
 
JP.598 Let 𝒏 ≥ 𝟒, and let 𝒂𝟏, 𝒂𝟐, … , 𝒂𝒏 be nonnegative real numbers such that 

 𝒂𝟏 ≥ 𝒂𝟐 ≥ ⋯ ≥ 𝒂𝒏 and 𝒂𝟏𝒂𝟐 + 𝒂𝟐𝒂𝟑 + ⋯ + 𝒂𝒏𝒂𝟏 = 𝒏. Prove that: 

𝟏

𝟐𝒂𝟏 + 𝟓
+

𝟏

𝟐𝒂𝟐 + 𝟓
+ ⋯ +

𝟏

𝟐𝒂𝒏 + 𝟓
≥

𝒏

𝟕
 

Proposed by Vasile Cîrtoaje – Romania 

Solution by proposer 

Denoting 

𝒙 =
𝒂𝟐 + ⋯ + 𝒂𝒏−𝟏

𝒏 − 𝟐
,      𝑺 =

𝒂𝟏 + 𝒂𝒏

𝟐
 

by Lemma below we have 

(𝒏 − 𝟑)𝒙𝟐 + 𝟐𝑺𝒙 + 𝒂𝟏𝒂𝒏 ≤ 𝒏. 

By the AM-HM inequality, 

𝟏

𝟐𝒂𝟐 + 𝟓
+ ⋯ +

𝟏

𝟐𝒂𝒏−𝟏 + 𝟓
≥

(𝒏 − 𝟐)𝟐

(𝟐𝒂𝟐 + 𝟓) + ⋯ + (𝟐𝒂𝒏−𝟏 + 𝟓)
=

𝒏 − 𝟐

𝟐𝒙 + 𝟓
 

So, it suffices to show that 

𝟏

𝟐𝒂𝟏 + 𝟓
+

𝟏

𝟐𝒂𝒏 + 𝟓
+

𝒏 − 𝟐

𝟐𝒙 + 𝟓
≥

𝒏

𝟕
 

for 𝒂𝟏 ≥ 𝒙 ≥ 𝒂𝒏 ≥ 𝟎 and (𝒏 − 𝟑)𝒙𝟐 + 𝟐𝑺𝒙 + 𝒂𝟏𝒂𝒏 ≤ 𝒏. Since the left side of the required 

inequality decreases if each of 𝒂𝟏, 𝒂𝒏 and 𝒙 increases, it is enough to consider the case 

(𝒏 − 𝟑)𝒙𝟐 + 𝟐𝑺𝒙 + 𝒂𝟏𝒂𝒏 = 𝒏. 

Since 𝟐𝑺 = 𝒂𝟏 + 𝒂𝟐 ≥ 𝒂𝟏 ≥ 𝒙, we get 

𝒏 = (𝒏 − 𝟑)𝒙𝟐 + 𝟐𝑺𝒙 + 𝒂𝟏𝒂𝒏 ≥ (𝒏 − 𝟑)𝒙𝟐 + 𝒙𝟐 + 𝒂𝟏𝒂𝒏 ≥ (𝒏 − 𝟐)𝒙𝟐, 

hence 

𝟎 < 𝒙 ≤ 𝒙𝟏, 𝒙𝟏 = √
𝒏

𝒏 − 𝟐
. 

