ROMANIAN MATHEMATICAL MAGAZINE

Find:
Ha) jo" cos(ax) — sin(ax) + V2 cos(ax)
a,y) =
v 0 Vx (x +y?)?
Va >0,y >0

Proposed by Samuel Adekunle Ajibade-Nigeria
Solution by proposer
eiaz
Notice: The branch pointz =0 for B ¢ Z

Consider f(z) =

3T
2

N[ S

Hence,we place a branch cut along the — 3 axis: — =<0 <
i iz, .
~e™=—-1e"2 =i arevalid

f(z) has an order 2 pole at z, = iy (above the branch cut)

The region shown below shows an indented semicircular contour 'C’
onwhich f(z) is meromorphic

By Cauchy's Residue Theorem:
fff(z)dz = | f(2)dz+ | f(z)dz+ | f(z)dz+ | f(z)dz
c Ly Cr Ly Cp
= 2mi (Res(f(20)) - (1)

Working on L, & L,,z = re'?:
Li:z=r1e" x,dz = dx
Ly:z=re™: —x,dz = —dx
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iax —iax
e e

R P
Llf(Z) dz + sz(Z)dZ = fp de - L (—l)ﬂx/’(xz n )’2)2 dx

R elax R e—iax
Llf(l) dz + sz(Z)dZ = f,, md’”]p B P (x2 1 y2)2 ¥

R eiax + e—iaxe—in'[)’

f(z)dz+ | f(z)dz = j dx
Ly P

Ly xB (x? + y?)?
Faki . jR eiax + e—iaxe—in'ﬁ p
aKin 1m X
TRl ey

00 eiax + e—iaxe—in:[i

Llf(z)dz+ sz(z)dz=j0 P+ ) dx - (2)

Workingon | f(z)dz& | f(z)dz
Cr Cp

Let f(z) = g(2) ", a >0
+ [ #@z =0 by jordan's Lemma -~ (3)
Cr
For C,:z=a+ib, lz| = p

< np ( ML inequality)

1
pE(p? —v?)?
li 1

m-——-—--
p=0 pF(p? — y?)?

-'-fcf(z)dz=0 < (4)

f(z)dz
Cp

p =0:<1

Now calculating the residue at z, (order 2 pole)
iaz

Res(f(zo)) = ;lj}]l, ¢'(2) 1 p(2) = Bzt iy)?
4’,(_2) - %(m_g_zfz’y)
Res(f(z0)) = lim = (ia =2 - 2 ) = _4; :;gyﬁ (ia-f-2)
Res(f(z,)) = i%(ay +B+1) e ¥

ay

Res(f(z0)) = iy (@ + B + 1) (cos (B7) — isin (85))
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e Y

~ 2mwi(Res(f(zy))) = ] (ay+pB+1) (cos ([f ;) — isin (B g)) -+ (5)

1
Substituting equatlon 2to5inequationland f = 7
eldx 4 e~laxg” i e %Y 5 /4 T
j I dx = —5 (ay + Z) (cos (g) — isin (5))
0 xi(x? +y2)? 27+
Since: e’ = cos (E) — isin (E) = i(1 — i)
: 4 4~ 2

« cos(ax) + isin(ax) + —= % (1 i) (cos(ax) —isin(ax))
R fo VR + 77)2 dx

= gR{ ;t;/_:% (4ay + 5) (cos (g) — isin (g))}

« cos(ax) + \/ii (cos(ax) — sin(ax)) Te=%Y T
fo VX2 1 70)? dx = s \/_ (4ay +5) (cos (8))
* cos(ax) — sin(ax) + V2 cos(ax) ey T
I(a,y) = .[; T + p2) dx = W(ttay + 5) (cos (E))
V2 ++2

Since: cos (5) = 2

cos(ax) — sin(ax) + V2 cos(ax)
(IS fo Vx(a? +y?)?

mwe™*Y ,
= W(4ay+5)< 2+\/§>

Va >0,y >0




