ROMANIAN MATHEMATICAL MAGAZINE

Find :

1
Q= j;) x? (arctan3 (x) +1In <;;1(_x)1>> dx

Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Nawar Alasadi-Iraq

1 In(x
Let : Q:f x? (arctan3(x)+ln( 3( )>>dx=
0 x> -1

—In(x)
1—x3

1 1
f x% arctan3(x)dx + f x? ln< )dx =1, +1,
0 0

1
For: f x2In(—In(x))dx let x =e ' > dx = —e tdt
0

In(3) +y

3

0o 3t=v 0o
f e 3In(t)dt = §J e ’(In(v) —In(3))dv = —
0 0

1
For: f x2In(1 —x3)dx let v =x3 > dv = 3x%dx
0

! 11 1 d 1 1 In(1 1__1
3) M-V dv=Z-A - v -] =3

_ ln(3)+y+1_1—y—ln(3)
2= 3 3 3

1
I, = f x% arctan3(x)dx (I. B.P (u = arctan3(x),dv = xzdx))
0

3

x3 1 1
I, = [? arctan’® (x)l 0" f arctan®(x)dx =
0

1+ x2

3 1 x 15
- —_ 2 -
192 Jo (x 1+x2) arctan“(x)dx 192 Ji+]>

1
Ji= J xarctan?(x)dx (I. B.P (u = arctan®(x),dv = xdx))
0

2

X 2
—arctan®(x)

J1= >

1 1 x?
0~ f marctan(x) dx =
0
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m f1(1 "~ )arctan(o) d T G-3! (2))+”2—”Z T+ 2 In(2)
32 J, ) A AV R VI 32 16 4 2

1 %
J2 = j sarctan®(x)dx {x = tan(u)} - f u?tan(u) du =
o 1+x 0

T

i3 n n
[—u? In(cos(u))] g +2 f:u In(cos(uw)) du = ;T—zln(z) +2 f4u In(cos(w)) du

0

2 T

*® _1q1\n—-1
Using In(cos(u)) = —ln(2)+2( 113 cos(2nu)

T

(-D!
1 du = ——l 2)+2 2 du =
fou n(cos(u))du = (2) + Z j;ucos( nu) du

mn
—z (5 —>i)

2 (—1)k-1 ()™ 1 cos ) )
__l 2)+ 4 i (2k - 2k —1)2 zz

2 1/ 7 1w (-1)*—1
- In@) + 7 a+2<—§z(3)—§z s >=

k=1
™ n ! L.
T3 n( )+ G+ <——((3)+—((3)>——R n( )+4G——((3)
_nz w? 1 21
]z—3—2111(2)—1—111(2)"'16——4((3)

2

w
Jo =3I + 56— 25 {(3)

71.3 1.[2 2

I, = T Cm@)-Zme) +Z¢ 3
L= D In@) - o In@) + 56— 2 4(3)

| _1-y—-In(3)
2= 3
n® n? m (m*+16 1-y—1n(3)
V=T Tet i (G @+ e - e + RO
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Solution 2 by Yang Silva Cartolin-Peru

1
Q= -fo x> (arctan3 (x) +In (;;1(_;()1)) dx

1 1 1
Q= fxz arctan3(x) dx + f x*log(—log(x)) dx — f x*log(1 — x3) dx
0 0 0
I=§1+&,—&3

1
mé; = f x? arctan3(x) dx
0

We do: t = arctan(x) - x = tan(t) - dx = sec?(t)dt

o — a8

4
X = 1—>t=Z/\x=0—>t=0:fl= t3 tan?(t) sec?(t) dt
u=1t3->du=3t*dt
I1.B.P: 1
dv = tan?(t) sec?(t)dt » v = §tan3(t)

s
3

™

t3 T A

Etan?’(t)l — | tan3(t)dt = — — i,
0 o

=& =

T
4

T
4
tan?(x)=secZ(x)-1 .
> ll frd
0

T
Z

» iy = f t? tan3(t) dt t? tan(t) sec?(t) dt — f t’tan(t)dt
0

0

iip=a—b> a= | t*tan(t) sec?(t) dt

o — iy

u=t%- du=2tdt

1.B.P: 1
{dv = tan(t) sec?(t)dt - v = EtanZ (t)