From (𝒙 − 𝒂𝟏)(𝒙 − 𝒂𝒏) ≤ 𝟎, we get 𝒂𝟏𝒂𝒏 ≤ 𝟐𝑺𝒙 − 𝒙𝟐, hence 

𝒏 = (𝒏 − 𝟑)𝒙𝟐 + 𝟐𝑺𝒙 + 𝒂𝟏𝒂𝒏 ≤ (𝒏 − 𝟑)𝒙𝟐 + 𝟐𝑺𝒙 + (𝟐𝑺𝒙 − 𝒙𝟐) ≤ (𝒏 − 𝟒)𝒙𝟐 + 𝟒𝑺𝒙, 

𝑺 ≥ 𝑺𝟏 =
𝒏 − (𝒏 − 𝟒)𝒙𝟐

𝟒𝒙
 

On the other hand, since 



 
𝟏

𝟐𝒂𝟏 + 𝟓
+

𝟏

𝟐𝒂𝒏 + 𝟓
=

𝟒𝑺 + 𝟏𝟎

𝟒𝒂𝟏𝒂𝒏 + 𝟐𝟎𝑺 + 𝟐𝟓
=

𝟒𝑺 + 𝟏𝟎

𝟒𝒏 + 𝟐𝟓 − 𝟒(𝒏 − 𝟑)𝒙𝟐 + 𝟒(𝟓 − 𝟐𝒙)𝑺
, 

the required inequality becomes 

𝟐𝑺 + 𝟓

𝟒𝒏 + 𝟐𝟓 − 𝟒(𝒏 − 𝟑)𝒙𝟐 + 𝟒(𝟓 − 𝟐𝒙)𝑺
+

𝒏 − 𝟕 − 𝒏𝒙

𝟕(𝟐𝒙 + 𝟓)
≥ 𝟎, 

which can be written as 

𝟐𝑨(𝒙)𝑺 + 𝑩(𝒙) ≥ 𝟎 

where 

𝑨(𝒙) = 𝟒𝒏𝒙𝟐 − 𝟏𝟒(𝒏 − 𝟑)𝒙 + 𝟓(𝟐𝒏 − 𝟕) = 𝟒𝒏 (𝒙 −
𝟕𝒏 − 𝟐𝟏

𝟒𝒏
)

𝟐

+
−𝟗𝒏𝟐 + 𝟏𝟓𝟒𝒏 − 𝟒𝟒𝟏

𝟒𝒏
, 

𝑩(𝒙) = 𝟒𝒏(𝒏 − 𝟑)𝒙𝟑 − 𝟒(𝒏 − 𝟑)(𝒏 − 𝟕)𝒙𝟐 − (𝟒𝒏𝟐 + 𝟐𝟓𝒏 − 𝟕𝟎)𝒙 + 𝒏(𝟒𝒏 − 𝟑). 

We claim that 𝑨(𝒙) ≥ 𝟎. For 𝒏 ∈ {𝟒, 𝟓, … , 𝟏𝟑}, we have 

𝑨(𝒙) ≥
−𝟗𝒏𝟐 + 𝟏𝟓𝟒𝒏 − 𝟒𝟒𝟏

𝟒𝒏
>

−𝟗𝒏𝟐 + 𝟏𝟓𝟏𝒏 − 𝟒𝟒𝟐

𝟒𝒏
=

(𝟏𝟑 − 𝒏)(𝟗𝒏 − 𝟑𝟒)

𝟒𝒏
≥ 𝟎. 

For 𝒏 ≥ 𝟏𝟑, since 

𝒙 ≤ 𝒙𝟏 = √𝟏 +
𝟐

𝒏 − 𝟐
< 𝟏 +

𝟏

𝒏 − 𝟐
=

𝒏 − 𝟏

𝒏 − 𝟐
<

𝟕𝒏 − 𝟐𝟏

𝟒𝒏
, 

𝑨(𝒙) is decreasing, hence 

𝑨(𝒙) ≥ 𝑨(𝒙𝟏) =
𝟒𝒏𝟐

𝒏 − 𝟐
− 𝟏𝟒(𝒏 − 𝟑)𝒙𝟏 + 𝟓(𝟐𝒏 − 𝟕) =

𝟏𝟒𝒏𝟐 − 𝟓𝟓𝒏 + 𝟕𝟎

𝒏 − 𝟐
− 𝟏𝟒(𝒏 − 𝟑)𝒙𝟏 

>
𝟏𝟒(𝒏 − 𝟑)(𝒏 − 𝟏)

𝒏 − 𝟐
− 𝟏𝟒(𝒏 − 𝟑)𝒙𝟏 =

𝟏𝟒(𝒏 − 𝟑)(𝒏 − 𝟏 − √𝒏𝟐 − 𝟐𝒏)

𝒏 − 𝟐
> 𝟎. 

Since 𝑨(𝒙) > 𝟎, it suffices to show that 𝟐𝑨(𝒙)𝑺𝟏 + 𝑩(𝒙) ≥ 𝟎. This inequality is equivalent 

to 

𝟒(𝒏 − 𝟐)𝒙𝟒 + 𝟔(𝒏 − 𝟑)𝒙𝟑 − (𝟏𝟒𝒏 − 𝟐𝟓)𝒙𝟐 − 𝟔(𝒏 − 𝟔)𝒙 + 𝟓(𝟐𝒏 − 𝟕) ≥ 𝟎, 

(𝒙 − 𝟏)𝟐[𝟒(𝒏 − 𝟐)𝒙𝟐 + 𝟐(𝟕𝒏 − 𝟏𝟕𝒙) + 𝟓(𝟐𝒏 − 𝟕)] ≥ 𝟎 

Clearly, the last inequality is true for 𝒏 ≥ 𝟒. So, the proof is completed. The equality 

occurs for 𝒂𝟏 = 𝒂𝟐 = ⋯ = 𝒂𝒏 = 𝟏. 

