
 
JP.596 In acute 𝚫𝑨𝑩𝑪,𝑨𝑨′,𝑩𝑩′, 𝑪𝑪′ - are altitudes, 𝑪′ ∈ (𝑨𝑩),𝑩′ ∈ (𝑨𝑪),  

{𝑯} = 𝑩𝑩′ ∩ 𝑪𝑪′ and 𝑬,𝑭 are middle points of [𝑩𝑯], [𝑨𝑪] respectively. 

Prove that: 

𝟒𝑬𝑭𝟐 ≥ (𝑬𝑪′ + 𝑬𝑩′)𝟐 + (𝑪′𝑭 + 𝑩′𝑭)𝟐 

Proposed by Marian Ursărescu, Florică Anastase – Romania  

Solutions by proposers 

We have: 

 

𝑪′𝑭⃗⃗⃗⃗⃗⃗  ⃗ ⋅ 𝑪′𝑬⃗⃗⃗⃗ ⃗⃗  ⃗ =
𝟏

𝟐
(𝑪′𝑨⃗⃗⃗⃗ ⃗⃗  ⃗ + 𝑪′𝑪⃗⃗⃗⃗⃗⃗  ⃗) ⋅

𝟏

𝟐
(𝑪′𝑩⃗⃗⃗⃗ ⃗⃗  ⃗ + 𝑪′𝑯⃗⃗ ⃗⃗ ⃗⃗  ⃗) = 

=
𝟏

𝟒
(𝑪′𝑨⃗⃗⃗⃗ ⃗⃗  ⃗ ⋅ 𝑪′𝑩⃗⃗⃗⃗ ⃗⃗  ⃗ + 𝑪′𝑨⃗⃗⃗⃗ ⃗⃗  ⃗ ⋅ 𝑪′𝑯⃗⃗ ⃗⃗ ⃗⃗  ⃗ + 𝑪′𝑪⃗⃗⃗⃗⃗⃗  ⃗ ⋅ 𝑪′𝑩⃗⃗⃗⃗ ⃗⃗  ⃗ + 𝑪′𝑪⃗⃗⃗⃗⃗⃗  ⃗ ⋅ 𝑪′𝑯⃗⃗ ⃗⃗ ⃗⃗  ⃗) = 

=
𝟏

𝟒
(𝑪′𝑨⃗⃗⃗⃗ ⃗⃗  ⃗ ⋅ 𝑪′𝑩⃗⃗⃗⃗ ⃗⃗  ⃗ + 𝟎 + 𝟎 + 𝑪′𝑪⃗⃗⃗⃗⃗⃗  ⃗ ⋅ 𝑪′𝑯⃗⃗ ⃗⃗ ⃗⃗  ⃗) =

𝟏

𝟒
(−𝑪′𝑨⃗⃗⃗⃗ ⃗⃗  ⃗ ⋅ 𝑪′𝑩⃗⃗⃗⃗ ⃗⃗  ⃗ + 𝑪′𝑪⃗⃗⃗⃗⃗⃗  ⃗ ⋅ 𝑪′𝑯⃗⃗ ⃗⃗ ⃗⃗  ⃗) = 𝟎 because 𝚫𝑨𝑪′𝑪 ∼

𝚫𝑯𝑪′𝑩 ⇒
𝑩𝑪′

𝑪′𝑪
=

𝑪′𝑯

𝑪′𝑨
⇔ 𝑪′𝑨⃗⃗⃗⃗ ⃗⃗  ⃗ ⋅ 𝑪′𝑩⃗⃗⃗⃗ ⃗⃗  ⃗ = 𝑪′𝑪⃗⃗⃗⃗⃗⃗  ⃗ ⋅ 𝑪′𝑯⃗⃗ ⃗⃗ ⃗⃗  ⃗ 

Hence, 𝑪′𝑭⃗⃗ ⃗⃗ ⃗⃗  ⋅ 𝑪′𝑬⃗⃗⃗⃗ ⃗⃗  ⃗ = 𝟎 ⇔ 𝑪′𝑭 ⊥ 𝑪′𝑬. So, we have: 

𝑬𝑭𝟐 = (𝑬𝑪′)𝟐 + (𝑪′𝑭)𝟐 and 𝑬𝑭𝟐 = (𝑬𝑩′)𝟐 + (𝑩′𝑭)𝟐 

 

𝟐𝑬𝑭 = √(𝑬𝑪′)𝟐 + (𝑪′𝑭)𝟐 + √(𝑬𝑩′)𝟐 + (𝑩′𝑭)𝟐 ≥ √(𝑬𝑪′ + 𝑬𝑩′)𝟐 + (𝑪′𝑭 + 𝑩′𝑭)𝟐, 

 

therefore we obtain 𝟒𝑬𝑭𝟐 ≥ (𝑬𝑪′ + 𝑬𝑩′)𝟐 + (𝑪′𝑭 + 𝑩′𝑭)𝟐 

 

 