14
- z
2

T
T %
tZ 4 T
=a= Iitanz(t)l — | ttan?(t) dt = — — f tsec?(t)dt +
0 0

tdt
32
0

o — A3
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™
4
a= m f tsec’(t)dt
16
0
T
2 - X
) u=t-du=dt _m s
I.B.P: {dv —sec2()dt>v=tan(®) %~ 16 [ttan(D)], + f tan(t) dt
0
™
4
? T a2 o 1
_r = i T T ,
a=T--7 iy log(cos(t)]y = 72— +5108(2) ~>> b = f t? tan(t) dt
0

u=t?>-du=2tdt

I.B.P: {dv = tan(t) » v = —log(cos(t))

LA

4
2

tlog(cos(t))dt = —log(Z) +2 f tlog(cos(t))dt

T
= b = [t?log(cos(t))]% + 2 32

o Y—— a8

0

Fourier Series: log(cos(x)) = —log(2) — Z ( k) cos(2kx)
k=1

(_

= b = —log(Z) —21log(2) f tdt — Z f tcos(2kt) dt

b nzl ) Zi(—l)k 14 (nk)+ 1 (nk) 1]
= —3z108(2) Lk grSin 4k2 %\ 2) T 4z

(—1)"sin<nk> 1 (-D* (nk) 1 (—1)k1

2 2
k=1 k=1 k=1

k=1 n=0
i (—1)k (nk) k=2n 1 i (—1)k-1
k3 COS 2 > 3 k3
k=1 k=1
2 ® _1 n 7 ® _1 k-1
=>b=——log(2)+ (1) (1)

32 4.2n+1)?% 16 k3
n=0 k=1
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(—1)" o (-1)"

Dirichlet Beta Function: B(s) = ) —————, oAz
P 2n+1) — 2n+1)

=p2) =6

(-D?
nS

Dirichlet Beta Function:n(s) = Z

n=1

= (1-2"7%)¢(s)

C (-t 3 o T 21 .
Zl o =1(3) = 38(3) = b = —=-log(2) + 76 — = 3(3) -

Therefore:

I N | w? 13
11=———+Elog(2)— —==log(2) +—

2 -
16 4 32 26 6t

= T g @) + T log(2) - TG + 224(3) -
“=76 27298 32 08 20663

This:

m m’ n+1l 2)+n21 (2 nG+21 3)
$1 2og( 32og) n 64((

~192 \16 2

T T e - Tog@ + F6-2r3) -
$1=792 16 "7 2108 32 08 205263

1
mé, = sz log(—log(x)) dx
0

Wedo:t = —log(x) > x=e ' >dx=—e 'dt

x=1—>t=0Ax=0—>t=oo:>EZ:fe‘3tlog(t)dt
0

dx
Wedo:x=3t—>dt=?

=¢§, = %f e *log (g) dx = %(f e *log(x)dx — log(3)f e‘xdx>
0

0 0

1 co
& = 3 <J e *log(x)dx — log(3)>

0
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(09) [09)

Gamma Function:T'(z) = f x*le*dx > T'(z) = f x> og(x)e *dx
0 0

=) —10e3)) = ¥ — Liog3) -
£2=3 (1) - 10g(3)) = ~ % ~ Zlog(3) -

1

(o] 1 [ee]

1 1 1 1
— 2 _ 23 — - 3n+2 - _ = —_ .

mé; fx log(1 —x°)dx anx dx —n(n+1) 3

0 n=1 o
Thus:

w wt o= 2 1
—_——— ———log(Z)— log(2)+ G——((S)————log(3)+—

192 16 4 2
Solution 3 by Lara Gangler-Hungary

1= fol x? <(tan‘1 x)3+1n (;?(_x)l)) dx

1 1 n(x
l=f xz(tan‘lx)3dx+f x ln(x ( ))dx—11+12
0 0

Calculating I, Integration by parts - 1:

x3 ' x3 1
<? (tan~! x)3> = x%(tan"1x)3 + ) 3(tan~1 x)?

1+ x?2
3 1 1
X dx
T (tan"1x)3 0 =1 +—[0 x3(tan~1x)? 1527
3 1 1 3
T (x> +x—x)dx
3 -1.,,2 _ -1.,,2
192 11+J;x(tan x) 1+x2—11+jo(tan x) 1T 22

x(tan~1x)2

1
=1, + x(tan 1x)? —
1 j;)(( ) 1+ x2

)dx=11+]11—]12

Calculating J;; Integration by parts - 2:

x* 1 2, 1,2 x* 1
(i(tan x)) = x(tan™" x) +72tan x1+x2
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2

x
tan-1 x)2
> (tan™" x)

dx "‘fi 2 a1 (x2+1—1)d
—_— n _— =
0 1+ x2 h Ox SR P X

| +f1 tan-1 tan1x p
= an~lx — x
A 1+ x2

s [~ ) -]

