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𝑰 = 𝟒 ∫
𝐜𝐨𝐬(𝒙)

𝟏 + 𝒆−𝟐𝒙
𝒆−𝒙 𝒅𝒙

∞

𝟎

= 𝟒 ∑(−𝟏)𝒏 ∫ 𝐜𝐨𝐬(𝒙) 𝒆−(𝟐𝒏+𝟏)𝒙𝒅𝒙
∞

𝟎

∞

𝒏=𝟎

  (Dominated Convergence Theorem) 

Justification: For x > 0 let 

𝑺𝑵(𝒙) = ∑(−𝟏)𝒏𝒆−(𝟐𝒏+𝟏)𝒙

𝑵−𝟏

𝒏=𝟎

=
𝒆−𝒙(𝟏 − (−𝟏)𝑵𝒆−𝟐𝑵𝒙)

𝟏 + 𝒆−𝟐𝒙
→

𝒆−𝒙

𝟏 + 𝒆−𝟐𝒙
  as N→∞ 

| 𝐜𝐨𝐬(𝒙) 𝑺𝑵(𝒙)| ≤ 𝟐𝒆−𝒙 

which is integrable on (0, ∞) 

𝑰 = 𝟒 ∑(−𝟏)𝒏
𝟐𝒏 + 𝟏

(𝟐𝒏 + 𝟏)𝟐 + 𝟏

∞

𝒏=𝟎

= 𝟒𝕽 ∑
(−𝟏)𝒏

𝟐𝒏 + 𝟏 + 𝒊

∞

𝒏=𝟎

 

𝑰 = 𝟐𝕽 ∑
(−𝟏)𝒏

𝒏 +
𝟏 + 𝒊

𝟐

∞

𝒏=𝟎

= 𝕽 {𝝍 (
𝟑 + 𝒊

𝟒
) − 𝝍 (

𝟏 + 𝒊

𝟒
)} 

But 𝝍(𝒛) = 𝝍(𝒛)  ∴  𝕽𝝍(𝒛) = 𝕽𝝍(𝒛) 

∴  𝕽𝝍 (
𝟑 + 𝒊

𝟒
) = 𝕽𝝍 (

𝟑 − 𝒊

𝟒
) = 𝕽𝝍 (𝟏 −

𝟏 + 𝒊

𝟒
) 



 
𝝍(𝟏 − 𝒛) − 𝝍(𝒛) = 𝝅 𝐜𝐨𝐭(𝝅𝒛) 

∴  𝑰 = 𝕽 {𝝍 (𝟏 −
𝟏 + 𝒊

𝟒
) − 𝝍 (

𝟏 + 𝒊

𝟒
)} 

 

∴  𝑰 = 𝕽 {𝝅 𝐜𝐨𝐭 (
𝝅

𝟒
(𝟏 + 𝒊))} =

𝝅 𝐬𝐢𝐧 (𝟐
𝝅
𝟒)

𝐜𝐨𝐬𝐡 (𝟐
𝝅
𝟒) − 𝐜𝐨𝐬 (𝟐

𝝅
𝟒)
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