5 2 V5/ /5
25 RMM-TRIANGLE MARATHON 3601-3700
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1 1 YE

. 2

HWI, =5 B 2" ~ 10"
[FAIHWG](yellow) =2 ([AWI] + [HWI]) =2 <%T2 + \1/_51‘2> B <1 + ?) 1"2

V5
[FATHWG] tyetion) (1 + T) re B —\/g(\/g +1)

V541
[GWHO] (green) 245 B 2+/5 —T g ¢
_rZ
5 5
V5 5-+5
[pink]=[ACWB]—[yellow]=2r2—<1+?>r2= AL
2v5
lgreen)  “57° 2 VB+1_
lpink] 5-v5 , V5-1 2 =9
5
5 5-45
[OHB]=[OBW]—[0WH]=r2—\/?_r2= 5‘/_rz
5-+5
[IBH]_[pink]_S—x/E , [OHB] rz_2
“T2 ""10 "' TBH 5_v5,
10 "

3630. In AABC the following relationship holds:
z sin3 A cos(B — C) = 3 sin Asin Bsin C

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

) 1
sinA cos(B — €) “*PX" sin(B + €) cos(B — C) = > (sin2B + sin 2C)

. . 1 b c
= (sin B cos B + sin C cos C) —ﬁ(bcosB+ccosC) (assinB =Snc- ZR)

1
Z sin® Acos(B - C) = Z sin? AsinAcos(B — C) = WZ a’(bcosB +ccosC) =

—121;( B+b A)—lzb L
_8R3 ap(acos cos _8R3 ap.c = ZRZRZR_

= 3sinAsinBsinC
26 | RMM-TRIANGLE MARATHON 3601-3700
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3631.If x,y > 0 and x + y = 6 then in AABC the following relationship
holds:

(2s +a* +b” +c*)(2s + a¥ + b* + ¢¥) > 192F?

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania
Solution by Tapas Das-India

AM-GM

Q2s+a*+b’+c*)=(a+b+c+a*+b +c¢*) > 6Yabca*b’c*

Similarly: (2s + @’ + b* + ¢¥) = 6Vabca?b*cY

2s+a* +b” + ¢*)(2s + @’ + b* + ¢?) > 63abca*bYc* x 6\/abca’b*c? =

Carlitz z

= 36%/(abo)?(abo)™ = 36(abc)3 = 36((abc)?)3 = . 36. (\/_E) = 192F2

Equality holdsforra=b=c=1,x=y = 3.
3632. In AABC the following relationship holds:

2s+ a3 + b3 + 3 > 8V3F

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania
Solution by Tapas Das-India

AM—GM
2s+a3+b3+cB=a+b+c+ad3+b3+c3 = 63 (abc)t =

1 Carlitz 4F
=6((abc)®)3 > 6x—=8V3F
((abc)*) 73

Equality holds for an equilateral triangle with: a = b = ¢ = 1.

3633. In AABC the following relationship holds:

a(b+c)+b(c+a)+c(a+b)>12r2
a’?+bc__b* +ca c*+ab _  R?
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Proposed by D.M.Batinetu-Giurgiu, Claudia Nanuti-Romania
Solution by Tapas Das-India

Euler,Mitrinovic

abc = 4Rrs > 4.2.3V3r = (2V3r) (1)

_a(b +¢) b(c+a) c(a+b) AM;GM 33 a(b+c)b(c+a)cl(a+b) B
"a?+bc b +ca c%+ab a?+bc b2+ca c2+ab

3| abc(a+b)(c+a)(b+c) Cesaro z;AM—GM
B (a? + bc) (b? + ca)(c? + ab) -

2
abc8abc 2(abc)3
> 33 T =IX >
((a2 + be) + (b2 + ca) + (2 + ab)) (a? + b% + ¢ + ab + bc + ca)
27
2
2(abc)3 Leibniz & (1) 9 x 2 X 12r? r?
=9 X-— > —_— ——— =12—
(a? + b% + c? + a% + b? + c?) 2 X 9R? R?

Equality holds for an equilateral triangle.

3634. In any A ABC the following relationship holds :

h,w,m, . h,w,my, N h.w.m, _ s? —11Rr ; r? (hamara . hym,r; . hcmcrc>
I, Iy I, Rr + 2r W, Wy W,
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

h, w? 2(s — a)w? 2s a’bc
Thoi _greawt_ 2 (o @ )) oe
r, a 4Rrs (b + ¢)?
cyc cyc cyc cyc
5 s + 3r2s* + r?s2(32R? + 40Rr + 3r?) + r*(4R + r)?
' (s2 + 2Rr +r2)2
(s + 4Rr + r?)? — 16Rrs? —

( 5 )
% k4sz(si6+Rle-{2:j— r2)2 z a* +2a° (Z ab) + (Z ab) )

cyc cyc cyc
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(Reference : Solution to Inequality in Triangle by Dang Ngoc Minh — 112;) and

published at www. ssmrmh.ro
Z a* = 2(s? + 4Rr + r?)? — 32Rrs? — 16r2s?,

cyc

2 h,w;
Za =2(sz—4Rr—r2)andZab=sz+4Rr+r2.-.Z P
cyc cyc cyc .
<s8 — (8Rr — 4r%)s® — r?(48R? + 8Rr — 6r?)s* — r3(128R3 + 96R?*r — 8Rr? — 4r3)s? +)
r®(4R +r)?

2Rr(s2 + 2Rr + r?)2

h,m? 2(s — a)m?
(say)e@andagain,z ‘; “:Z ( a) ==

cyc cyc

T
~ 2Rr(s? + 2Rr + r2)?2

2s
16Rrs’

Z bc ZZaZ—BaZ —3(s?—4Rr—r?) =
cyc cyc

s* —12Rrs? + r?(8R% — 8Rr — r?)
2Rr

b+c A
Z bc rs —5 .Cosy rs s?2+(s—a)’>+2s(s—a)
2R's—a  2bc A
cyc ZR's—a b_I_C.COS
_rs (s?(4Rr +r?) N
~8R’ S Rr+2r2 w,
cyc
(R + 2r)s? s? — 11Rr — r? s? —11Rr — r? h,m,r,
d >
2R~ Rr+2rz O T Retarz w, =

cyc

s2(s? — 11Rr — r? h,w,m 1 h, w? h,m?
( )e@&viaAMGM,Z—ara “52 Z a a+z aa
a

2Rr r, r,
cyc cyc cyc

hamara Lascu

>
- (2) and also,z o >

a

cyc

Z|_TIs
A 8R’ s—a

) cyc

N 6s> s? —11Rr — r? h,m,r, -

ris

via ®<and® T + s* — 12Rrs? + r?(8R? — 8Rr — r?) 2 s?(s? — 11Rr — r?)
- 4Rr(s? + 2Rr + r?)2 - 2Rr
(R —2r)s® + 2r(2R? — 7Rr — 4r?)s* + r2(28R3 + 20R?*r — 9Rr? — 2r3)s? —

©)
2r(25R? — 59Rr + 18r?)(s? — 16Rr + 5r%)% —
10r3(s* — s2(4R% + 20Rr — 2r?) + r(4R +1)3) +
4r?(R — 2r)(215R? — 140Rr — 8r?)(s? — 16Rr + 5r?) —

Gerretsen
and
Double—Rouche

256r°(s?2 — 4R? — 4Rr — 3r2) > 0 .. in order to prove (%),

?
Rr3(16R3 + 12R?r + 6Rr? + r3)EO and =~ P = (R — 2r)(s? — 16Rr + 5r%)3 +
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suffices to prove : LHS of () > P © 630t* — 1747t3 + 974t 4+ 108t — 216
Euler

? R ?
>0 (t = ;) & (t—2)(630t3 —487t2 +108) >0 > true ~t > 2 = (x)is true

h,w,m, s%(s?—11Rr —r?)via® s2 — 11Rr — r? h,m,r,
< < > and so,
I, 2Rr Rr + 2r a

cyc cyc
h,w,m, N hyw,my, N h.w.m, - s —11Rr — r? (hamara N hymyr;, N hcmcrc)

r, I, rr. -~  Rr+2r? W, Wy, \A
v A ABC,"” =" iff A ABC is equilateral (QED)

3635. In AABC the following relationship holds:

(4R + 1)? 4r—R< b?% + ¢? — a?

) < <2s
s r+R b+c—a

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

A
b? +c*—a* <O 2bccosA Z cosA ZZCOSZ(T)_l_
btc—a ZLi2s—a) ° M_S cosz(é) B
bc 2

_ S(Z 2 - Z sec? (g)) = s<6 - <1 + (4RS+ r)2> ) L s(6-1-3)=2s

b% + ¢* — a? 4R +1\* (4R +1)?
2T _(e- 1+( ) ) = 55—

b+c—a

(4R+71)> AR+71)? 4r—R
>

We need to show: 5s —

s "r+R
(4R + 1)? 4r — R (4R +1)* 51
5s > (1+ )01‘552 .
S r+R S R+r

Gerretsen

s2(R+1)> (4R +1)*ror 16Rr—5r®)(R+1r) > (4R+71)*r
16R% + 11Rr — 5% > 16R? + 8Rr + 1% or 3Rr > 612 or R > 27 true by Euler

Equality holds for an equilateral triangle.

3636. In AABC the following relationship holds:
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1
4-F)Z

L=

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

3
Radon
>

Z a _Z a2
Vvb+c—a vab + ac —a? =

3
(a+b+c)2 ab+bc+ca<a?+b?+c?
> 1 =

(2(ab + bc + ca) — (a? + b% + ¢2))?

3 3 3
2 2 2
- (a+b+c) > (a+b+c) > (a+b+c) -

- (2(ab + bc + ca) — (ab + bc + ca))? (ab+ bc+ ca)% ((a +b+ c)2)7

3

Gordon

=+3va+b+ =\/§4\/(a+b+c)22\/5‘{/3(ab+bc+ca) > \/§43><4\/§F

1

s 3F 4F\%
=3 3><4><—=3(—)
V3 V3

Equality holds for an equilateral triangle.

3637.

