
 
JP.599  Prove that 𝟑 is the largest positive value of the power 𝒌 such that the 

inequality 

𝟏

𝒂𝟏
+

𝟏

𝒂𝟐
+⋯+

𝟏

𝒂𝒏
≥ 𝒂𝟏

𝒌 + 𝒂𝟐
𝒌 +⋯+ 𝒂𝒏

𝒌  

holds for 𝒏 ≥ 𝟐 and any positive real numbers 𝒂𝟏, 𝒂𝟐, … , 𝒂𝒏 with at most one 

𝒂𝒊 < 𝟏 and  𝒂𝟏
𝟐 + 𝒂𝟐

𝟐 +⋯+ 𝒂𝒏
𝟐 = 𝒏. 
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Solution by proposer 

For 𝒂𝟏 = (𝟏 + 𝒕)
𝟏

𝟐, 𝒂𝟐 = ⋯ = 𝒂𝒏−𝟏 = 𝟏 and 𝒂𝒏 = (𝟏 − 𝒕)
𝟏

𝟐, where 𝒕 ∈ [𝟎, 𝟏), the 

constraints are satisfied, and the inequality is equivalent to 𝑬(𝒕) ≥ 𝟎, where 

𝑬(𝒕) = (𝟏 + 𝒕)−
𝟏
𝟐 + (𝟏 − 𝒕)−

𝟏
𝟐 + (𝟏 + 𝒕)

𝒌
𝟐 − (𝟏 − 𝒕)

𝒌
𝟐. 

We have 

𝟐𝑬′(𝒕) = −(𝟏 + 𝒕)−
𝟑
𝟐 + (𝟏 − 𝒕)−

𝟑
𝟐 − 𝒌(𝟏 + 𝒕)

𝒌
𝟐−𝟏 + 𝒌(𝟏 − 𝒕)

𝒌
𝟐−𝟏, 

𝟒𝑬′′(𝒕) = 𝟑(𝟏 + 𝒕)−
𝟓
𝟐 + 𝟑(𝟏 − 𝒕)−

𝟓
𝟐 − 𝒌(𝒌 − 𝟐)(𝟏 + 𝒕)

𝒌
𝟐−𝟐 − 𝒌(𝒌 − 𝟐)(𝟏 − 𝒕)

𝒌
𝟐−𝟐 

Since 𝑬(𝟎) = 𝑬′(𝟎) = 𝟎, the condition 𝑬′′(𝟎) ≥ 𝟎 is necessary to have 𝑬(𝒕) ≥ 𝟎 for  

𝒕 ∈ [𝟎, 𝟏). 

From 

𝟒𝑬′′(𝟎) = 𝟐(𝟑 − 𝒌)(𝟏 + 𝒌) ≥ 𝟎, 

we get 𝒌 ≤ 𝟑. To show that 𝟑 is the largest positive value of 𝒌, we need to prove that  𝑭 ≥

𝟎 for 𝒏 ≥ 𝟐 and all positive 𝒂𝒊 satisfying 𝒂𝟏 ≤ 𝟏 ≤ 𝒂𝟐 ≤ ⋯ ≤ 𝒂𝒏 and 𝒂𝟏
𝟐 + 𝒂𝟐

𝟐 +⋯+ 𝒂𝒏
𝟐 =

𝒏, 

where 

𝑭 =
𝟏

𝒂𝟏
+

𝟏

𝒂𝟐
+⋯ .+

𝟏

𝒂𝒏
− 𝒂𝟏

𝟑 − 𝒂𝟐
𝟑 −⋯− 𝒂𝒏

𝟑 . 

We use the induction method. For 𝒏 = 𝟐, we have 

𝑭 = (𝒂𝟏 + 𝒂𝟐) (
𝟏

𝒂𝟏𝒂𝟐
− 𝒂𝟏

𝟐 + 𝒂𝟏𝒂𝟐 − 𝒂𝟐
𝟐) =

(𝒂𝟏 + 𝒂𝟐)(𝒂𝟏𝒂𝟐 − 𝟏)𝟐

𝒂𝟏𝒂𝟐
≥ 𝟎. 



 
For 𝒏 ≥ 𝟑, assume that 𝒂𝟏 and  𝒂𝟑, … , 𝒂𝒏−𝟏 are fixed, and 𝒂𝒏 and 𝑬 are functions of 𝒂𝟐. 

We have 𝒂𝒏𝒂𝒏
′ + 𝒂𝟐 = 𝟎 and 

𝑭′(𝒂𝟐) = (−
𝟏

𝒂𝒏𝟐
− 𝟑𝒂𝒏

𝟐)𝒂𝒏
′ −

𝟏

𝒂𝟐
𝟐 − 𝟑𝒂𝟐

𝟐 = (
𝟏

𝒂𝒏𝟐
+ 𝟑𝒂𝒏

𝟐)
𝒂𝟐
𝒂𝒏

−
𝟏

𝒂𝟐
𝟐 − 𝟑𝒂𝟐

𝟐 

= 𝟑𝒂𝟐(𝒂𝒏 − 𝒂𝟐) +
𝒂𝟐
𝟑 − 𝒂𝒏

𝟑

𝒂𝟐
𝟐𝒂𝒏𝟑

=
(𝒂𝒏 − 𝒂𝟐)(𝟑𝒂𝟐

𝟑𝒂𝒏
𝟑 − 𝒂𝟐

𝟐 − 𝒂𝟐𝒂𝒏 − 𝒂𝒏
𝟐)

𝒂𝟐
𝟐𝒂𝒏𝟑

 

≥
(𝒂𝒏 − 𝒂𝟐)(𝟑𝒂𝒏

𝟐 − 𝒂𝟐
𝟐 − 𝒂𝟐𝒂𝒏 − 𝒂𝒏

𝟐)

𝒂𝟐
𝟐𝒂𝒏𝟑

=
(𝒂𝒏 − 𝒂𝟐)

𝟐(𝟐𝒂𝒏 + 𝒂𝟐)

𝒂𝟐
𝟐𝒂𝒏𝟑

≥ 𝟎. 

From 𝑭′(𝒂𝟐) ≥ 𝟎, it follows that 𝑭(𝒂𝟐) is increasing and has the minimum value when 𝒂𝟐 

is minimum, hence when 𝒂𝟐 = 𝟏. So, it suffices to consider this case, when the inequality 

holds from the induction hypothesis. The proof is finished. If 𝒌 = 𝟑, then the equality 

occurs for 𝒂𝟏 = 𝒂𝟐 = ⋯ = 𝒂𝒏 = 𝟏. 