1
=J11 +f x*tan"1x
0

2
2 1 ? z 1
32 = +Z_El"(2)_ 32 =172 2111(2)
Calculating J 1, Integration by parts - 3:
(11 1+x%)(t )), xan x)z l 1+ x2)2 tan”" x
n(1+ x?) (tan"1x 1722 n(1+ x°) 1722

1— +f11 1+ 2)tan_lxd =Jiz +K
0—]12 . n )T 2 X =] 12

(% In(1 + x?) (tan™?! x)z)

2
ﬁln(Z) =J12 + Kq2

Calculating K,

K fll 1) E,
= n X X
7 1+ x2

x=tany - dx = sec’ydy & 1+ x? = sec?y
T

4
yseczy dy = —J 2yIn(cosy)dy = -2 Ly,
0

/4 y
Ky, = 1 2
12 jo n(sec®y) sec?

Calculating L, L, = fOZy In(cosy)dy = f:My (— In 2+, COSkay (—1)k+1) dy = =

2 _1\k+1 T 2
—%(%) In2 +Z,°(°=1( L f;ycosZkydy == —"—]n(Z) +
w (—1kt1 2kysin2ky+c052ky1_[__ _1t_2 —1)k+ km . km km _
Y1 p 2107 |0 == ln(2) + Y 1 e (2 sin— + cos 1) ==
2
—”—ln(Z)——x ((3)+Zk 1 41)‘3 (k—”sm +cosk—)==——l (2) - 3((3)
1)2k+1 -2k k- . (2k-1) (Zk 1)
Y 1W(knsmkn+cosk1t)++Zk Yrerm 1)3( > = sin > n+cos . "):
_ 3((3) (—1)2k+1 D% @k-Dr . Qk-Dm\ __ = _
ln(2) + Y 1( 4(2k)3 coskn+4(2k T ER sin— )—— 32 In(2)
3((3) k _1yk-1 _ _3“3) 13¢® , m6_ n6
+ Xl 1(32k3( D+ 8(2k- 1)2( D ) 3zln(2) +3z 4 + T 8
214(3)
_l (2) - 128
1 -1
tan ' x 21{(3) =nG
K, = | In(1+ x? —dx = —In(2 S—
eujo< R
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2
5 1In(2) =] + Ky

32
flx(tan‘lx)z nG nzl ) 21¢(3)
e d = —_— — ——— J—
2= ) Tyye g @
11'3
192 =L +Ji11 ]2
L= m’ LT 11'21 5 21B3) m’ m L1 @)
15792 7 "2 g 16 a2z
1 n? w? m n? G 1 21¢(3)
—>11=f x2(tan~1x)3 = — ——+ ———ln(2)+———l (2) —
0 192 16 4 32 64
Calculating I,: I, = f x%In (ln(xi) = J, ' ¥%In ( l:(;)) dx=1 . —
Calculating u=-Inx) px=e*->dx=-e"du

o)

1 oo
=f len(—ln(x))dxzf e 2“In(u)e duzf e 3¥In(u)du
0 0

0

oo

- J;)ooe‘?’“ln(u)du = %j; e "In (E) dw = —foooe‘“’(ln(w) —In(3))dw

Calculating

1 1 © 3k had 1 had
X 1 1 1
— 2ln(1 — x3)d =j 22 dx = __J 3k+2 gy = __
J;x n(1—x°)dx ; X E . x E kox X E %3kT3
- k=1 k=1
1 1

k=1

_ 12 1 _ (1 )
- 3k_1k(k+1)_ 3Li\k k+1

L= 3 _1-y—-In(3)
2= - B 3
P w* m n? G 1 n6 21§(3) 1-y-In(3)
I=1, +1, = — — — + — — —In(2 ———1 2
1tk =1 16t 1 32"+ @)+~ 1 3
1 In(x
—>I=f x2<(tan‘1x)3+ln< 3( )>)dx=

1 n® n* n n? nG 1 1 21¢(3) vy
[=stae -t T In@)+ - SIn@) - sn@) -~ = -1
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Solution 4 by Samuel Ajibade-Nigeria

1
1= fo x2 (arctan3 (x) +1In (;2861)) dx

1 1 In(x
I= f x2arctan®(x)dx + f len< 3( )>dx
1
I=]J+K - equationl,] = f x*arctan®(x)dx
0
Using IBP: u = arctan®(x), dv = 2 du = 3arctan?(x) i
sing :u = arctan3(x),dv = x?, u=—01—3 XV =