In any A ABC the following relationship holds :

9 Z sin®B +sin®C  9(R3 — 6r3)

— < <

2Rp r2 2R2r2p
cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava chakraborty-Kolkata-India

With p = s (for own convenience),

sin3 B + sin3 C 1
_ 3 1 ~3)(c2 2
2 = 8R312s2 z ((b +c’)(s“—2sa+a ))
cyc
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1
RETETE 2522a3—252 ab z:az—c2 +Z(a2b2(25—c))

cyc cyc cyc cyc

1 (453(52 — 6Rr — 3r?) — 4s(s* — (4Rr + r®)*) + 16Rrs? +)

a 8R3r2s2' 2s((s + 4Rr + r?)? — 16Rrs?) — 4Rrs(s? + 4Rr + r?)
sin® B + sin3 C s* — (14Rr + 4r?)s? + r?(40R? + 22Rr + 3r?)
Z > 37 - (1) and
rg 4R°r
cyc
sin® B + sin3 C 2 9(R3 — 6r3)
SO Z <
r2 2R%r?%p
cyc
s* — (14Rr + 4r?)s? + r?(40R? + 22Rr + 3r?) » 9(R3 6r3)
[—4

4R3r2s ~  2R?rZs
& —s* + (14Rr + 4r?)s? + 18R* — 40R?r? — 130Rr3 — 3r4HO
®
Now, Rouche = s2 — (m—n) > 0and s? — (m+n) < 0,wherem =
2R? + 10Rr — r2 & n = 2(R — 2r)vR? — 2Rr - (s2 —(m+ n)) (s2 — (m— n)) <0
=>st—s22m)+m? —-n?<0="P =s*—s?(4R* + 20Rr — 2r?) + r(4R +1r)3

< 0 and so, in order to prove (), it suffices to prove : LHS of (x) >— P

< 9R* + 32R3r + 4R?r? — 59Rr3 —r* 5 (2R? + 3Rr — 3r?)s?

*)
Gerretsen

?
Now, (2R? + 3Rr —3r?)s? < (2R?+3Rr —3r?)(4R? + 4Rr + 3r?) <
? R

9R* + 32R3r + 4R?*r? = 59Rr3 —r* o t* + 12t3 - 2t - 56t + 8 >0 (t = ;)

~

Euler
=N (t— 2)(t3 + 14t + 26t — 4) > O->true+t > 2= (**) = (%) is true

. sin3B +sin®C  9(R3 — 6r3) sin3 B+sm c? 9
- Z Z < 2RErp and again, via (1), Z > 2Rp

cyc

s* — (14Rr + 4r?)s? + r2(40R? + 22Rr + 3r?%) ; 9
&
4R3r2s ~ 2Rs

?
& s* — (14Rr + 4r?)s? + r?(28R? + 22Rr + 3r?)|>|0and ~ Q =

cyc

(*)
Gerretsen
(s? — 16Rr + 5r?)2 >

=~ in order to prove (), it suffices to prove :

0

? ?
LHS of (¢) > Q & (9R — 7r)s? > r(117R? — 91Rr + 11r?) and indeed we have :
(e*)

Gerretsen
(OR—-7r)s?. > (9R-— 7r)(16Rr — 5r2) > r(117R? — 91Rr + 11r?)
Euler
< 3r(R—2r)(9R — 4r) 2 0o true~ R > 2r = (e¢) = (o) is true
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.zsin3B+sin3C> 9 d 9 <z:sin3B+sin3C<9(R3—6r3)
" r2 ~ 2Rp anasoIRrp "2Rp r2 ~  2R%r?p
cyc cyc
v AABC," =" iff A ABC is equilateral (QED)

3638. In AABC the following relationship holds:
sin(4) + sin(B) sin(C) + sin(B) sin(4) + sin(C)

+ +
cos (g) Cos (g) cos (g)
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Mirsadix Muzefferov-Azerbaijan

sin(4) + sin(B) sin(C) + sin(B) sin(4) + sin(C) B z sin(4) + sin(B) _

ws(§) | ws) s (%) EIG
_ Z 2.sin ('#) cos ( _, Z cos cos A 2 B)
cyc Cos ( cyc CcoS )

“2 Y cas (4

cyc
Equality holds for: A=B =C.
3639. In any A ABC the following relationship holds :

1 >9
Z A A B\ ~ 2

e tanz (tan 5 + tan 7)

)<2.3=6

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

C
tan 2

A
tan 7

1 Bergstrom
Z A, A B):Z C.__A B C =

cyc tan 7 (tan 7 + tan 7 cyc tan 7 tan 7 + tan 7 tan 7
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2

2
C / 3| [tan ¢ tan A tan E\
tan= 2 2 2
5 2 [ 3. A B C |
cyc A tans |[tans |[tans
tan 2 AM-GM 2 2 2 B C
= tan—tan—
e 2. )
2 Y eye (tan 5 tan 7) 2 cye 2 2
=1
= ) d 1 9 A ABC,
= E and so, Z B v

T tan% (tan% +tanz) "2
" =" iff A ABC is equilateral (QED)
3640. In AABC the following relationship holds:

z( <34R™ neN

cos"

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

2bc A b+c 2bc 2bc 2bc

Wa:mCOSEﬁcosé— < h = E :4R(1)
2 2R
b+c”(1)
Z( ) Z(m)"—s (4R)"™
cos"2

Equality holds for an equilateral triangle.

3641. In any A ABC the following relationship holds :

18.\F

5 <(\/—+\/—+\/—) < 6p

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

18.\F ? 212 F6
- vF .R*F* >
V3 2

Mitrinovic Euler

?
& 27R* > 16r2p? - true =~ 27R? > 4p? and R2 > 4r?

2 AM-GM

(Va+vb+ve)' = 9.¥abc = 9. YARF =

.-,(\/c_l+\/l_)+\/5)2 12f/_\/_andagam (\/_+\/_+\/_) 3(a+b+c)—6p
andsouf/_ <(\/_+\/_+\/_) < 6p V A ABC,

=" iff A ABC is equilateral (QED)

3642. In any A ABC the following relationship holds :
z (w, cscA) > 6V/3r
cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

WLOG we may assume a > b > c and then : w, < wy, < w,. and

Chebyshev 1
cscA < cscB < cscCand so,Z(wa cscA) = 3 Zwa chcA
cyc cyc cyc
1
>3| 2 he

Gordon
cyc

and
2R Bergstrom 1 9 1
. = —l=—. =
> <4Rrs Z ab) > 3 (er 25) (er 4\/§rs) 6v/3r and SO,

cyc

Z(wa cscA) > 6v3r vV AABC,” =" iff A ABC is equilateral (QED)

cyc

3643. In acute AABC the following relationship holds:

1_[(3 cot? A +2) > 27

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

ARKADY ALT'S inequality
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3
ift,x,y,z>0then (x* + t?)(y? + t?)(2> + t?) > Zt"(x +y+2)?%*Q1)
we know that in acute triangle cot A, cot B,cotC > 0 and

Z cotA.cotB =1(2)

1_[(3 cot?A4+2) = 1_[ ((\/§ cotA)2 + (\/E)Z) (g %(\5)4 (z V3 cotA )2

= 9(2 cotA)2 = 9. (BZcotA.cotB) (i) 27

Equality holds for an equilateral triangle.

3644. In AABC the following relationship holds:

4
H(Btan25+2) > 27

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

ARKADY ALT'S inequality
3
ift,x,y,z>0then (x* + t?)(y* + t?) (2> + t?) > Zt‘*(x +y+2)?%(1)

[T(suneg+2) =[] ((v3uan) +2) 2

Doucet

>3 )" (Y vatand) "E 5. (vEVE) — 27

Equality holds for an equilateral triangle.

3645. In AABC the following relationship holds:

sin(4) + sin(B) sin(C) + sin(B) sin(4) + sin(C)

+ + > 6V3
cos(C) cos(A4) cos(B)
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

sin(4) + sin(B) sin(C) + sin(B) sin(4) + sin(C) _
cos(0) + cos(4) + cos(B) B
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_ sin(4) +sin(B) =Y <o /sin(4) .sin(B) “Z°
B Z = ZZ cos(C) =
1

cos(C) -

cyc

23 <\/(sin(A) .sin(B). cos(C‘))Z)§ 6 <sin(A) .sin(B).cos(C) >; 3

cyc

= cos(A).cos(B).cos(C) cos(A4).cos(B).cos(C))

1 acute triangle 1
= 6(tan(4).tan(B).tan(0))3 =  6(3V3)*=6V3
Equality holds for: A=B=C

3646. In any A ABC the following relationship holds :
> ((@=b)my +mp)) 2 0
cyc
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

A

- '/(:),/
Via Ptolemy’s theorem on quadrilateral ABQC,AB.CQ + AC.BQ > AQ.BC

2m, 4m, ® ) o
3 .a = cmy +bm, > 2am, and in a similar manner,

®
2bm, and amy, + bm, > 2cm.and D+ @) + 3) =

2 b
= C. .
“73

>
3

@
cm, +am, >

()
(bm, + cmy) + (cm, + am,) + (amy, + bm,) 2(am, + bmy + cm,)
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cyc

Zma .Z(a— b) — Z(ma(a— b)) é 0

cyc cyc

Now,Z((a—b)(mb+mc))£O®Z (a—Db) Zma—m
cyc

cyc

cyc

< bm, + cmy, + am, am, + bm; + cm,

OVES

(m)
Let us assume : bm, + cmy, + am, | < |am, + bm;, + cm, and implementing
2m, 2m; 2m, .
whose medians as a consequence

(m) on a triangle XYZwith sides 3 '3 ' 3
ab c

of trivial calculations = 2'2'3
1 21
2 (amy, + bm, + cm,) < - 37" (am, + bmy, + cm,)

(n)
am, + bmy + cm, and (m) + (n) =

= amy + bm, + cm, | <
(+%)

(bm, + cmy) + (cm, + am,.) + (amy, + bm,) | <
see that : (x«) is a contradiction to () and hence, our assumption must be
incorrect and so, it must indeed hold : bm, + cmy, + am, > am, + bmy + cm,

= (*) must be true and so,Z((a —b)(my, + mc)) > 0V AABC,

cyc

" =" iff A ABCis equilateral (QED)

,we get :

Wl N

2(am, + bmy + cm,) and we

3647. In AABC the following relationship holds:
2(acosA+bcosB +ccosC)<a+b+c

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India
sin24 + sin 2B + sin 2C = 2 sin(4+ B) cos(A — B) + 2sinCcos C
=2sinCcos(A—B)+2sinCcosC = 2sinC (cos(A—B) + cosC)
= 2sin C (cos(A — B) — cos(A+ B)) = 4sin Asin B sin C

acosA+bcosB +ccosC = ZZacosA = ZRZsm2A =

RMM-TRIANGLE MARATHON 3601-3700
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abc B abc B 4Rrs _ 4rs

= 2R.4 sin Asin B sin C = 8R. B8R~ R2 RZ R

4rs 4rs
We need to show: R <a+b+c or R < 2sor R = 2r true by Euler.

Equality holds for an equilateral triangle.

3648. In AABC the following relationship holds:

a? b? c?
+ + > 4
WpWe WW, WaWp

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Zwa < Z\/s(s —a) cgs V3s.s = sV3
2

3 3
a? b? c? Bergstrom (q 4+ b+ c)? 4s?
+ + > 25 =4
WpW, WW, W W, DWWy s

Equality holds for an equilateral triangle.

