
 
JP.593 Solve for real numbers: 

𝒙𝟐

𝒙𝟐 + 𝟒√𝒙 + 𝟐
+

𝟐

𝟐 + 𝒙√𝒙 + 𝟐
=

𝟒𝒙

𝟓𝒙 + 𝟐
 

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

(𝑥 − 2)2 ≥ 𝟎 ⇒ 𝒙𝟐 − 𝟒𝒙 + 𝟒 ≥ 𝟎 ⇒ 𝒙𝟐 + 𝟒 ≥ 𝟒𝒙 

𝒙 + 𝟐 + 𝒙𝟐 + 𝟒 ≥ 𝒙 + 𝟐 + 𝟒𝒙 ⇒ 𝟓𝒙 + 𝟐 ≤ 𝒙𝟐 + 𝒙 + 𝟔 

𝟏

𝟓𝒙 + 𝟐
≥

𝟏

𝒙𝟐 + 𝒙 + 𝟔
 

𝒙+𝟐

𝟓𝒙+𝟐
≥

𝒙+𝟐

𝒙𝟐+𝒙+𝟔
           (1) 

(√𝒙 + 𝟐 − 𝟐)
𝟐
≥ 𝟎 ⇒ 𝒙 + 𝟐 − 𝟒√𝒙 + 𝟐 + 𝟒 ≥ 𝟎 

𝒙 + 𝟔 ≥ 𝟒√𝒙 + 𝟐 ⇒ 𝒙𝟐 + 𝒙 + 𝟔 ≥ 𝒙𝟐 + 𝟒√𝒙 + 𝟐 

𝟏

𝒙𝟐 + 𝟒√𝒙 + 𝟐
≥

𝟏

𝒙𝟐 + 𝒙 + 𝟔
 

𝒙𝟐

𝒙𝟐+𝟒√𝒙+𝟐
≥

𝒙𝟐

𝒙𝟐+𝒙+𝟔
      (2) 

(√𝒙 + 𝟐 − 𝒙)
𝟐
≥ 𝟎 ⇒ 𝒙 + 𝟐 − 𝟐𝒙√𝒙 + 𝟐 + 𝒙𝟐 ≥ 𝟎 

𝒙𝟐 + 𝒙 + 𝟐 ≥ 𝟐𝒙√𝒙 + 𝟐 

𝒙𝟐 + 𝒙 + 𝟔 ≥ 𝟒 + 𝟐𝒙√𝒙 + 𝟐 

𝟏

𝟒 + 𝟐𝒙√𝒙 + 𝟐
≥

𝟏

𝒙𝟐 + 𝒙 + 𝟔
 

𝟒

𝟒 + 𝟐𝒙√𝒙 + 𝟐
≥

𝟒

𝒙𝟐 + 𝒙 + 𝟔
 

𝟐

𝟐+𝒙√𝒙+𝟐
≥

𝟒

𝒙𝟐+𝒙+𝟔
      (3) 

By adding (1); (2); (3): 

𝒙 + 𝟐

𝟓𝒙 + 𝟐
+

𝒙𝟐

𝒙𝟐 + 𝟒√𝒙 + 𝟐
+

𝟐

𝟐 + 𝒙√𝒙+ 𝟐
≥ 

≥
𝒙 + 𝟐

𝒙𝟐 + 𝒙 + 𝟔
+

𝒙𝟐

𝒙𝟐 + 𝒙 + 𝟔
+

𝟐

𝒙𝟐 + 𝒙 + 𝟔
=
𝒙𝟐 + 𝒙 + 𝟔

𝒙𝟐 + 𝒙 + 𝟔
= 𝟏 



 
𝒙 + 𝟐

𝟓𝒙 + 𝟐
+

𝒙𝟐

𝒙𝟐 + 𝟒√𝒙 + 𝟐
+

𝟐

𝟐 + 𝒙√𝒙+ 𝟐
≥ 𝟏 

𝒙𝟐

𝒙𝟐 + 𝟒√𝒙+ 𝟐
+

𝟐

𝟐 + 𝒙√𝒙+ 𝟐
≥ 𝟏 −

𝒙+ 𝟐

𝟓𝒙 + 𝟐
 

𝒙𝟐

𝒙𝟐+𝟒√𝒙+𝟐
+

𝟐

𝟐+𝒙√𝒙+𝟐
≥

𝟒𝒙

𝟓𝒙+𝟐
    (4) 

Equality holds in (4) for: 

√𝒙 + 𝟐 = 𝒙 = 𝟐 

Solution: 𝒙 = 𝟐. 


