
 

𝑰𝒇 (𝑯𝒏)𝒏≥𝟏, 𝑯𝒏 = ∑
𝟏

𝒌

𝒏

𝒌=𝟏

→ (𝑯𝒂𝒓𝒎𝒐𝒏𝒊𝒌 𝒏𝒖𝒎𝒃𝒆𝒓𝒔)  𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆  

𝐥𝐢𝐦
𝒏→∞

𝒆−𝑯𝒏 ∑
𝒆𝑯𝒌

√(𝟐𝒌 − 𝟏)‼
𝒌

𝒏

𝒌=𝟏

 

Proposed by D.M.Bătinețu-Giurgiu, Neculai Stanciu-Romania 

Solution by Amin Hajiyev-Azerbaijan 

𝑰 = 𝐥𝐢𝐦
𝒏→∞

𝒆−𝑯𝒏 ∑
𝒆𝑯𝒌

√(𝟐𝒌 − 𝟏)‼
𝒌

𝒏

𝒌=𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒆𝑯𝒏
∑

𝒆𝑯𝒌

√(𝟐𝒌 − 𝟏)‼
𝒌

𝒏

𝒌=𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏

𝒃𝒏
 

                                By the Stolz-Cesàro theorem:  𝑰 =⏞
𝑪−𝑺

 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏

𝒃𝒏
= 𝐥𝐢𝐦

𝒏→∞

𝒂𝒏+𝟏−𝒂𝒏

𝒃𝒏+𝟏−𝒃𝒏
 

𝒂𝒏+𝟏 − 𝒂𝒏 = ∑
𝒆𝑯𝒌

√(𝟐𝒌 − 𝟏)‼
𝒌

𝒏+𝟏

𝒌=𝟏

− ∑
𝒆𝑯𝒌

√(𝟐𝒌 − 𝟏)‼
𝒌

𝒏

𝒌=𝟏

=
𝒆𝑯𝒏+𝟏

√(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

 

𝒃𝒏+𝟏 − 𝒃𝒏 = 𝒆𝑯𝒏+𝟏 − 𝒆𝑯𝒏 =⏞

𝑯𝒏=𝑯𝒏+𝟏−
𝟏

𝒏+𝟏

𝒆𝑯𝒏 (𝒆
𝟏

𝒏+𝟏 − 𝟏) 

𝑰 = 𝐥𝐢𝐦
𝒏→∞

𝒆𝑯𝒏+𝟏

𝒆𝑯𝒏 (𝒆
𝟏

𝒏+𝟏 − 𝟏) √(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝒆𝑯𝒏+𝟏−𝑯𝒏

(𝒆
𝟏

𝒏+𝟏 − 𝟏) √(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

 

     𝑺𝒕𝒊𝒓𝒍𝒊𝒏𝒈 𝒇𝒐𝒓𝒎𝒖𝒍𝒂:  

   𝒏! ~√𝟐𝝅𝒏 (
𝒏

𝒆
)

𝒏

, (𝟐𝒏 − 𝟏)‼ =
(𝟐𝒏)!

𝟐𝒏𝒏!
~

𝟐√𝝅𝒏 (
𝟐𝒏
𝒆 )

𝟐𝒏

𝟐𝒏√𝟐𝝅𝒏 (
𝒏
𝒆

)
𝒏 = √𝟐 (

𝟐𝒏

𝒆
)

𝒏

 

(𝟐𝒏 + 𝟏)‼ ~√𝟐 (
𝟐(𝒏 + 𝟏)

𝒆
)

𝒏+𝟏

 

  𝒆𝒙 − 𝟏~𝒙  𝒂𝒔 𝒙 → 𝟎      𝒆
𝟏

𝒏+𝟏 − 𝟏~
𝟏

𝒏 + 𝟏
→  𝒍𝒊𝒎𝒏→∞ (

𝟏

𝒏 + 𝟏
) = 𝟎 



 

𝑰 = 𝐥𝐢𝐦
𝒏→∞

𝒆
𝟏

𝒏+𝟏

(𝒆
𝟏

𝒏+𝟏 − 𝟏) 𝟐
𝟏

𝟐(𝒏+𝟏)𝟐(𝒏 + 𝟏)

𝒆

=
𝒆

𝟐
 

𝐥𝐢𝐦
𝒏→∞

𝒆
𝟏

𝒏+𝟏

𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝒏 + 𝟏 𝟐
𝟏

𝟐(𝒏+𝟏)(𝒏 + 𝟏))

=
𝒆

𝟐
.
𝒆𝟎

𝟐𝟎
=

𝒆

𝟐
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆  𝐥𝐢𝐦
𝒏→∞

𝒆−𝑯𝒏 ∑
𝒆𝑯𝒌

√(𝟐𝒌 − 𝟏)‼
𝒌

𝒏

𝒌=𝟏

=
𝒆

𝟐
 