3649. In AABC the following relationship holds:

b c a

+ >
cosB cosC sinBsinC

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

cos(A + B) = cos(t — C) = —cos C < 0 as triangle is acute,cos C > 0
cos(A+B) <0=cosAcosB —sinAsinB < 0= cosAcosB <sindAsinB (1)

We know that a = bcosC + ccos B (2)
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b c b cos C + c cos B (1)&(2) a

+ —_ > S
cosB cosC cosAcosB sinBsinC

3650. In AABC the following relationship holds:

(1+1> +(1+1) +(1+1) <33
a b)) T \pT )T Ty

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Gra)wer GrowarGra)w=2 (G+5)we =
a b))V \pT ) We T \c T )W T a b/

a+b 2ab A A Jensen A+ B+ C
= Z . cos— =2 cos— < 2.3cos (—)
ab a+b>b 6

V3
7=3\/§

Equality holds for an equilateral triangle.
3651. In any A ABC the following relationship holds :

z Z mgr, Z mgh,
. s

cyc cyc cyc cyc

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

m, _ \MgWq Lascu + AM-GM 2R.s(s — a)(b + c)?
w,h, Z.w?h, - 4bc.s(s — a).bc
cyc cyc cyc
2R (s? + 4Rr + r?)% — 8Rrs?
_ 22 4 o2 _
= srerezsr ), (@207 4 2‘”)) = 16Rr?s? .

cyc

Z zm a¥a Z (s + 4Rr + r?)% — 8Rrs? Z
w,h, W, I, \ = 16Rr?s? LT

cyc cyc cyc
Lascu + AM—GM
and
Chu-Yang

m2
Z - v: - Z m, (~ m, > w, &analogs and h, < w, & analogs) =

cyc cyc
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s2 +4Rr + r?)2 — 8Rrs?)(4R+r
« 16)er$2 X ) Z .v/4s% — 16Rr + 512 =
e s(s —
((s?>+ 4Rr +r?)? — 8Rrs?)(4R+r) 3(s’?—4Rr-r

2 ?
).\/452 —16Rr + 5r2 > 0

16Rr2s? 2rs?

& ((s? + 4Rr + r2)2 — 8Rrs2)2(4R + r)? >
576R?r?(4s? — 16Rr + 5r?)(s? —4Rr — r?)? & (4R +r)?s® —
r2(2240R? — 32Rr — 4r?)s® +
r2(512R* + 28160R3r + 1984R?*r? + 64Rr3 + 6rt)s* —
4r*(27392R* + 3200R3r — 960R?*r? — 16Rr3 —rt)s? +

8r*(512R® + 19200R5r + 3936R*r? — 1568R3r3 — 330R2r* + 3Rr®) + rl"Ho
®

and - P = (4R + r)?(s? — 16Rr + 5r?)* +
16r(64R3 — 128R?r — 4Rr? + 8r3)(s? — 16Rr + 5r?)3 —
144r*s?(s* — (4R? + 20Rr — 2r?)s? + r(4R +1r)3) +
16r2(1568(R — 2r)* + 7392r(R — 2r)3 + 8770r?(R — 2r)?)(s? — 16Rr + 5r?)2 —

Gerretsen
and
Double—Rouche

144r>(355R + 127r)(s* — (4R? 4+ 20Rr — 2r?)s2 + r(4R + r)3) > 0

. in order to prove (x), it suffices to prove : LHS of (x) >Po
(4352R5 — 16384R*r + 9773R3r? + 6128R?*r3 — 3406Rr* — 2164r5)s2

?

> |4r(12784R® — 53656R°r + 3946 7R*r2 + 19982R3r3 + 16061r¢) —

)

r(77683R?r* + 26530Rr®)
4352R5 — 16384R*r + 9773R%r? + 6128R?*r® — 3406Rr* — 2164r> > 0

Gerretsen

and then : LHS of (**) >
5 4 3.2 _
(4352R 163211;611': 97;3;161; + 6128R%r? ) (16Rr — 5r2) = RHS of (+)
rt — ro

© 1849615 — 6928015 + 80420t* — 30745¢% — 7453t2 + 8936t + 4396 > 0
R ?
(t = F) & (t—2)(18496t° — 32288t* + 15844t + 943t? — 5567t — 2198) > 0

Euler
>true vt > 2= (xx)istrue
[Case 2]4352R5 — 16384R*r + 9773R%r? + 6128R?*r3 — 3406Rr* — 2164r° < 0

Gerretsen

and then : LHS of (xx) >

5__ 4 3,2 ?
6128R%r3 — 3406Rr* — 2164r
17408t7 — 99264t° + 201236t> — 143416t* — 39721t3 + 73787t% +

? R
7656t — 12916 > 0 (t = ;) s
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5 _ 4 3 2 ?
t-2)(-2) (174-08t 29632t* + 13076t3 + 27416t +) 475816 ) > 0
17639t + 34679

Euler
- true wt > 2 = (xx)istrue -~ combining both cases, (x*) = (*) is true

m m,r m m_ h
VAABC:-E <. ‘”‘22 “.E 2 2 v AABC,
w,h, w, W, I, w,
cyc cyc cyc

cyc

" =" iff A ABC is equilateral (QED)

3652. In any A ABC the following relationship holds :

2
5wawbwc - 4'rarbrc =< Ja9vIc =< §Wawbwc + §hahbhc

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

20Rr 1)
s2 + 2Rr + r?
Ars? 2Rr + 4r? — (s? — 16Rr + 5r?) ; 16r2s*(2Rr + 4r?)? ;
= (—1
rs s2 + 2Rr + r2 = GaJbYc (s2+2Rr +r2)z2 ~—
16r?s*(s? — 16Rr + 5r%)2 N 8rs?(s? — 16Rr + 5r?) 4
(s? + 2Rr + r?)? s2+2Rr+r2 Jadpgcana-
16r%s*(2Rr + 4r?)? 2
<
(s2 + 2Rr +r2)2
. OR+9r)s?+ (4R +1)°  16r?s*(s® — 16Rr + 5r?)?
r R (s2 + 2Rr + r2)2
8rs?(s? — 16Rr + 5r?) 2r?s?
s2 + 2Rr + r? R
(Reference : Solution to Inequality in Triangle by Mohamed Amine Ben Ajiba — 69;)
published at www.ssmrmh.ro
& (16R + 16r)s® — r(512R? + 55Rr — 105r?)s® +
r2(4096R3 — 3244R?r + 114Rr? + 99r3)s* +
r3(256R* + 356R3r + 216R?r? + 73Rr3 + 11r*)s? +

S5W,Wp W, — 4r,1p,r, = 4rs? (

(9agb9)* +

9adv9c = hhph, - it suffices to prove :

?
r*(256R> + 448R*r + 304R3r? + 100R?r® + 16Rr* + r5)0 and - P =
0]

(16R + 16r)(s? — 16Rr + 5r?)* + r(512R? + 649Rr — 215r?)(s? — 16Rr + 5r%)3
+1r2(4096R3 + 11012R?*r — 6981Rr? + 924r3)(s? — 16Rr + 5r2)2 +
4r3(64R* + 18873R3r — 16004R?r? + 4094Rr3 — 276r*)(s? — 16Rr + 5r?)

Gerretsen ?
> 0 - in order to prove (*), it suffices to prove : LHS of (x) > P

? R
< 1088t — 576t* — 4209t3 + 1848t%2 + 428t— 176 > 0 (t = ;)
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? Euler
o (t—2)(1088t* + 1600t3 — 1009t%> — 170t +88) >0 > true -t > 2
= (x) is true . 5w,wp, W, — 4r,IpI. < g,gpd. and again,
? 2 1 . OR+9r)s? + (4R +1)° ?
da9v9c < gwawbwc + ghahbhc < 9re., R <
256R?*r*s* N 4rist 4 16Rr%s?  2r?s?
"(s2 + 2Rr +r?2)2 R2 's2+2Rr+r?" R
< 4s® + (47R? — 65Rr + 8r?)s® +
(448R* — 500R3r — 450R?*r? — 155Rr3 + 4r*)s* —

r(2304R5 + 3204R*r + 1944R%r? + 657R?r® + 99Rr*)s?

—r?(2304R° + 4032R°r + 2736R*r* + 900R*r* + 144R*r* + 9Rr®)| > |0 and -
(%)
Q = 4(s® — 16Rr + 5r®)* + r(47R? + 191Rr — 72r?)(s?* — 16Rr + 5r?)3 +
(448R* + 1756R°r + 1869R?*r? — 2636Rr? + 484r*)(s> — 16Rr + 5r?)% +

5 4. 3,2 _ Gerretsen

Ar (3008R er?élosR r 1572R rt )(Sz —16Rr+5r2) ="
5422R?r3 + 3016Rr* — 360r ]

. in order to prove (xx), it suffices to prove : LHS of (xx) > Q

& 18880t° — 12736t° — 56599t + 7304t + 13784t% — 4576t + 400 > 0

& (t—2)(18880t° + 25024t* — 6551t — 5798t% + 2188t — 200) > 0 — true

Euler 2 1
vt = 2> (xx)istrue . g,gp9g. < §waw|,wc + §hahbhc and so,
1
S5w,wpw, — 4r, 1T < go9pgc < §waw.,wc + §hahbhc vV ABC,

' =""iff A ABC is equilateral (QED)

3653. In AABC the following relationship holds:

1 1
Z 2 Z2r
or
h (_2 + 1)
a hb
Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Lt—r _r —rth ++—Zl—r—1(1)
ex—ha,y—hb,z—hc enx+y+z=r h T
I 2
AM—GM
E;ZEZLZEELZEZ,C P AN LS
972 r 972 r 9y2+1 r 1+ 9y?
ho |35 +1 LI |
hy, hy,
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Z;Zx<1 92;) r(zx__zxy) (Zx_(Z;)Z;y;)%

Equality holds for an equilateral triangle.

3654. In any A ABC the following relationship holds :

ha ra
2. AZE. A

2 2

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

TN

cyc Sln2 cyc cyc

s? + 4Rr + r? s2
= _ 2 —
R + PRr2s2 Z (bc(s 2sa+a ))

cyc
s? + 4Rr + r? 1
= R + TRZ (sz(s2 + 4Rr + r?) — 6sabc + abc(Zs)) =

_ s%(s® —12Rr +r?) + r?(s® + 4Rr + r?) ;Z e

> >
B rs be = s? + 4Rr + r?
T (s—a)(s—b)(s—0¢)° €= r

cyc

?
< s* — (14Rr — 2r?)s? — r2(8R? — 2Rr — r?) >0
()
Gerretsen Gerretsen

Now,LHSof (*) > (2Rr-3r?)s?-r?(8R®?-2Rr—-r?) >
Euler
(2Rr — 3r?)(16Rr — 5r2) —r2(8R%? = 2Rr —r?) = 8r’(R-2r)(3R-r) > 0=

h T,
(*) is true - Z <> Z “ - VAABC" =" iff A ABCis equilateral (QED)
Cyc Sinz 7 cyc Sinz 7

3655. In AABC the following relationship holds:

1812 < \/ab(s —a)(s—b) + \/bc(s —c)(s—b) + \/ca(s —c)(s—a)<2r(rg+ry+r.)

