
 
In acute ∆𝑨𝑩𝑪 the following relationship holds: 

𝒂 𝐭𝐚𝐧 (
𝑨

𝟐
) √𝐬𝐢𝐧𝑨 + 𝒃 𝐭𝐚𝐧 (

𝑩

𝟐
) √𝐬𝐢𝐧𝐁 + 𝐜 𝐭𝐚𝐧 (

𝑪

𝟐
) √𝐬𝐢𝐧𝐂 > 4𝒓 
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∑ 𝒂 𝐭𝐚𝐧 (
𝑨

𝟐
) 𝐬𝐢𝐧(𝑨)

𝒄𝒚𝒄

> 4𝒓 

Lemma 1 (The Relationship between Inradius and Tangent): 

𝐭𝐚𝐧 (
𝑨

𝟐
) =

𝒓

𝒔 − 𝒂
, 𝐭𝐚𝐧 (

𝑩

𝟐
) =

𝒓

𝒔 − 𝒃
, 𝐭𝐚𝐧 (

𝑪

𝟐
) =

𝐫

𝐬 − 𝐜
 

Lemma 2 (Inequality of Sine in Acute Triangles): 

𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍 (𝟎;
𝝅

𝟐
)      𝟎 < 𝐬𝐢𝐧𝑨 < 1   {

√𝒔𝒊𝒏𝑨 > 𝑠𝑖𝑛𝐴

√𝒔𝒊𝒏𝑩 > 𝑠𝑖𝑛𝐵

√𝒔𝒊𝒏𝑪 > 𝑠𝑖𝑛𝐶

 

Lemma 3 (Convexity and Jensen’s Inequality): 

𝒇(𝒂) =
𝒂𝟐

𝒔 − 𝒂
  𝒇𝒐𝒓 𝒂 ∈ (𝟎; 𝒔) 

                 Since its second derivative 𝒇′′(𝒂) =
𝟐𝒔𝟐

(𝒔−𝒂)³
 is strictly positive,  the function is  

strictly convex. By Jensen’s Inequality, the cyclic sum ∑
𝒂𝟐

𝒔−𝒂𝒄𝒚𝒄  is minimized when a = b = c, 

                corresponding to an equilateral triangle. 

𝑳𝑯𝑺 =⏞
𝑳𝒆𝒎𝒎𝒂 𝟏

∑ 𝒂 (
𝒓

𝒔 − 𝒂
) √𝒔𝒊𝒏𝑨

𝒄𝒚𝒄

  

________𝑳𝒆𝒎𝒎𝒂 𝟐  → 𝒓 ∑ (
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𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝒔𝒊𝒏𝒆  𝒔𝒊𝒏𝑨 =
𝒂

𝟐𝑹
  𝒔𝒊𝒏𝑩 =
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𝟐𝑹
   𝒔𝒊𝒏𝑪 =
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𝟐𝑹
 



 

𝒓 ∑
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𝒄𝒚𝒄

 

𝑳𝒆𝒎𝒎𝒂 𝟑:  ( ∑
𝒂

𝒔 − 𝒂
𝒄𝒚𝒄

)

𝒎𝒊𝒏

→   𝒂 = 𝒃 = 𝒄  𝒔 =
𝒂 + 𝒃 + 𝒄

𝟐
=

𝟑𝒂

𝟐
, 𝒔 − 𝒂 =

𝒂
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∑
𝒂𝟐

𝒔 − 𝒂
𝒄𝒚𝒄

≥ 𝟑
𝒂𝟐

𝒔 − 𝒂
= 𝟔𝒂 →  𝑳𝑯𝑺 >

𝒓

𝟐𝑹
 𝟔𝒂 =

𝟑𝒂𝒓

𝑹
 

𝒂 = 𝒃 = 𝒄 = 𝑹√𝟑  𝑳𝑯𝑺 >
𝟑𝒂𝒓

𝑹
= 𝟑𝒓√𝟑 

𝟑√𝟑 > 4 →   ∑ 𝒂 𝐭𝐚𝐧 (
𝑨

𝟐
) 𝐬𝐢𝐧(𝑨)

𝒄𝒚𝒄

> 4𝒓 


