
 

Let be: 𝑫𝟏 = {(𝒙, 𝒚)|𝟎 ≤ 𝒙 ≤ 𝟏;   𝟎 ≤ 𝒚 ≤ 𝟐√𝒙} 

𝑫𝟐 = {(𝒙, 𝒚)|𝟏 ≤ 𝒙 ≤ 𝟐;   𝒙 − 𝟏 ≤ 𝒚 ≤ 𝟑 − 𝒙}, 𝑫 = 𝑫𝟏 ∩ 𝑫𝟐.  Find: 

𝛀 = ∬
𝟏

(𝒙 + 𝒚 + 𝟏)𝟐
𝒅𝒚𝒅𝒙

𝑫

 

Proposed by Nicola De Rosa-Italy 

Solution by Shirvan Tahirov-Azerbaijan 

 

∴ 𝑻𝒉𝒆 𝒗𝒆𝒓𝒕𝒊𝒄𝒂𝒍 𝒍𝒊𝒏𝒆 𝒆𝒙𝒕𝒆𝒏𝒅𝒔 𝒖𝒑 𝒘𝒂𝒓𝒅 𝒇𝒓𝒐𝒎  𝒚 = 𝟎  𝒕𝒐 𝒚 = 𝟐√𝒙  

𝒕𝒉𝒂𝒕  𝒊𝒔 , 𝒊𝒕  𝒊𝒔  𝒃𝒐𝒖𝒏𝒅𝒆𝒅 𝒃𝒚  𝒕𝒉𝒆𝒎 ∶ 

∴ 𝑻𝒉𝒆 𝒗𝒆𝒓𝒕𝒊𝒄𝒂𝒍 𝒍𝒊𝒏𝒆 𝒆𝒙𝒕𝒆𝒏𝒅𝒔 𝒖𝒑 𝒘𝒂𝒓𝒅 𝒇𝒓𝒐𝒎  𝒚 = 𝒙 − 𝟏  𝒕𝒐   

𝒚 = 𝟑 − 𝒙  𝒕𝒉𝒂𝒕  𝒊𝒔 , 𝒊𝒕  𝒊𝒔  𝒃𝒐𝒖𝒏𝒅𝒆𝒅 𝒃𝒚  𝒕𝒉𝒆𝒎 ∶ 

𝑳𝒆𝒕  𝒖𝒔  𝒄𝒂𝒍𝒄𝒖𝒍𝒂𝒕𝒆  𝒕𝒉𝒆  𝒈𝒊𝒗𝒆𝒏  𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍  𝒖𝒔𝒊𝒏𝒈 𝑭𝒖𝒃𝒊𝒏𝒊′𝒔  𝒕𝒉𝒆𝒐𝒓𝒆𝒎 

∴ ∫ ∫ 𝒇(𝒙, 𝒚)𝒅𝒚𝒅𝒙
𝒍
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𝒏

𝒎

= ∫ (∫ 𝒇(𝒙, 𝒚)
𝒍

𝒌

𝒅𝒚) 𝒅𝒙
𝒏

𝒎

 



 

𝛀𝟏 = ∫ ∫
𝟏

(𝒙 + 𝒚 + 𝟏)𝟐
𝒅𝒚𝒅𝒙

𝟐√𝒙

𝟎

𝟏

𝟎

= ∫ (∫
𝟏

(𝒙 + 𝒚 + 𝟏)𝟐
𝒅𝒚

𝟐√𝒙

𝟎

)
𝟏

𝟎

𝒅𝒙 = 

= ∫ ([−
𝟏

𝒙 + 𝒚 + 𝟏
]

𝟐√𝒙

𝟎
)

𝟏

𝟎

𝒅𝒙 = ∫ (
𝟏

𝟏 + 𝒙
−

𝟏

(𝟏 + √𝒙)
𝟐

)
𝟏

𝟎

𝒅𝒙 = 

= (𝐥𝐧(𝟐) − 𝟐 𝐥𝐧(𝟐) − 𝟏) − (𝐥𝐧(𝟏) − 𝟐 𝐥𝐧(𝟏)) = 𝟏 − 𝐥𝐧(𝟐) 

𝛀𝟐 =  ∫ ∫
𝟏

(𝒙 + 𝒚 + 𝟏)𝟐
𝒅𝒚𝒅𝒙

𝟑−𝒙

𝒙−𝟏

𝟐

𝟏

= ∫ (∫
𝟏

(𝒙 + 𝒚 + 𝟏)𝟐
𝒅𝒚

𝟑−𝒙

𝒙−𝟏

)
𝟐

𝟏

𝒅𝒙 = 

= ∫ ([−
𝟏

𝒙 + 𝒚 + 𝟏
]

𝟑 − 𝒙

𝒙 − 𝟏
)

𝟐

𝟏

𝒅𝒙 = ∫ (−
𝟏

𝟒
+

𝟏

𝟐𝒙
)

𝟐

𝟏
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= −
𝟏

𝟐
+

𝐥𝐧(𝟐)

𝟐
− (−

𝟏

𝟒
+

𝐥𝐧(𝟏)

𝟐
) = −

𝟏

𝟒
+

𝐥𝐧(𝟐)

𝟐
 

𝛀 = 𝛀𝟏 + 𝛀𝟐 = (𝟏 − 𝐥𝐧(𝟐)) + (−
𝟏

𝟒
+
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𝟐
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𝟒
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