
 
In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒎𝒂
𝒎𝒂 ⋅ 𝒎𝒃

𝒎𝒃 ⋅ 𝒎𝒄
𝒎𝒄 ≥ (𝟑𝒓)𝒎𝒂+𝒎𝒃+𝒎𝒄 

Proposed by Daniel Sitaru – Romania  

Solution by Khaled Abd Imouti, Kasem Abotrabi – Syria 

Let be 𝒇: (𝟎,∞) → ℝ; 𝒇(𝒙) = 𝒙 𝐥𝐧𝒙 

𝒇′(𝒙) = 𝐥𝐧 𝒙 + 𝒙 ⋅
𝟏

𝒙
= 𝐥𝐧𝒙 + 𝟏; 𝒇′′(𝒙) =

𝟏

𝒙
> 𝟎 ⇒ 𝒇 convex 

By Jensen’s inequality: 

𝒇(𝒎𝒂) + 𝒇(𝒎𝒃) + 𝒇(𝒎𝒄) ≥ 𝟑𝒇(
𝒎𝒂 +𝒎𝒃 +𝒎𝒄

𝟑
) 

𝒎𝒂 𝐥𝐧𝒎𝒂 +𝒎𝒃 𝐥𝐧𝒎𝒃 +𝒎𝒄 𝐥𝐧𝒎𝒄 ≥ 𝟑
𝒎𝒂 +𝒎𝒃 +𝒎𝒄

𝟑
⋅ 𝐥𝐧 (

𝒎𝒂 +𝒎𝒃 +𝒎𝒄

𝟑
) 

𝐥𝐧(𝒎𝒂
𝒎𝒂) + 𝐥𝐧(𝒎𝒃

𝒎𝒃) + 𝐥𝐧(𝒎𝒄
𝒎𝒄) ≥ (𝒎𝒂 +𝒎𝒃 +𝒎𝒄) 𝐥𝐧 (

𝒎𝒂+𝒎𝒃+𝒎𝒄

𝟑
)     (1) 

𝒉𝒂 ≤ 𝒎𝒂; 𝒉𝒃 ≤ 𝒎𝒃; 𝒉𝒄 ≤ 𝒎𝒄 ⇒ 

𝟏

𝒉𝒂
≥

𝟏

𝒎𝒂
;
𝟏

𝒉𝒃
≥

𝟏

𝒎𝒄
;
𝟏

𝒉𝒄
≥

𝟏

𝒎𝒄
 

𝟏

𝒉𝒂
+

𝟏

𝒉𝒃
+

𝟏

𝒉𝒄
≥

𝟏

𝒎𝒂
+

𝟏

𝒎𝒃
+

𝟏

𝒎𝒄
 

𝟏

𝒓
≥

𝟏

𝒎𝒂
+

𝟏

𝒎𝒃
+

𝟏

𝒎𝒄
≥

𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴 (𝟏 + 𝟏 + 𝟏)𝟐

𝒎𝒂 +𝒎𝒃 +𝒎𝒄
= 

=
𝟗

𝒎𝒂+𝒎𝒃+𝒎𝒄
⇒ 𝒎𝒂 +𝒎𝒃 +𝒎𝒄 ≥ 𝟗𝒓 ⇒

𝒎𝒂+𝒎𝒃+𝒎𝒄

𝟑
≥ 𝟑𝒓    (2) 

𝐥𝐧 (
𝒎𝒂 +𝒎𝒃 +𝒎𝒄

𝟑
) ≥ 𝐥𝐧(𝟑𝒓) 

By (1): 

𝐥𝐧(𝒎𝒂
𝒎𝒂 ⋅ 𝒎𝒃

𝒎𝒃 ⋅ 𝒎𝒄
𝒎𝒄) ≥ (𝒎𝒂 +𝒎𝒃 +𝒎𝒄) 𝐥𝐧 (

𝒎𝒂 +𝒎𝒃 +𝒎𝒄

𝟑
) ≥ 

≥
(𝟐)

(𝒎𝒂 +𝒎𝒃 +𝒎𝒄) 𝐥𝐧(𝟑𝒓) = 𝐥𝐧(𝟑𝒓)𝒎𝒂+𝒎𝒃+𝒎𝒄  

𝐥𝐧(𝒎𝒂
𝒎𝒂 ⋅ 𝒎𝒃

𝒎𝒃 ⋅ 𝒎𝒄
𝒎𝒄) ≥ 𝐥𝐧(𝟑𝒓)𝒎𝒂+𝒎𝒃+𝒎𝒄  

𝒎𝒂
𝒎𝒂 ⋅ 𝒎𝒃

𝒎𝒃 ⋅ 𝒎𝒄
𝒎𝒄 ≥ (𝟑𝒓)𝒎𝒂+𝒎𝒃+𝒎𝒄  

Equality holds for: 𝒂 = 𝒃 = 𝒄. 


