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JP.599 Prove that 3 is the largest positive value of the power k such that the

inequality
ail+aiz+ ---+ain2 ak+ak+-+ak
holds for n > 2 and any positive real numbers a4, a,, ..., a,, with at most one
a;<1land af +a3+--+a%=n.
Proposed by Vasile Cirtoaje — Romania

Solution by proposer

1 1
Fora; =(1+t)2,a, = =a,;=1anda, = (1 —t)2, wheret € [0,1), the

constraints are satisfied, and the inequality is equivalent to E(t) > 0, where

1 1 k k
E)=1+t)2+(1-0)2+(1+0t)2— (1 -1t)2.
We have

2E'(6) = —(1+ )77 + (1 — )72 — k(1 + 77 + k(1 — 07,

4E"(8) = 3(1+ 07 +3(1— )73 — k(k —2)(1 + 072 — k(k — 2)(1 — £)2-2
Since E(0) = E'(0) = 0, the condition E"'(0) > 0 is necessary to have E(t) > 0 for
te[0,1).
From

4E"(0) =23 -k)(1+k) =0,

we get k < 3. To show that 3 is the largest positive value of k, we need to prove that F >
0 for n > 2 and all positive a; satisfyinga; <1<a, <--<a,andaj +a3+ - +d? =
n,
where

1 1
F=—+—+-~.+——a§—a%—---—af,.
a; a; a,

We use the induction method. For n = 2, we have

(a; + ay)(a a, —1)?
—a§+a1a2—a%)= LB > 0.
a;a;

F= (
(ay + ap) Ay,
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For n = 3, assume that a, and as, ..., a,,_; are fixed, and a,, and E are functions of a,.

We have a,a,, + a, = 0 and

, 1 1 1 a, 1
F'(ay) = (—?— Ba%)an—?—&l% = (?-I_ 3a,2,)a——?—3a§
n 2 n n 2

i @ -a (a,-a)(3aial - a} - aya, - al)
asa3 asa3

> (an B aZ)(Barzl - a% —a4,a, — arzl) _ (an B aZ)Z(Zan + aZ) >0

asa3 asa3

From F'(a;) = 0, it follows that F(a,) is increasing and has the minimum value when a,
is minimum, hence when a, = 1. So, it suffices to consider this case, when the inequality
holds from the induction hypothesis. The proof is finished. If k = 3, then the equality

occursfora; = a, =---=a, = 1.