Proposed by Mehmet Sahin-Turkiye
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Solution by Tapas Das-India

Letx=a(s—a),y=b(s—b),z=c(s—c)
then:x+y+z=Za(s—a) =252 —2(s>—1r%2—4Rr) =
=2r(A4R+1r)=2r(ro+r,+1,)

We need to show:

\/ab(s—a)(s—b)+\/bc(s—c)(s—b)+\/ca(s—c)(s—a) <2r(ro+r,+r.)
or, /xy +\[yz+Vzx<x+y+zorx+y+z— [xy— [yz—Vzx=>0

or,% ((\/37 — ﬁ)z +(y - \/E)Z +(Vz - \/9?)2) > 0 true

Now we need to show:
\/ab(s —a)(s—b) + \/bc(s —c)(s—b) + \/ca(s —c)(s—a) > 18r?

AM-GM

Jab(s —a)(s — b) +/bc(s —c)(s—b) + Jca(s—c)(s —a) =
Euler & Mitrinovi
> 33/abc(s —a)(s — b)(s — ¢) = 33/4Rrs.sr? TS 338t 2702 = 1842

Equality holds for an equilateral triangle.

3656.
Let ABC be a triangle with area F and area of the triangle with

side lengths \/a(b +c— a),\/b(a +c— b),\/c(a +b—c)beF’

F 6r R

then prove that — > |— ——
P F’ R r

Proposed by Mehmet Sahin-Turkiye

Solution by Tapas Das-India

Leta' =./a(b+c—a)=2a(s—a),b'=,/b(a+c—b) =

=/2b(s —b),c' = Jc(c+a—c) =2c(s — )

3
Carlitz [(4F'
We know that: (a'b'c’)? > < >

V3

3V3 (a'b'c)? = ﬂ8abc(s —a)(s—b)(s—c¢) = 1—ﬁ8(abc) (sr?)

F')3 <—-
or(F)* <-4 64 4
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V3 1 1
or F' < - (abc)3(sr?)3
abc 2 2
- 2R 3 (abc)3 1 3 (4Rrs)3 1

Bapoirss K VEes 2R ey R

|N
W =

| =
IR

(I
v

1 1 1
Mitrinovic 23 (3\/§T)3
> _— =

2r % 2r12\3 Euler [8r r? % 2r
JERINE (%) =<fr—z> = <ﬂ—> R
We need to show:
. /Q—B or 4—rz>ﬁ—5 or R3 —6Rr’>+4r3 >0
R |R r R2 " R r -
or (R — 2r)(R? + 2Rr — 2r?%) > 0 true by Euler

Equality holds for an equilateral triangle.

3657. In AABC the following relationship holds:

A B C B C A _C A B _9
SIHZCOSZCOSZ+Sln2COSZCOSZ+Sln2COSZCOSZ_8

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

cosA—cosB +cosC = (cosA+ cosC) —cosC =

A+C A-C = B A-C B
= 2cos 2 cos 2 —cosBA+B;CHZSinEcos —(1—Zsin2—)=
=2 sinE (cosA —¢ + sin E) -1 A+BLC=m
B 2 2 2 B
— 2 B( A—C+ A+C> 1_4_B C A 1
= s1n2 cos > cos = smzcoszcos2
ino ¢ —1( A B + cC+1)
smzcoszcosz—4 cos cos cos
A B C+ . B C A+ . C A B_Z . B Cc A_
smzcoszcos2 smzcoszcos2 smzcoszcosz— smzcoszcosz—

=ZZ(COSA—cosB+cosC+1):chos/H-Z:
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1 r 3 Euler 1 ( 1) 3

=Z(1+E)+Z < 1 1+

Equality holds for an equilateral triangle.

9
2 8

T2

3658. In AABC the following relationship holds:

sinAsinBcosC +sinBsinCcosA +sinCsinAcosB <

o<} I\e]

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

1
sin2A+sinzB—sinZC=E(2sin2A+ZsinZB—Zsin2 C) =

1 1
=E(1—COSZA+1—COSZB—1+COSZC) =§(1—(cosZA+cosZB)—cosZC) =

1 =
=5 (1—2cos(A+ B)cos(A—B)+2cos’C—1) ArBrC=m

A+B+C=m

1

= E(Z cos C cos(A — B) + 2 cos? C)

= cosC (cos(A— B) —cos(A+ B)) =2cosCsinBsinA
. . 1 . . .
sinA.sinB.cosC = E(smzA + sin? B — sin? C)

sinAsinBcosC + sinBsinCcosA +sinCsinAcosB =

. . 1 . . .
= Z sinAsin B cos C = EZ(smzA + sin? B —sin? C) =

1 _2 1 , Leibniz 9R2 9
:EZS"‘A:sRZZ“ = 8RZ” 8

Equality holds for an equilateral triangle.

3659. In acute AABC the following relationship holds:

1 1
2(_ + — —x/§)2cotB+cotC
sinB sinC
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Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Letu=tano>0v=tanc > 0 thensin B = —" B 1—u?
et u = tan v =tan ensinB = 1——5,C0sB = ——3
1 —u?
2—cosB_2_1+uz_1+3u2_1+3u S
sinB 2u T 2u 2u 2 stmttarty:
1+ u?

2—cosC_ 1 3v

sin C _2v+ 2

1 1
2(, + — —@)—cotB+cotC=
sinB sinC

—2( 1 1 tB)+2( 1 1 tC) 2V3 =
~“\sinB 2 sinc 2°° B

_22—cosB+22—cosC 2 3_1_|_3u_|_1+3v 2\/§AM;GM
~ “ 2sinB 2sinC 2u 2 2v 2 =
1 3u 1 3v
>2 [0—.—=+2|=—.=-2V3=V3+V3-2V3=0
2u 2 2v 2
1 1
So:Z( - - —\/§>2cotB+cotC
sinB sinC
T
Equality holds for A=B =C = 3
3660. If n € N then in AABC the following relationship holds:
coSs (B — C) CcoS (u) CcoS (ﬂ)

+ +
. A . B C
n|__ n|_—_ inn ( —
sin (2) sin (2) sin (2)
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan
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cos b+c.sin ﬂ) btc m-em 2vbc 4y e
yulel y il sy 2y e s
. ne1 (A - .| -
Cyc Slnn cyc Slnn cyc Slnn (7) cyc Slnn (7)
1 1
2vbc 2+vac 2+ba\?3 3
a ' b ' ¢ 8
(ar)

Moesine (3

1
3 Euler

R\"\3 54 1 1
=3(8.4m(5) 2 3(8.471.271)3 = 3(23")3 = 3.2"
Equality holds for: A =B =_C.

3661. In any A ABC the following relationship holds :

cosB_C cosc_—A (:osﬂ

2 2 2 -
C
2

A B
in3 in3 in3
sin sin in
2 2 S

3

sin 3 sin 5 sin 5
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

B-C b+c
ZCOS—ZZZL:l (b+c_A]2)
sin3 A sin? A r? a
cyc 2 cyc 2 cyc

1 be(b + ¢)
_ r_Z'Z <—4Rrs .(bc— 4Rr)>

cyc

= ﬁ (Z (bZCZ(ZS - a)) - 4RrZ(bc(Zs — a)))
3

cyc cyc
25 Y. cyc a*b* — 4Rrs Yoy ab — 8Rrs Yy ab + 48R%*r?s ? 12R

>
4Rr3s = . A.B.C r
sin sin siny

PN Z a’b? — 6er ab > 0 and indeed, Z a’b? >

cyc cyc (*) cyc

1
3 (Z ab) (s? — 14Rr + r? + 18Rr)

cyc
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1 18Rr
=3 Z ab ((s2 — 16Rr + 5r2) + 2r(R — 2r) + 18Rr) >— 2 ab

cyc cyc

Gerretsen Euler
( s2—16Rr+5r> > 0&2r(R—-2r) > 0)and so,z a’b? > 6er ab
cyc

cyc

B-—C C-A A-B
Ccos 2 Ccos 2 Ccos
+ +

A B
- 3 - 3 - 3
in® = in? > in
S) sIn=2 S

3
> B C vV A ABC,

A B_. C
sin 2 sin 2 sin 2

= () is true ..

" =" iff A ABC is equilateral (QED)
3662.

In any A ABC the following relationship holds :

Proposed by Dang Ngoc Minh-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

Lets = sin’> andc = cosb—C and then: =% <14 |1-2F
eS—Slnzan C = COS 2 an en-b+c_ R

. A A
8Rsin cos ? \/R(1—4sc+4sz) 2s—c?
1< &

— — 2 its’
S B_C < R c 5\/1 4sc + 4s“ and its's

A
4R cos 2 C0S—5— ()
trivially true when : 2s < cand when : 2s > ¢, then (x) ©

(2s—0)? 2 2 2 3 2.2 2 2
C—ZS1—4SC+4S S c“ —4sc’ +4s°c“ =2 4s“ —4sc+c

? ?
ec—s—c2(c—s)>0< (c—s)(1—-c?) >0 - true

B—-C b+c A B-C
“ C = COoS =— .smE>sand12cos2

> = c? = (%) is true

2a 2r
b Te <1+ ’1 Y v AABC," =" iff A ABC is isosceles with b = ¢ (QED)

Solution 2 by Tapas Das-India

Leta=y+z,b=z+x,c=x+Yythen:
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2s=a+b+c=2(x+y+z)ors=x+y+z

F= \/s(s —a)(s—b)(s—c) = \/xyz(x+y+ z)
F

r_ 5 AF* 4xyz
R abc sabc (x+y)(y+2z)(z+x)
4F

2a 2(y+z +z—-2x
1= (y )_1_y

We need to show:

b+c =~ 2x+y+z = 2x+y+z
2r
. R
-2 4
y+z x<\/ XyZ

2x+y+z x+y)y+2)(z+x)

y+z—2x\° squaring 4xyz
(2x+y+z> B x+y)(y+2)(z+x)

(y+z—2x)2—(2x+y+z)2< 4xyz
2x+y+ z)? T x+y)(y+2)(z+x)

8x(y +2) < 4xyz
2x+y+2)?2" (x+y)y+2)(z+x)

(y+2)2*(x+y)(z+x) > yz2x + y + z)?

LHS=0W+2?*x+y)z+x)=@y+2)?*x*+x(y+2z)+yz) =
= (y+2)%x*+x(y +2) + yz(y + z)?

RHS=yz2x+y+2z)? =yz (4x2 +yz(y + 2)* + 4x(y + z)) =
= 4x’yz + yz(y + z)* + 4xyz(y + z)
LHS—RHS= (y+2z)>2x*+x(y+2)?—4x’yz —4xyz(y + z) =
=x*((y+2)* - 4yz) +x(y + 2)((y + 2)* — 4yz) =
=x*(y-2?+x(y+2)(y-2?*=(y-2*x(x+y+2)=0.

SoLLHS—RHS=>00rLHS>=RHS
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y+ 22 (x+y)(z+x) > yz(2x + y + z)?

