
 
Prove that: 

 

∫
𝟐(𝟐𝒔𝒊𝒏𝒙 + 𝟑𝒄𝒐𝒔𝒙)

𝟐𝒄𝒐𝒔𝒙 + 𝟑𝒔𝒊𝒏𝒙
𝒅𝒙

𝝅

𝟐

𝟎

> 𝜋 

 
Proposed by Neculai Stanciu-Romania 

Solution by Tapas Das-India 

𝑳𝒆𝒎𝒎𝒂: ∀ 𝒙 > 0, 𝐥𝐧(𝟏 + 𝒙) >
𝒙

𝟏 + 𝒙
  

 𝑷𝒓𝒐𝒐𝒇: 𝒍𝒆𝒕 𝒇(𝒙) = 𝐥𝐧(𝟏 + 𝒙) −
𝒙

𝟏 + 𝒙
   

𝒇′(𝒙) =
𝟏

𝟏 + 𝒙
−

𝟏

(𝟏 + 𝒙)𝟐
=

𝒙

(𝟏 + 𝒙)𝟐
> 0 𝑠𝑜 𝑓(𝒙) 𝒊𝒔 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈, 𝒇(𝟎) = 𝟎 

 𝒂𝒏𝒅 𝒇(𝒙) > 𝑓(𝟎) 𝒐𝒓, 𝐥𝐧(𝟏 + 𝒙) −
𝒙

𝟏 + 𝒙
 > 0 𝑜𝑟, 𝐥𝐧(𝟏 + 𝒙) >

𝒙

𝟏 + 𝒙
  (𝟏) 

𝐥𝐧
𝟑

𝟐
= 𝐥𝐧 (𝟏 +

𝟏

𝟐
) >

(𝟏)
𝟏

𝟐

𝟏 +
𝟏

𝟐

=
𝟏

𝟑
 (𝟐) 

𝒄𝒍𝒆𝒂𝒓𝒍𝒚 𝟏𝟎 >
𝟔𝟔

𝟕
= 𝟑 ×

𝟐𝟐

𝟕
= 𝟑𝝅 (𝟑) 

𝒍𝒆𝒕 𝟒𝒔𝒊𝒏𝒙 + 𝟔𝒄𝒐𝒔𝒙 = 𝒎(𝟐𝒄𝒐𝒔𝒙 + 𝟑𝒔𝒊𝒏𝒙) + 𝒏.
𝒅

𝒅𝒙
(𝟐𝒄𝒐𝒔𝒙 + 𝟑𝒔𝒊𝒏𝒙) 

 
  𝟒𝒔𝒊𝒏𝒙 + 𝟔𝒄𝒐𝒔𝒙 = 𝒎(𝟐𝒄𝒐𝒔𝒙 + 𝟑𝒔𝒊𝒏𝒙) + 𝒏(𝟑𝒄𝒐𝒔𝒙 − 𝟐𝒔𝒊𝒏𝒙) 

 
 𝟒𝒔𝒊𝒏𝒙 + 𝟔𝒄𝒐𝒔𝒙 = (𝟑𝒎 − 𝟐𝒏)𝒔𝒊𝒏𝒙 + (𝟐𝒎 + 𝟑𝒏)𝒄𝒐𝒔𝒙 

 
 𝒄𝒐𝒎𝒑𝒂𝒓𝒊𝒏𝒈 𝒕𝒉𝒆 𝒄𝒐𝒆𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒐𝒇 𝒔𝒊𝒏𝒙 & 𝑐𝑜𝑠𝑥 𝑤𝑒 𝑔𝑒𝑡  

𝟐𝒎 + 𝟑𝒏 = 𝟔, 𝟑𝒎 − 𝟐𝒏 = 𝟒 , 𝒔𝒐𝒍𝒗𝒊𝒏𝒈 𝒘𝒆 𝒈𝒆𝒕 𝒎 =
𝟐𝟒

𝟏𝟑
, 𝒏 =

𝟏𝟎

𝟏𝟑
 

 

∫
𝟐(𝟐𝒔𝒊𝒏𝒙 + 𝟑𝒄𝒐𝒔𝒙)

𝟐𝒄𝒐𝒔𝒙 + 𝟑𝒔𝒊𝒏𝒙
𝒅𝒙

𝝅

𝟐

𝟎

= ∫
(𝟒𝒔𝒊𝒏𝒙 + 𝟔𝒄𝒐𝒔𝒙)

𝟐𝒄𝒐𝒔𝒙 + 𝟑𝒔𝒊𝒏𝒙
𝒅𝒙

𝝅

𝟐

𝟎

= 

 

= ∫

𝟐𝟒

𝟏𝟑
(𝟐𝒄𝒐𝒔𝒙 + 𝟑𝒔𝒊𝒏𝒙) +

𝟏𝟎

𝟏𝟑
(𝟑𝒄𝒐𝒔𝒙 − 𝟐𝒔𝒊𝒏𝒙)

𝟐𝒄𝒐𝒔𝒙 + 𝟑𝒔𝒊𝒏𝒙
𝒅𝒙

𝝅

𝟐

𝟎

= 

 

= (
𝟐𝟒

𝟏𝟑
𝒙 +

𝟏𝟎

𝟏𝟑
𝐥𝐧|𝟐𝒄𝒐𝒔𝒙 + 𝟑𝒔𝒊𝒏𝒙 |)

𝟎

𝝅

𝟐

=
𝟏𝟐𝝅

𝟏𝟑
+

𝟏𝟎

𝟏𝟑
𝐥𝐧

𝟑

𝟐
>

(𝟐)& (𝟑)

 
𝟏𝟐𝝅

𝟏𝟑
+

𝟑𝝅

𝟏𝟑
.
𝟏

𝟑
=

𝟏𝟑𝝅

𝟏𝟑
= 𝝅 

 

 


