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Find:

[ j°° x €°°5(@%) sin(sin(ax))
) x% + y?
Va >0,y >0

Proposed by Samuel Ajibade-Nigeria
Solution by proposer

oy — j‘°° x e°°(%%) sin(sin(ax))
. x% +y?
Let 21 = I(K): - (0)

dx (even function)

dx

© ¥ ecos(ax)eisin(ax) [ xecos(ax)+isin(ax)
K= dx =
K j_oo x eelax d
= —— ax
o x2 + y2
eiaz

Ze
Letf(Z)=m

With simple poles z, = tiy
The figure below shows a semicircular contour 'C' withradius R >y
enclosing zy = iy

w

R

iy

By Cauchy's Residue Theorem
jgcf(z)dz = ff(z) dz + . f(z)dz = 2mi (Res(f_zy)) -+ (1)
L R

Working on ff(z) dz:z = xe'* = x; dz = dx
L

R eiax

]L f(2)dz = ]_:ﬂx) dx = J_RW dx
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l(lx

© ) e
llmff(z)dz— llmf 25 dx =f_w%yz dx - (2)
Workmg on f(z)dz

z e o elanz " = elanz
f(2) S22 +y2 Z) — zZ T2 <1+ ; = ) (Taylor Series)
z ’ e 2, eianz
S@dz =LRmdz + Jckzzﬂﬂnz; —dz
f@dz = | 7

1 V4 ,
+ Z— ———e'"? dz Uniform convergence
> fc P (Unif gence)

z=Re, dz = iReiedO 0 € [0,m]

Rei0 io

T
Re i .

dz = R wde f elanz p zede
] O ‘fo RZe0 +y2 ¢ “Zn' RZei20 4 2 ¢

T
By Jordan's Lemma

™ Re' . o T
Il{l_)rg J;) memnz Re'dO Sllil—g}) RZ——)/Za =0 Van>20
) 4 ReiG 0 ) b4 RZeiZB
f(Z)dZ =lj mRe d9=lJ0 m(l@
ei2f T 1 T
1 dz =il —d@— li ————d0 =i| do =
1mf f(z)dz =i 1mf RZei20 1 52 lRl_)Ig ) 1+( ) lfo
Reif

lim | f(z)dz=ir --(3)
R—oco0 Cr

Calculating Residue at z, = iy

ReS(f_Zo) = llmD(( )) D(Z) = ZZ + yZ;DI(Z) =2z
Res(f Z ) = lim “ — lllm eeiaz — leeia(i)/) — 1 e~y
=70 z-iy 22 2 z-iy 2 2

1 _, —a
2mi Res(f_zo) = 2mi —e® " = ime® " - (4)

2
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Taking Ilzim and substituting equations 2,3 and 4 into equation 1,we get;

}21_5?0 fcf(z)dz = Il{l_)lg fo(z) dz + Ilel_)rg fCRf(z)dz = Ilel_)n; 2mi (Res(f(zp))

0 x elax _a
f ﬁdx-Fl.Tl':l.TCBe Y
— X4ty
0 x etax w w
Kzf ——— dx = ime® "—im =im(e® " - 1)
—uXetY
From equation 0
21 = 3(K)
“2l=m(e® " - 1)

w —a
I(@y) =5 (e° "—1) Va,y>0

T o~ T el
Example: 1(1,1) = 3 (e -1) = 7 (e® —1)=0.698483