Equality holds fory=zor b =c.
3663. In any A ABC the following relationship holds :

1 1 1\ 5 1 1 1
7(—+—+—)s—+2( +—+ )
W, W, W, r m, m, m,

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1 CBS bc
Z h, Z w2 [2Rr z a’bc
cyc

cyc cyc cyc bc — (b + C)Z

|1 (s+s—a)2_ 1 s(4Rr+r2)+ S +3 _ |R+2r
~ [2Rr’ 4s(s—a)  _|2Rr’ 4r2s 4s 2/ .| 2Rr2
cyc
2

2

1 49(R + 2r 5 1
~ 49 z— < ( )—>@and F+2 Zm—

w, 2Rr? a
cyc cyc
Dang Ngoc Minh
2 and
25 +4 Z 1 4 ZOZ 1 Bergstrom 25 4 100 + 180
r2 m, m, - r2  s2—4Rr+6r2 r)ycm,

cyc cyc
Reference : Inequality in Triangle by Dang Ngoc Minh — 225;
( published at www. ssmrmh.ro )
- E + 100 N 180
~ r2 —4Rr+6r2 r(4R+r)
25(4R +r)(s? — 4Rr + 61r?%) + 100r2(4R +r1) + 180r(s? — 4Rr + 6r?2) ? 49(R + 2r)
r2(4R + r)(sZ — 4Rr + 6r2) ~  2Rr?

& (4R?% — 31Rr — 98r?)s? 5 r(16R3 — 948R?r — 406Rr? + 588r3)

()
Gerretsen

4R? — 31Rr — 98r% > 0 and then : LHS of (x) >
?
(4R? — 31Rr — 98r2)(16Rr — 5r2) > RHS of ()
? R ?
& 48t3 +432t2 — 1007t —98 > 0 (t = ;) & (t—2)(48t%> +528t+49) >0

Euler ]
—>true vt > 2= (x)istrue
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Gerretsen

4R? — 31Rr — 98r% < 0 and then : LHS of (x) >
(4R? — 31Rr — 98r2)(4R? + 4Rr + 3r2) > RHS of (»)

o 16t* — 12443 + 44412 — 79t — 882 > 0
Euler

& (t-2)((t—2)((t—2)(16t—28) +84) +721) 2 0 > true v t > 2
= () is true .. combining both cases, () is true v A ABC

2 2
5 1 49(R + 2r) via (x) 1
—+ 2 Z— z2—s7— = 49 Z— and so,
r m, 2Rr W,
cyc

cyc

1 1 1 5 1 1 1
7(4omt ) <2 +2(+—+—) vaABC
W, W, W, r m, mp, m
" =" iff A ABC is equilateral (QED)

3664. In any A ABC the following relationship holds :

2Rr — 12 > —talbhc
h, + hy + h,

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

R 22 h,hyh, 2r?s?
rer ~“h,+hy, +h,  s2+4Rr +r?
R.
2R ,

& (2R - 5r)s? + r(8R% — 2Rr — r?) 5 0
™

Gerretsen

Now, LHS of (*) = 2R — 4r)s? —rs? +r(8R?> —2Rr-r?) >

(2R — 4r)(16Rr — 5r?) — r(4R? + 4Rr + 3r?) + r(8R? — 2Rr — r?)

Euler h h h
=4r(R-2r)(9R—-2r) > 0= (x)istrue ~ 2Rr —r2 > m:h—:;hc v A ABC,

" =" iff A ABC is equilateral (QED)

3665. In acute AABC the following relationship holds:
1
(cos(A) cos(B))° (cos(C) cos(B))™ (cos(4) cos(C))s® < 3
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Mirsadix Muzefferov-Azerbaijan
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Welghte‘i\(AM_GM) 3.cos(A4).cos(B).cos(C) Zeye cos(4) B
cos(A) + cos(B) + cos(C) B

n(cos(A) cos(B))cos(©) <

cyc

Tr
2_ 2R +1)?\ 'R 1+5
3P — (30— 2R+
r - 2 r
145 4R* (1 + )

(Here is an acute triangle.Therefore p > 2R + )
r

Tr
Gerretsen (3(AR2 { ARy + 312 — 4R? — 4Rr — 1r2)\ 'K 3r2  \''R
= ( 4R(R+71) > B <2R(R + r)>
312
2RR+1)
R’4+Rr—-6r >0 - (R-2r)(R+3r)>0-
R—2r>0 - R > 2r (Euler)
Then:

1
Let's prove that : i {2R? + 2Rr — 1212 >0 >

1 1+% Euler 1 % 1
cos(C) < (_) 2 (_) = —
n(cos(A) cos(B)) <\z = (3 3

cyc

Equality holds if : A=B = C.

3666. If in AABC,AB = ¢,BC = a,CA = b,x = C, m(XBAC) > 90°,

b .
tanx = 2 =, b% + d? = a? then find: tan2x.

Proposed by Murat Oz-Turkiye
Solution by Samir Cabiyev-Azerbaijan

. . c b
Cosinus theorem for triangle ABC: ¢ = a? + b?> — 2ab cos x and tanx = —=o-d=
2 2 2
ab ab c c
— b +d*=a*- b2+(7) = a? - b%*c? + a’b? =a2c2—>(;) +1=(;) -
5 c\2 1 c\2 b ) ) ) b
1+tanx=(—) —>—2=(—) - CcOSX = — cc=a“+b*—2ab— -
b COS*X b c c
c® = a’c + b*c — 2ab? - 2ab? — b*c = a’*c — ¢ - 2ab? — b%*c = c(a? — ¢?)
(4
2tanx 2— 2ac
on the other hand tan2x = =l =5
1-tan“x 1_(5) a“—c
a
. 2ac ) 5 2ac 2ab? b?*c 2
a“ —cc = . 2ab“ — b“c=c - =3 = -
tan2x tan2x ac ac tan2x
b 2 b 2 Cc 2 2 2
2 (—) — (—) - = —2c0s8“x — tanxcos“x =
c c a tan2x tan2x
Remark:
1 2tanx 2 tanx 1-tan?x
cos’x = ——— and tan2x = . —— — =
1+tan“x 1-tan“x 1+tan“x 1+tan“x tanx
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2 —tanx 1-—tan’x
= - (1 - tan’x)(1 + tan?x) = tanx(2 — tanx)
1+ tan“x tanx

- tan*x — tan’x + 2tanx — 1 = 0 - (tan’x)? — (tanx —1)> =0
tan’x —tanx+1=0 D<O0

_){ tan’x+tanx—1=0-
-1++5
k tanx =
2
tan2x = 2

3667. In any A ABC the following relationship holds :

§+x/iz ;—‘; tha—ﬁZ(ham) > Zn

Ccyc CcycC CcycC cyc
Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

(—+WZ[><tha—ﬁz(ham)>=

cyc cyc cyc

(+Zi s P (T Yo -

cyc cyc cyc

- (Z (hla (s + M)» _ (Z( (s— W))) Reverse CBs

cyc cyc

2 2
> <Z jhl,ha. (5+ VZrB)(s - ﬂ)) - (z m) Sogien st

cyc cyc

)

2
<;+ﬁz ;_a> ( S, -ﬁzawm) . (Z )
GeN 1)\ Ge cye cye

v A ABC,"” =" iff A ABC is equilateral (QED)
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3668. In any A ABC the following relationship holds :
(mg + my + my)3 > (r, + 1, + r.)(hg + hy, + h,)?
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Chu-Yang

d
Telt‘l:shin b? + ¢2
Z m, >  (4s? —28Rr + 29r?) z iR

cyc cyc

2
(4s? — 28Rr + 29r?)(s> —4Rr — r?) ?

cyc cyc

_ (4R + r)(s? + 4Rr + r?)?
B 4R2

r2(384R3 — 400R?r — 128Rr? — r3)EO and - (12R —r)(s? — 16Rr + 5r?%)2
©)

& (12R —r)s* — r(208R? — 84Rr + 2r?)s? +

Gerretsen . . .
= 0 .. in order to prove (*), it suffices to prove :

?
LHS of (*) > (12R —r)(s%? — 16Rr + 5r?)?

< (44R? — 17Rr + 2r?)s? 5 r(672R3 — 444R?r + 147Rr? — 6r3) and again,
(+%)

Gerretsen

?
(44R? —17Rr + 2r?)s?> >  (44R? — 17Rr + 2r?)(16Rr — 5r?%) >
? R
r(672R3 — 444R?r + 147Rr? — 6r3) © 16t3 — 24t> - 15t —-2>0 (t = ;)

Euler

?
e t-2)4t+1)2>0->true~t > 2= (xx) = () is true
~(mg+my +my)3 > (r,+1, +r)(h, + hy + h)? Vv AABC,

" =" iff A ABC is equilateral (QED)

3669. In AABC the following relationship holds:

2
Tp

1 1
Z 2 Z o
T, <9r 1>
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Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

r r r 1 r
Letx=—,y=—,z=—thenx+y+z=rZ— =—=1(1)
Tq Ty T, Ty T

2
L)

Z@ﬁicrz ) Y e

Tb

a1 5) M (1-F ) s (Cx ) 2
2%(2" (Z:)Z'z> = 2r

Equality holds for an equilateral triangle.

3670. In AABC the following relationship holds:

26y < T, <9R2
r_z A~ r

sin =
2

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

T, Fbc rs bc

- =bc.— =
sing (s—a)(s—b)(s—0) srZ 1

Leibniz9R2
A ey
Tr

Slll
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r 1 Gordon 1 Mitrinovic 1
Z aA=—Zbc > —4\/_F > —4\/_r3\/_r—36r
sinf r

Equality holds for an equilateral triangle.

3671. In AABC the following relationship holds:

h,
12r < Z A < 6R
COS 7
Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

. B+C A

c\ Ssin—; cos> , (A

Ty +7r.=S5 (tanE + tani> = B c=°S B c-= 4Rcos (E) (D
COS 5 COS > COS 75 COS

F

_JsGs—a)(s—b)(s—c) _
h,<w,<,s(s—a)= = J1rp1re (2)
‘ Je-—aG6-b  Js-bis-o ' °
3
GM-HM 3
ha- hb-hc > 1T 1 1 =27r3 (3)
PR PR
(2)&AM—GM Ir
—4RZ < 4Rz NTTe _2px3=6R
rb+rc T,

2 i
2.

h, AM-6M h, h, h 16R? mit
a > 3 3 a Np- N > 3 2773 i rgomc
cos? 4 cos? écos2 Ecosz ¢~ s?
2 2 2 2
3 2773 16.4s?2
5227

Equality holds for an equilateral triangle.