3 1

x
J= T arctan3(x)

1 .3
f ad tan®(x)dx
- arc
o 1+x2

0

3 1 x
= _ _ 2
] = 192 -fo (x 1+ xz) arctan“(x)dx

3 1 5 1x arctan?(x)
jzﬁ—foxarctan (x)dx +j; 1122
3 1
Let] = 192 —J1 +J, - equation?2, Ji= J x arctan?(x)dx
0
2 arctan(x x?
IBP: u = arctan?(x),du = Tz(),v =
2 1 1,2
Ji = X arctan? x| - f x” arctan(x)
) o Jo  14x?
? 1 Larctan(x)
Ji= 32 fo arctan(x)dx +fo i
n? 1 L | !
Ji= — — (x arctan(x) —=In(1+ x2)> + —arctan?(x)
32 2 02 .
T T e+
Ji=gg gt 53
ot om 1l 5
Ji= 163t z!"®

B fl x arctan®(x)
J2 = o 1+x?
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Lett = arctan(x),dt = 1+x T2t [ 4]

Y

7
J2 =f t? tan(t) dt
0

By IBP: u = t?,du = 2tdt,v = —In(cos(t))
T

J2 = —t*ln(cos(t))| % + Zfzt In(cos(t)) dt
0

By Fourier expansion of Iln(cos(t))

2 x 2 (—1)"
J = 5= In(2) -2 JO 4t<1n(2) + ;( :) cos(2nt)> dt

? i 7 o (-1)"
Iy = = In(2) - 2In(2) f tdt — 2 f tz cos(2nt) dt
32 0 0 4 n
n=

Fubini — Tonelli Theorem

P i zi(_l)nﬁt 2nt) dt
Ji = gt~ @352 ) S [N costznt
n=

v sin (2) = [0, 500

. sin (g (2k+1)) = (-1

sin(2nt)
ByIBP:u=t,v=T T \ (0 nisodd
cos (E n) {il nis even

s cos(3(2)) = (-DF

\

J, = ——ln(2) _9 z (—1)n< sm(Znt) N coi(:;u)> 0

J2 = —"_21 (2)_25:(—;)" nsir;(l%n)+cos(§nt)_1
=1

LA
4

32

n

? e (D" | m 1o (- 13 1¢
J, = —ﬁln(Z)—ZZ 5 sm(in)—zz 3 cos(in)+zz 3
n= n=

For the first series,let n = 2k + 1(the odd integer sub)

For the second series,letn = 2m (the even integer sub): n> 2
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~ n'zl . S (-DF 1 1)m 1w (-1)"
J2 = n(2) Y (2k+1)2 2 *32 n3
m=1 n=1
= 2l 2)+— G+ 1 3 ! 3
J2= —gz @+ 76+ 21(3) —51(3)
T )+ F6 - L3
Jo= =372 + 76— 2=n(3)
T e+ Se-Pe
Jo= —3z @) +76-43)
Combining J, & J, to get ] from equation 2
”3"2”12”212+G 3
J= 197 “1¢ T3~z "@ 33 n@ @)
Now solving for K
l 1 -1
K= f n(x) dx =f len< n(xg))dx
0 1-x
1 1
K= j x*In(—In(x)) dx —J x*In(1—x3) dx
0 0
LetK=K, — K, - equation3

1
K, =j x(In(—-In(x)) dx
0
x=etdx=—etdtte (0,)
Ky = j In(t) e 3tdt
0

Evaluating via the derivative of the gamma function

a *© 10r(a+1
1= 3 J t* e 3tdt = 19r@+1l)
da a=0Jg 3da 3a a=0
1 r(a+ 1)
1= 3 D @@t 1) - @)l

1
Ki=3@@) - n@3))
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1

K, = f x*In(1 — x3) dx
0

t=1-—x3dt = —3x%dx

1! t 1
K:=73 fo In(tydt = 5 (In(t) - 1) )

1
Ky =3
1 vy In(3)
K - - - 7
3 3 3
Finally: From equation 1, I= J+K
[ 3 11'2+11' 1l 5 nzl i 21 3+1 Yy In(3)
=10z 16tTa 2@ gD i®tz 373

1
7 (3 — 121 — 6m%In(2) + 48w — 96In(2) + 487G — 63{(3) — 64y — 64In(3)
+64)m




