
 
JP.597  Let 𝑨𝑩𝑪𝑫 be an convex quadrilateral, 𝝀 ∈ ℝ and 𝑴,𝑵 be such that  

𝑨𝑵⃗⃗⃗⃗⃗⃗ = 𝝀 ⋅ 𝑨𝑩⃗⃗⃗⃗⃗⃗ , 𝑫𝑵⃗⃗ ⃗⃗ ⃗⃗  = 𝝀 ⋅ 𝑫𝑪⃗⃗⃗⃗⃗⃗ , 𝑨𝑫⃗⃗⃗⃗⃗⃗ = 𝟑 ⋅ 𝑩𝑪⃗⃗⃗⃗⃗⃗ . Find 𝝀 ∈ ℝ such that 𝑴𝑵⃗⃗⃗⃗⃗⃗  ⃗ = 𝟕 ⋅ 𝑩𝑪⃗⃗⃗⃗⃗⃗  

Proposed by Marian Ursărescu, Florică Anastase – Romania 

Solution by proposers 

We have: 

𝑴𝑵⃗⃗⃗⃗ ⃗⃗  ⃗ = 𝑴𝑩⃗⃗⃗⃗ ⃗⃗  ⃗ + 𝑩𝑪⃗⃗⃗⃗⃗⃗ + 𝑪𝑵⃗⃗⃗⃗⃗⃗ ⇒ 𝝀 ⋅ 𝑴𝑵⃗⃗⃗⃗ ⃗⃗  ⃗ = 𝝀(𝑴𝑩⃗⃗⃗⃗ ⃗⃗  ⃗ + 𝑩𝑪⃗⃗⃗⃗⃗⃗ + 𝑪𝑵⃗⃗⃗⃗⃗⃗ ) and 

(𝟏 − 𝝀)𝑴𝑵⃗⃗⃗⃗ ⃗⃗  ⃗ = (𝟏 − 𝝀)(𝑴𝑨⃗⃗⃗⃗⃗⃗  ⃗ + 𝑨𝑫⃗⃗⃗⃗⃗⃗ + 𝑫𝑵⃗⃗ ⃗⃗ ⃗⃗ ), hence 

𝑴𝑵⃗⃗⃗⃗ ⃗⃗  ⃗ = (𝝀 + 𝟏 − 𝝀)𝑴𝑵⃗⃗⃗⃗ ⃗⃗  ⃗ = 𝝀(𝑴𝑩⃗⃗⃗⃗ ⃗⃗  ⃗ + 𝑩𝑪⃗⃗⃗⃗⃗⃗ + 𝑪𝑵⃗⃗⃗⃗⃗⃗ ) + (𝟏 − 𝝀)(𝑴𝑨⃗⃗⃗⃗⃗⃗  ⃗ + 𝑨𝑫⃗⃗⃗⃗⃗⃗ + 𝑫𝑵⃗⃗ ⃗⃗ ⃗⃗ ) = 

= 𝝀𝑩𝑪⃗⃗⃗⃗⃗⃗ + (𝟏 − 𝝀)𝑨𝑫⃗⃗⃗⃗⃗⃗ + [𝝀𝑴𝑩⃗⃗⃗⃗ ⃗⃗  ⃗ + (𝟏 − 𝝀)𝑴𝑨⃗⃗⃗⃗⃗⃗  ⃗] + [𝝀𝑪𝑵⃗⃗⃗⃗⃗⃗ + (𝟏 − 𝝀)𝑫𝑵⃗⃗ ⃗⃗ ⃗⃗ ] 

Let be 𝑪𝑬 ∥ 𝑨𝑩,𝑪𝑬 = 𝑨𝑩. From 𝟑𝑩𝑪⃗⃗⃗⃗⃗⃗ = 𝑨𝑫⃗⃗⃗⃗⃗⃗ = 𝑨𝑩⃗⃗⃗⃗⃗⃗ + 𝑩𝑪⃗⃗⃗⃗⃗⃗ + 𝑪𝑫⃗⃗⃗⃗⃗⃗ , it follows 

𝟐𝑩𝑪⃗⃗⃗⃗⃗⃗ = 𝑨𝑩⃗⃗⃗⃗⃗⃗ + 𝑪𝑫⃗⃗⃗⃗⃗⃗ = 𝑬𝑪⃗⃗⃗⃗  ⃗ + 𝑪𝑫⃗⃗⃗⃗⃗⃗ = 𝑬𝑫⃗⃗⃗⃗⃗⃗ , then 𝑫𝑬 ∥ 𝑩𝑬,𝑫𝑬 = 𝟐𝑩𝑪, and hence, 𝑨𝑩𝑪𝑫 is an 

parallelogram, so 𝑨𝑬 ∥ 𝑩𝑪, 𝑨𝑬 = 𝑩𝑪. 

Therefore, 𝑴𝑵⃗⃗⃗⃗ ⃗⃗  ⃗ = 𝝀𝑩𝑪⃗⃗⃗⃗⃗⃗ + (𝟏 − 𝝀)𝑨𝑫⃗⃗⃗⃗⃗⃗  and 𝑴𝑵⃗⃗⃗⃗ ⃗⃗  ⃗ = (𝟑 − 𝟐𝝀)𝑩𝑪⃗⃗⃗⃗⃗⃗ , thus 

𝑴𝑵⃗⃗⃗⃗ ⃗⃗  ⃗ = 𝟕𝑩𝑪⃗⃗⃗⃗⃗⃗ ⇔ 𝟑 − 𝟐𝝀 = 𝟕 ⇔ 𝝀 = −𝟐. 