=12r

3672. In AABC the following relationship holds:
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R < z Ta _ 3R3
= =52
cosz'% 2r

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

cos% , (A
B c” s B c™ 4Rcos (E) (D
CoS 5 COS 5 CoS5 COS5

. B+C
B C s sin—;
ry+r.= s(tanE+ tan2> =

\/s(s—a)(s—b)(s—c) F
h >~ a = - = = = c
a < We < ys(s—a) JG-aG-b Jo-hGe-o V®

a 4R — 27

Known result: Z = 3)
s—a T

AM~-GM
—4Rz < 4RZ ZRZ Z
rb+rc 2 rbr h, s—a

2

cos2
4R — 2r
=R( >=—2(4Rr—2r2)
r r
We need to show:
3R3
— (4Rr -2r?) < 557 OF 8Rr — 41% < 3R?
3R? — 8Rr +4r?2 >0 or (R —2r)(3R — 2r) > 0 true by Euler.
Nesbitt 3
z = 4RZ > 4R X—-=6R

cos2 Ty ¥ 2

Equality holds for an equilateral triangle.

3673. In AABC the following relationship holds:

h “ 6R < T,
Z A—R—Z 2

cos? 5 cos? 5
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Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

. B+C A
B c\ ssin— cos A
T, +r.=S (tanE + tanE> = =s—gF —¢- 4Rcos? (E) (1)
COS75COS7  COS% COS%
s(s—a)(s—b)(s—c F
h,<w,<.s(s—a —\/( ) X ) _

JG-aG-b  JG-bDG-o =rpr (2)

(2)&AM-GM Ir
—4RZ < 4Rz "l _ 2R x3=6R(A)
ry + r. rpr
h, T,
By(A)&(B)wegetz AS6RSZ 1
coszi cos? 5

Nesbitt 3
—4RZ = 4-R.§=6R(B)

cos2 Ty +

Equality holds for an equilateral triangle.

3674. In AABC the following relationship holds:

9r Z sin®B + sin®C  9R
— < <
R%s h2 8r2s

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

.3 s 3 2(h3 3
sin’B + sin C:a(b +C): 1 (aZ(b3+C3))
h2 8R3 X 4F?  32R3r?s?

Z a3 Z a? = 2s(s> —3r%2 — 6Rr) x 2(s> —r%2 —4Rr) =

= 4s(s* — 4r%s? — 10Rrs? + 3r* + 8Rr3 + 24R?*1r?)

5
Za5=(2a) —5(a+b)(b+c)(c+a)a®+ b%+c*+ab+ bc+ca) =
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= (Z a)s —5((a+ b+ c)(ab + bc + ca) — abc)(a? + b? + ¢* + ab + bc + ca) =
= (25)° — 5(2s(s? + r2 + 4Rr — 4R7s)) (2(s> —r* —4Rr) + s> + r? + 4Rr) =
= 25(40R?*1? + 30R73 — 10Rrs? + 5r* — 10r%s? + s%)
Z a3 Z a? — Z a® = 25(s?(s? + 2r2 — 10Rr) + r* + 6R1r3 + 8R?*1r?) <

Gerretsen

< 2s ((41!22 + 4Rr + 31r%)(4R? + 4R1 + 31% + 21> — 10RT) + 1* + 6RY3
+ 8R2r2) — 25(16R* — 8R3*r + 16R2r? + 8R13 + 161%)

sin®B + sin3C 1
_ 2013 1 ~37) _
Z h3 B 32R3r2s22(“ (b° +c )) B

1 25(16R4 — 8R3r + 16R%r% + 8R13 + 161‘4)
Q@)= a)
= a’.) a* - a’ )<
32R3r2s? 32R3r2s?

We need to show:

23(16R4 — 8R3r + 16R%r%? + 8R13 + 161'4) < 9R
32R31r2s2 ~ 8ris

—2R3 — 8R3r + 16R*>r* + 8Rr3 +161* <0
—2(R — 27r)(R3® + 6R?*r + 4R13 + 4r3) < 0 true by Euler.

sin®B + sin®C 1 b3 + ¢3 aM-6m 1~ Vb33
= — —_— 2 — —
Z h2 2R b?c? R (bc)?

1 1 AmM-6m 1 2  Bergstrom 9
= — _— =2 = > o S —
RZL.\bc =~ RLb+c - R2(a+b+c)

_9 1_91' Etger Or _9r
R'2s 2Rrs ~— 2RR_~ Rs
—2 S

Equality holds for an equilateral triangle.

3675. In AABC the following relationship holds:
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. C . .
A B smi B C smi C A smi 5\/3
(1 + sinEsinE> (1 + sinEsinE) (1 +sinEsinE) < e

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

A Jensen A+B+C
Zsini < 35inT 3s1nsg —(1)
4 B__canon(Tsing)
sin sin- sin; < T(Z)
A B sing B C siny cC A S
(1 + sinEsin E) (1 + sinEsinE) (1 + sinisin 2) <
- Z(l+singsing)sm;1 Zsm _ Zsin%singsm +Zsm Esm -
B Zsin%4 Zsm a
\zsinz
I

3. sin / (Z sinA)3
. A . B C A 2 2 . A
3sin5 siny s1n + ) sin @ | 3.——%5==—+ ) sin7 |
:< 2512 2) > 27 2

- \ Zsin% /
1 AZ Zsing(l) 132 2 5% 5\/§
=<§(Zsi“§) “) = (6(2) “) -3 =%

Equality holds for an equilateral triangle.

. A
28107

3676. In AABC the following relationship holds:

rary(ry +1r2) ray(ri+ral) rer (rd+ rbrc) 2
r3(ri+r3) r3(r3 +13) ri(rd + 1) Z R

Proposed by Zaza Mzhavanadze-Georgia
Solution by Mirsadix Muzefferov-Azerbaijan
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Let us formalite the left side of the given expression according
to the conditions of Walter Janous' theorem:

LHS = — T <E + E) +
(rqrp)3 + (rgre)3 ri r?
(rcra)’ (ﬁ r_b> (rarp)® <r_b Q)
(rcrb)3 + (rarb)3 rg Tﬁ (rarc)3 + (rbrc)3 rtzl 1,.12)
If x,y,z,a’,b’,c' € Rt and

x z
— W+ )+ Y (c’+a)+ (a+b) = \/3(a’b’ +b'c’+c'a)
y+z zZ+x xX+y
By Walter Janous' inequality ,we have :
(r.rp)3 = x, (rar)® =y, (rqrp)® =z and

Ty, re Tq

=2=a, —=b, S=c

s T} T2

A-G

ry, 7. Yo rq Yo 1y ~

LHS = 3 —2—2+—2—2+—2—2 >
g rb rb r¢ Ye Tg

()
3[(rg.1rp.10)% 6 1 3 1 ~ 3 8 2
3.3 Mzg - =3 |— 53 |— ==
(rg.rp.ro)? (rg.rp.1r.)?% Tq Th T, 27R® R

F? 1 1 - 2 4 8 )

Ty Te=— > = —. = *

Talple = = L 1. P2~ R 27R: 27R®
Equality holds for:a=b=rc.

3677.Inany AABCand Vn € N;n >

2 the following relationship holds :

B C
csch 5 csc"5  csc"=

+—+—F 2 V3.2m1
COSE COSE COSE

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

o Euler
3 4R and
(T) .4R Mitrinovic
EEE— =
S
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3| (8r\" (25)
—) 4= n
>3 (r) 3+/3 =3.2 .2= 3 gn+

> S 73

v AABC," =" iff A ABC is equilateral (QED)

3678. In any A ABC the following relationship holds :
1 1 1 1
r

+ + >
mb+mc—ma mc+ma—mb ma+mb—mc

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

_4R+r
" F

1
Itis known that: 4R +r > Zma and Zs s
cyc cyc
1
=~ 2F. Z Pp— > Z m, and implementing it on a triangle with sides

cyc cyc
2m, 2m; 2m,

whose medians and area as a consequence of trivial calculations are

3’3’3
ab c d F tivel . ¢ 2F 1 >1
—,=,= and —respectively, we arrive at : —. > _—Za
222 3 3 cycg(mb+mc—ma) 2cyc
1 S 1
:;,Z > — =— and so,
m,+m.—m, Irs T
cyc
1 1 1

1
=>— V AABC,
m,+m.—m, m.+m,b—my mg+m,—m, I

" =" iff A ABC is equilateral (QED)

3679. In any A ABC the following relationship holds :
1 1 1 { 1 1 1 1 1 1 }

+—+— =max + + ) + +
Ialp I'pIe g 9a9p IvYc 9dcYa

Wi owg W
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
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Zl _Zsz+(s—a)2+25(s—a)_ s za—s+s+
w2 4bcs(s — a) " 16Rrs’ s—a
cyc cyc cyc

1 Z ( )+ 1 s 3+s(4-Rr+r2) 8Rr + 2r?
16Rrs?’ as—a 8Rrs’ a= 16Rrs’ r2s

16Rrs?
cyc cyc
1 1 ® 2R+1r)s?+r?(4R+r CBS
aRr " Lw? ( )8ersz( : and zg“ B z <,g/l: ' ha) =
cyc “ cyc cyc a
(s —a)? + 2rh, SZ+4-RI‘+I‘2( ia Bogdan Fustei)
h. . R via Bogdan Fustei
cyc

a(s? — 2sa + a?) sZ + 4Rr + r?
= Z + 6r.
2rs 2R

cyc

\/52(25) —4s(s? — 4Rr — r?) + 2s(s?2 — 6Rr — 3r?2) ‘6 \[sz + 4Rr + r?
= r.

2rs 2R
2 2
s2 + 4Rr + r2 1 1
VT Ay ) -ty
2R £19.9y)  (9.9v907 \ &P°
yc cyc
- 1 (2R + 5r)(s? + 4Rr + r?)
" (9a9v9)* 2R
B R (2R + 5r)(s? + 4Rr +r?)
" r*((9R +9r)s? + (4R +1)3)’ 2R

(Reference : Solution to Inequality in Triangle by Mohamed Amine Ben Ajiba — 69;)

published at www.ssmrmh.ro
2

z Z 1 via:@ ((ZR +1r)s?+r?(4R + r))2

w2 64R2r4s*
cyc
& —(28R3 + 88R%*r — 45Rr? — 9r3)s® +
(256R5 + 192R*r — 256Rr? + 192R?*r3 + 142Rr* + 19r5)s* +

r?(1024R5 + 1536R*r + 1040R>r? + 472R?r® + 117Rr* + 11r°)s? + r*(4R + r)°

! 3 2.\ /s* — (4RZ .2
>|0and - P = — (28R +288R l:; ) (S (4R* + 20Rr ) 2r4)s +) §2
&S, 45Rr” — 9r r(4R +r)

Double—Rouche ?
> 0 - in order to prove (x), it suffices to prove : LHS of (x) > P
& (144R° — 720R*r — 1780R%r? + 1304R?r? + 232Rr* + r%)s* +
r(1792R® + 8000R°r + 3216R*r? — 612R%r® — 412R%*r* — 36Rr> + 160r°)s? +
?
r*(4R + r)%| > |0 and it’'s trivially true when : coefficient of s* > 0 and when :

o)
(%)
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coefficient of s* < 0,then since Q =
(144R5 ~ 720R%r — 1780R°r* +) (s* — (4R? + 20Rr — 2r2)s? + r(4R + 1)?)