Lemma. If 𝒏 ≥ 𝟒 and 𝒂𝟏, 𝒂𝟐, … , 𝒂𝒏 are nonnegative real numbers such that 

𝒂𝟏 ≥ 𝒂𝟐 ≥ ⋯ . ≥ 𝒂𝒏 and 𝒂𝟏𝒂𝟐 + 𝒂𝟐𝒂𝟑 + ⋯ + 𝒂𝒏𝒂𝟏 = 𝒏, then: 

(𝒏 − 𝟑)𝒙𝟐 + (𝒂𝟏 + 𝒂𝒏)𝒙 + 𝒂𝟏𝒂𝒏 ≤ 𝒏, 

where 𝒙 =
𝒂𝟐+⋯+𝒂𝒏−𝟏

𝒏−𝟐
. 



 
Proof. Write the desired inequality in the homogeneous form: 

(𝒏 − 𝟑)𝒙𝟐 + (𝒂𝟏 + 𝒂𝒏)𝒙 + 𝒂𝟏𝒂𝒏 ≤ 𝒂𝟏𝒂𝟐 + 𝒂𝟐𝒂𝟑 + ⋯ + 𝒂𝒏𝒂𝟏, 

which is equivalent to 

(𝒏 − 𝟑)𝒙𝟐 + 𝒂𝟏(𝒙 − 𝒂𝟐) + 𝒂𝒏(𝒙 − 𝒂𝒏−𝟏) ≤ 𝒂𝟐𝒂𝟑 + ⋯ + 𝒂𝒏−𝟐𝒂𝒏−𝟏. 

Since 𝒙 − 𝒂𝟏 ≤ 𝟎 and 𝒙 − 𝒂𝒏−𝟏 ≥ 𝟎, it suffices to show that 

(𝒏 − 𝟑)𝒙𝟐 + 𝒂𝟐(𝒙 − 𝒂𝟐) + 𝒂𝒏−𝟏(𝒙 − 𝒂𝒏−𝟏) ≤ 𝒂𝟐𝒂𝟑 + ⋯ + 𝒂𝒏−𝟐𝒂𝒏−𝟏, 

which can be rewritten as 

𝒂𝟐𝒂𝟑 + ⋯ + 𝒂𝒏−𝟐𝒂𝒏−𝟏 ≥ (𝒏 − 𝟑)𝒙𝟐 + (𝒂𝟐 + 𝒂𝒏−𝟏)𝒙 − 𝒂𝟐
𝟐 − 𝒂𝒏−𝟏

𝟐 . 

Since the sequences 𝒂𝟐, 𝒂𝟑, … , 𝒂𝒏−𝟐 and 𝒂𝟑, 𝒂𝟒, … , 𝒂𝒏−𝟏 are decreasing, by Chebyshev’s 

inequality we have 

(𝒏 − 𝟑)(𝒂𝟐𝒂𝟑 + ⋯ + 𝒂𝒏−𝟐𝒂𝒏−𝟏) ≥ (𝒂𝟐 + ⋯ + 𝒂𝒏−𝟐)(𝒂𝟑 + ⋯ + 𝒂𝒏−𝟏) = 

= ((𝒏 − 𝟐)𝒙 − 𝒂𝒏−𝟏)((𝒏 − 𝟐)𝒙 − 𝒂𝟐). 

Thus, it suffices to show that 

((𝒏 − 𝟐)𝒙 − 𝒂𝒏−𝟏)((𝒏 − 𝟐)𝒙 − 𝒂𝟐)

𝒏 − 𝟑
≥ (𝒏 − 𝟑)𝒙𝟐 + (𝒂𝟐 + 𝒂𝒏−𝟏)𝒙 − 𝒂𝟐

𝟐 − 𝒂𝒏−𝟏
𝟐 , 

which is equivalent to 

(𝟐𝒏 − 𝟓)𝒙𝟐 − (𝟐𝒏 − 𝟓)(𝒂𝟐 + 𝒂𝒏−𝟏)𝒙 + (𝒏 − 𝟑)(𝒂𝟐
𝟐 + 𝒂𝒏−𝟏

𝟐 ) + 𝒂𝟐𝒂𝒏−𝟏 ≥ 𝟎, 

(𝟐𝒏 − 𝟓)(𝟐𝒙 − 𝒂𝟐 − 𝒂𝒏−𝟏)𝟐 + (𝟐𝒏 − 𝟕)(𝒂𝟐 − 𝒂𝒏−𝟏)𝟐 ≥ 𝟎. 

Clearly, the latter inequality is true. 

 

 

 