1304R?*r3 + 232Rr* + r°
Double—Rouche

> 0 - in order to prove (xx), it suffices to prove : LHS of (**) > Qe
(T = 144R°® + 448R°r — 3452R*r? — 6432R3r3 + 7489R?*r* + 406Rr> —) §2
120r®

r(2304R7 — 9792R°r — 36688R°r? — 2876R*r? + 13520R%*r* +) < o
6107R?r® + 994Rr® + 56r’ -

(x%)
Gerretsen

[Case 1| T > 0 and then : LHS of (x++x) >  T(16Rr — 5r?) > RHS of (#xx)
& 2030t — 2598t5 — 10347t* + 17308t3 — 4632t%2 — 618t + 68 > 0
R ?
(t = ;) o (t—2)(2030t3(t%2 — 4) + 1462t* + 697t3 + 2462t% + 292t —34) > 0

Euler )
> truet > 2= (xxx)is true
Gerretsen

[Case 2] T < 0;then : LHS of (++x) >  T(4RZ% 4+ 4Rr + 3r2) > RHS of (+x)

& 14418 4+ 16t7 — 448t° — 376t° — 813t* — 309t3 + 437612 — 64t — 104 > 0 &

6 5 4 3
t-2)[t-2) (14-4-t + 5922t + 1344t™ + 2632t° +
4339t + 6519t + 13096

(2R + r)s? + r2(4R + r) Gerretsen
= (**x) is true - Z Z and again, — >
9a9vp 8Rr“s

) + 26244 | > 0 - true

cyc

(2R +r)(16Rr — 5r2) + r2(4R+ r) ? Z 1 4R+t
8Rr2s?2 B

Euler 1 1 1 1 1

- true~ R > 2r-’-Z—>Z andso,— +—+-— =
W, 1§ w2 w

1 1 1 1 1

+ + , + + } v A ABC,
LIy Iple Tela a9 YGv9c Y9cYGa
" =""iff A ABC is equilateral (QED)

?
©2r’(R-2r) =0

r,I rs?

max {

3680. In any A ABC the following relationship holds :
4 2
6(R2 —Rr — 2r?) < 0I* + 0G* < 3 (3R* — 7Rr + 2r?)

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-KoIkata-India

9R? — 2(s? —4Rr—r2) ? 2
9

012 + 0G2 =R(R—2r) + (3R2 7Rr + 2r?)
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& 2(s?2 — 16Rr + 5r2) > 0 > true via Gerretsen and OI2 + 0G? =
9R? — 2(s?—4Rr—-r?) 7 4
(s* 5 ) —(R2 Rr — 2r?)
Gerretsen

?
& 7R2—3Rr+5r2>s?2->true~s?> < 4R? +4Rr + 3r?
= 7R? — 3Rr + 5r? — (3R? — 7Rr + 2r?) = 7R2 3Rr + 5r’ — (BR—r)(R—2r)

Euler

< 7R% — 3Rr + 5r? ( R > 2r> and so, —(R2 Rr —2r?) < 012 + 0G? <

R(R -2r) +

2
3 (3R? — 7Rr + 2r2) Y AABC,"” =" iff A ABC is equilateral (QED)

3681. In any A ABC the following relationship holds :

92—\/§ (%)2 < z ((sin3 A) cos(B — C)) < 98_\/§

cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

sin4A + sin4B 4+ sin4C =
= 2sin2A cos (2(m — (B + ©))) + 2 sin(2B + 2C) cos(2B — 2C)
= 2sin2A cos(2B + 2C) + 2sin(21 — 2A) cos(2B — 20C)
= 2sin2A cos(2B + 2C) — 2sin 2A cos(2B — 20)
= 2(sin 2A)(cos(2B + 2C) — cos(2B — 2())

= —4 sin 2A sin 2B sin 2C and so, Z ((sin3 A).cos(B — C))

cyc

=3 Z (( 1+ cos 2A> (sin 2B + sin 2C)>

cyc

1
= ZZ(sm 2B + sin 2C) — —Z (cos2A) Z sin 2A — sin 2A

cyc cyc cyc

1 4rs 1 4rs

1 . . .
=3 2R 1 IR% -1 —41_[cosA +§.(—4sm2Asm2Bsm2C)

cyc

_ 3rs +2rs 1—[ A 1 " 4rs 1—[ A z ( 3 A). (B — C)) 3rs
= 2R2 R2 . COoSs 2 8R2 COoSs sin COS ZRZ
cyc cyc cyc
Euler
and

Mitrinovic Mitrinovic R 3\/_R
and s = 3V3randrs < PR

67 RMM-TRIANGLE MARATHON 3601-3700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
93

92—\/5 (%)2 < Z ((sin3 A).cos(B — C)) < e Vv A ABC,

cyc

" =" iff A ABC is equilateral (QED)

3682. In any A ABC the following relationship holds :
9395 + 9t9% + 929% = 9F? = hihi + hih? + hZh}
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

2 2 Bogdan Fustei
Z 9a9r =

cyc

D (( s—ay 4 ¥6= a)(sa— b)(s — c)) < sy 4 K6~ a)(sb— b)(s — c)>>

cyc

(xz (y+z)(x+y)+4xyz(x + y)) (y%(z + x) + 4xyz)
=Z x+)y+n)z+x)
(x=s—ay=s—b,z=s-c)

((Hcyc(x +3)) Beye 22y2) + 42y2 Loy (2 (Zeye 2y + 22)) +>

cyc

4xy2 Yoy (2 (Beye Xy + ¥7) ) + 1622y222.2 Loy x

(x+y)(y+2z)(z+x)
B (]_[cyc(x +y)+ Bchz)(chc x%y?) + 32x%y%z? Yeye X + 8xyz(2cyc xy)(Zcyc x?)
(x+y)(y+z)(z+x)
_ (4Rrs + 8r?s)((4Rr +r?)? — 2r?s?) + 32r*s> + 8r?s(4Rr + r?)(s* — 8Rr — 2r?)
B 4Rrs
2 ((6R + 6r)s? + 16R® — 24R?r — 15Rr? — 2r°) ,
= Z 959% = R > 9F2 = 9r2g?

cyc
?
< 16R3 — 24R?%r — 15Rr? — 2r3 > (3R — 6r1)s?

(*)
Gerretsen

Now,(BR—6r)s? < (3R-6r) (4R2 + 4Rr + 3r?) <
16R3 — 24R?r — 15Rr? — 2r3 & R3 — 3R?r + 4r3 > 0= (R-2r)?(R+r) > 0
— true = (x) is true . g2g2 + gZg? + g?>g% > 9F% and agam,z hZh2 =

cyc
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Z b?c?. c2a? 3 16R?F? Z 2 Leibnitz 9R?F?

= . <
16R* 16R* o R?
cyc cyc

= 9F? > h2h? + hih? + h?h2 and so,
g2gt + gtg? + g*g?% = 9F? > h2hZ + hih? + h?h2 v A ABC,

= 9F?

" =""iff A ABC is equilateral (QED)

3683. In AABC the following relationship holds:

a+b+ b+c+ c+a > 8V3R
sin’C sin%A sin’B —

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

a+b+b+c+c+a_ a+b_ a+b_4Rzza+bAMéGM
sin?C = sin?A  sin’B  Lusin’C cz c? =
cyc cyc W cyc

CESARO
> 4R2-33 (a+b)(b+c)(c+a) 2 12R23 8abc _
(abc)? (abc)?

24_R2 24R2 EUéER 24R2 MITR’{LVOVIC

= 3 = 3 > 2
vabc VARrs 3 R
4R '75

24R? 24R 24R
> = == =8V3R
3 A/ 3 —\ 3 V

Equality holds fora = b = c.

3684. If I —incenter in AABC then:
IA+IB + IC < 3R

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania
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JENSEN
r 1 -
IA+IB+IC=ZIA=Z A=TZ a <
cyc cyc Sinf cyc Sln2
3r 3r EULERS.B
<7r- 2 2

3
= A B O\ . A¥BFC\_ . ® = 71
sin<_2_+7+7> sm( 6 ) Se 2
3

Equality holds for an equilateral triangle.
3685. In acute AABC the following relationship holds:

ab N bc N ca =3
a?+b%2—-c2 b24+c2—a? c2+a?-b%"

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

ab N bc N ca Z ab
a?+b*—c* b*+ct—a? c2+a?-b? Lia’+b%:—-c

_Z z 1 3 1 3 1 3 3
a 2abcosC_ 2 —2 A+B+C T2 T M\ 21"
e 2abcosC chc cosC 2 cos( : ) 2 cos( ) 2 z

Equality holds fora = b = c.
3686. In AABC the following relationship holds:

3V3r

sinA + sinB + sinC >

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

2 s MITRINOVICI 3v/3r
sinA + sinB + sinC = Z sinA = z 2R ZRz R

cyc cyc cyc

Equality holds for A = B = C.
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3687. In any A ABC the following relationship holds :
1 1 1
(mymp, + mpme + memg) | 5+ —=5+—-|=9
| A A
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1 1 > 2
Zmamb ZE = Z h,hy WZ 8 ¢
cyc cyc cyc cyc

B Z bc.ca ) /s* —2s’r(4R +r) __4Rrs.2s s? — 8Rr — 2r?
B 4R2 ~ 4R% r2s2

r2s4
cyc
2(52 — 8Rr — 21‘2) ? Gerretsen

o >9 o 2s2 > 25Rr + 4r2 > true ~ 2s2 >  32Rr — 10r?

Euler
= 25Rr + 4r? + 7r(R — 2r) > 25Rr + 4r? ( R > Zr)

1 1 1
~ (m,my + mym, + m.m,) <—2 +5+ —2> > 9V AABC,
12 rZ

" =" iff A ABC is equilateral (QED)

3688. In any A ABC the following relationship holds :

1 1 1
(ab+bc+ca)<—2+—2+—2>212
T, T,

a b [
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

(Zyc: ab) (Zyc: %) > (s? + 4Rr +r?) (Zyc: ralrb>

s2 +4Rr+r2)(4R+r) ? ?
= ( S2r ) ) >12 < (4R—11r)s? + r(4R+r)? > 0 and it's

trivially true when : 4R — 11r > 0 and when : coefficient of 4R — 11r < 0, then :
Gerrets

en
(4R—-11r)s’+r(4R+r)2? > (4R—11r)(4R%> +4Rr + 3r?) + r(4R +r)?
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? ? ?
>0 < 4R? —3R?’r — 6Rr? —8r3 >0 © (R — 2r)(4R? + 5Rr + 4r?) > 0 - true

Euler 1 1 1
R = 2r . (ab+ bc+ ca) r_2+_2+r_2 > 12 V A ABC,

a Iy c

" =" iff A ABC is equilateral (QED)

3689. In AABC the following relationship holds:

9/2R?

a’vVcosA + a*VcosA+ a*VcosA < 5

Proposed by Vasile Mircea Popa-Romania
Solution by Tapas Das-India

Z A4S [3(cosA + cosB + cosC) 3(1+7) g 3
COS < COS COS COS = — S —=
R V2

Chebyshev 1 Leibniz
a’VJcos A + b*VcosB + c*JcosC < §(a2 + b?% + ¢?) (Z cos A) <
_9R* 3 9V2R?
- 3 °yz 2
Equality holds for an equilateral triangle.

3690. In AABC the following relationship holds:

Zr z 1 <9R2
‘ cosZ(A) T

cyc cyc D)

2

Proposed by Kostantinos Geronikolas-Greece
Solution by Mirsadix Muzefferov-Azerbaijan

(Z r“) (Z @) - (4R+7) <1 +(4RS%)2>

cyc cyc
(4R +1)? > _ (4R+r)<1+4R+r>
3r(4R + 1) 3r
4(R + r)> "2T9R (4R+2R) 9R’
3r - 27 3r r

Gerretsen

2 (4R+r)<1+

=(4R+r)<
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Equality holds for A= B = C.

3691. In AABC the following relationship holds:

3R 9R
th‘l'hc h a+hc h a+hb < ( 2 )

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

2R 27 _,
K lch h 2rs? Mltrmovéc&Euler 2 4 —R _27R (1)
nown resu ahy =— < R =
3
AM—-HM
Zh > —1 = (3r)% = 271 (2)

ha<ma Gotman 9R
Zh Zma < —( )

Zha"'hb 2y hq
AM-GM
phv+he, hg‘”hc. phaths M2 <2 h.(h, + hb)> _ (2 > hchb> -

Y h,+ hy 2Y h,
2X9R

27R\ 2
(&) 3R
R EL _(7)

2

Equality holds for an equilateral triangle.

3692. In any A ABC the following relationship holds :

m? mi m?
+—2 4

V3
>—(@a+b+c)
r, Iy I, 2

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
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I DS OB

cyc cyc cyc cyc

3s
> —2s(s? —4Rr —r?) + 7(52 — 6Rr — 3r?)

_s?—7Rr—4r* 2 V3 ?
—(a+b+c)—\/_s=>(s —7Rr — 41‘2)22352

1 3s(s? — 4Rr — r?)
T rs

r
& s* — (14Rr + 11r?)s? + r?2(49R? + 56Rr + 16r?) 5 0 and

)
Gerretsen
v (s? —16Rr+5r?)2 > 0. inorder to prove (x), it suffices to prove :
?

LHS of (%) > (s — 16Rr + 5r2)2 & (6R — 7r)s? > r(69R? — 72Rr + 3r2)

(**)
Gerretsen
Now, (6R — 7r)s? > (6R 7r)(16Rr — 5r?) > r(69R? — 72Rr + 3r?)
Euler

< 3r2(R-2r)(27R — 16r) 2 0-true R > 2r = (xx) = () is true

m2 mZ m? 3
Pt r—" +—=2—-(a+b+c)VAABC" =" iff A ABCis equilateral (QED)
a b c

3693. If I — incenter in AABC the following relationship holds:
(Al + BI+ CD? < ab + bc + ca

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

ar+Bi+cr=——+- " 4 T _ Z L Z be =
T A" . BT_.c "L AaTT" s-b(s-0

siny sinz  sing sin
bt 1 1 1 _
<r [@b+be+ e (g5 oo a G- a6 -H)

S
=r\/(ab+bc+ca)(m)=\/ab+bc+ca

Therefore:
(AI + BI + CI)? < ab + bc + ca
Equality holds for an equilateral triangle.

3694. In any A ABC the following relationship holds :
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cos%+ cosg-k cosg
<2

. A . B .
sin > + sinz + sin
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Gerretsen

s2 < 4R?+4Rr+3r?<4R?+8Rr+4r?2=4(R+r)?

s S sinA
R sin
R+r Ycyc COS A

R

>s<2(R+r)= < 2 and implementing it

. B+C
Yeye Sin—5—

<
B+C
Ly €OS—5—

on the circumcevian triangle of incenter of A ABC, we get : 2

> sin®-A cosB + cos B + cos &
cyc 2 2 2 2
AS2® A B C
Y . cost_ 2 sin5 + sin+ + sin=
cyce 2 2 2 2

< 2V AABC (QED)

3695. In AABC the following relationship holds:

20242 M + 20262 ha + R*% > 22025 40502 a’
h} + h? m; +m2 12025 b* + c*

Proposed by Nguyen Van Canh-Vietnam

Solution by Tapas Das-India
a? b? a b\’ Bmglila R\?2
<ﬁ+z>—(z+a) —2 <N (7) -2
a2 B2\ (R\: N R\Y R\
<ﬁ+?> :<(F> ‘2> =(7) —+(;) +
a* am-um 1 a* a* 1 az b2\’
Jiia < 1 (w;)—zZ <ﬁ+?> —2)=
1 R\* R\? 3(/R\* R\*
=22\ (G) —2() +4)-2)=3(() —+() +2

mg mg=h, mg Nesbitt 3
Sk nh_mi_wegd
hy + h¢ my, + mg 2
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z h‘ZI panatlpal 41?2 Z Nesbltt 4r% 3
mtmi C Wn o RZ

Now we need to show
RZOZS

2025
20242 e hZ + 2026Zmb e 40502 T
2025 4 2

3 4r2 3 (R 3 (/R R
or20242+2026—.—+< ) 222025+4050.—<(7) —4(7) +2>

R% 2 4
6075
+ 12028 2 22025+ ——(x* —4x? +2) (1)

R
(we take x = - > 2(Euler) )

2x%027 — 6075x° + 24300x* — 2(3039 + 22025)x2 + 24312 > 0
2x% (2025 — 22025) _ 6075x° + 24300x* — 6078x2 + 24312 >0
2x2(x — 2) (2024 4 242023 | 2242022 4 ... 4 22024) _ 6075x® + 24300x* — 6078x2 + 24312 >0
(x—2) (2x2 (x2024 4 242023 4 2242022 4 ... 4 22024) _ (x + 2)(6075x* + 6078)) >0
Now: (x + 2)(6075x* + 6078) < (x + 2)(6075x* + 6075x%), (asx > 2)

or (x +2)(6075x* + 6078) < 12150(x + 2)x*
2 52026 2 2026 oo 9 £2026 42021

12156
3036 + —,

= . > . = =
12150(x + 2)x* 12150 (x +2)x* — 12150 2x.x* 12150
x2006. x15 x=>2 x2006. 215 x2006. 32768

12150 ~ 12150 12150
2x%026 > 12150(x + 2)x* > (x + 2)(6075x* + 6078)

(x—2) (2x2 (x2024 4 252023 4 2252022 4 ... 4 22024) _ (x + 2)(6075x* + 6078)) > 0 true
Equality holds for an equilateral triangle.

3696. In AABC the following relationship holds:

zaz—ab+b2 R3 8_|_22b2—3bc+2c2
b% — bc + c2 r3_ 2a% — 3ab + 2b?

Proposed by Nguyen Van Canh-Vietnam
Solution by Tapas Das-India
a’ — ab + b? am-em 3(1
L
b2 —bc+c? )
2b% — 3bc + 2¢?* AM-GM Z 2b% — 3bc + 2¢? z <2b 3¢ 2c? >

< -
2a%? —3ab + 2b%2 ~ 4ab — 3ab + ab

—ZZ——SZa abcz ZZ——SZ +—2s(s —31r2—-6Rr) <
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CBS & AM—GM 1 s> —3r%2 — 6Rr
< 2y b Yy —-3-34
a Rr
Steinig & Leibniz & Gerretsen 1 4R2 — 2Rr 7R
< 2/9R? — -9+ —— =——11
4r? Rr T

We need to show:

R
R3 7=x22 Euler

3+—>——11o0or,x3—-7x+6 > 0
r3 r

(x—2)(x*+2x—3) >0 true
Equality holds for an equilateral triangle.
3697. In AABC the following relationship holds:

z 1 Z 1 - 64
hZh, Zi h%h, — 81RS

cyc cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Mirsadix Muzefferov-Azerbaijan

4
—5 Bergstrom
h2
b

1 1 1 2 1 2 1
Z 1 Z 1 _Zh_é & (Zc”h_a) (chCh_b) _ (7)
hZh, Zih%*h, Zah,Z.h, = Yeypehy  Zeycha (82 +712+ 4Rr)?

cyc cyc cyc cyc 4R2

4-R2 Euler 16 4R2 Gerretsen
= > —, >
r*(s2+1r2+4Rr)2 — R* (s2+r?2+4Rr)? —

. 64 iy 64 _ 64
~ R2(4R* + 4Rr + 312 + 12 + 4Rr)? ~ RZ(4R* + 4R* + R?)?  81R®

Equality holds if the triangle is an equilateral one.

Solution 2 by Tapas Das-India

5 5

5
1 12 Radon (1+ 1+ 1)2 32
Z 3 - Z 3 = 3 = 3 (1)
(hahb)2 (hahb)z (Z hahb)z <2r52)2

R
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St (X )

1 (1) 35R3  Euler & Mitrinovic 35R3

_ E > - >

3 237356 - 23R3 39R® 81R6
(hahb)z 23 26

Equality holds for an equilateral triangle.

3698. In AABC the following relationship holds:

h, _1
h2 + 3rh, + 912 ~ 3r

cyc

Proposed by Marin Chirciu-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

h, 1
2 2 2=
h; + 3rh, + 9r h, +3r _|_9hr
a
= < = = —
9r2 - 2 3r+6r O9r
3r+(ha+—h ) 3r+2 e I
a a
h, 1 1

< .
hZ +3rh, + 9r2 — 3 9r 3r

cyc
Equality holds if the triangle is an equilateral one.

3699. In AABC the following relationship holds:

Z T, - 1
r:+3rr, +9r2 = 3r

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India
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r r r
Letx=—,y=—,z=—thenx+y+z=1
rq Ty r.
Tq r
P D I T ) S
r2+3rr,+9r2 Lur2 3rr, 9 T T T\
rﬁ+rﬁ+rﬁ 1+3ra+9(ra)

_12 X _12 X AM;GM 12 X _ 1
T rZu1+3x+9x2 r£Z(1+49x2)+3x - rli6x+3x 3r

Equality holds for an equilateral triangle.

3700. In AABC the following relationship holds:

D L0
a. rbrc_

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India
s(s—a)(s—b)(s—c)_ F

m“z“s(s_a)z\/ (s —b)(s—o) _\/(s—b)(s—c)z'rbrc
m, a JrpTe a c-s B
ZTZ —= Z > Z — 1+1+1)2=9

Equality holds for an equilateral triangle.
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru

80 RMM-TRIANGLE MARATHON 3601-3700



