
 
If 𝒂, 𝒃, 𝒄 > 𝟎;𝒂𝒃𝒄 = 𝟏 then: 

(𝒂𝟑 + 𝟏)𝒂(𝒃𝟑 + 𝟏)𝒃(𝒄𝟑 + 𝟏)𝒄 ≥ 𝟖 
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(𝑎3 + 1)𝑎(𝒃𝟑 + 𝟏)𝒃(𝒄𝟑 + 𝟏)𝒄 ≥ 𝟖 

𝐥𝐧[(𝒂𝟑 + 𝟏)𝒂(𝒃𝟑 + 𝟏)𝒃(𝒄𝟑 + 𝟏)𝒄] ≥ 𝐥𝐧 𝟖 

𝒂 𝐥𝐧(𝒂𝟑 + 𝟏) + 𝒃 𝐥𝐧(𝒃𝟑 + 𝟏) + 𝒄 𝐥𝐧(𝒄𝟑 + 𝟏) ≥𝟑 𝐥𝐧 𝟐   (to prove) 

Let be 𝒇: (𝟎,∞) → ℝ; 𝒇(𝒙) = 𝒙 𝐥𝐧(𝟏 + 𝒙𝟑) 

𝒇′(𝒙) = 𝐥𝐧(𝟏 + 𝒙𝟑) + 𝒙 ⋅
𝟑𝒙𝟐

𝟏 + 𝒙𝟑
= 𝐥𝐧(𝟏 + 𝒙𝟑) +

𝟑𝒙𝟑

𝟏 + 𝒙𝟑
> 𝟎 

𝒇′(𝒙) > 𝟎 ⇒ 𝒇  increasing 

𝒇′′(𝒙) =
𝟑𝒙𝟐

𝟏 + 𝒙𝟑
+
𝟗𝒙𝟐(𝟏 + 𝒙𝟑) − 𝟑𝒙𝟑 ⋅ 𝟑𝒙𝟐

(𝟏 + 𝒙𝟑)𝟐
=

𝟑𝒙𝟐

𝟏 + 𝒙𝟑
+

𝟗𝒙𝟐

(𝟏 + 𝒙𝟑)𝟐
> 𝟎 

𝒇′′(𝒙) > 𝟎 ⇒ 𝒇 convex 

𝒂 𝐥𝐧(𝒂𝟑 + 𝟏) +𝒃 𝐥𝐧(𝒃𝟑 + 𝟏) + 𝒄 𝐥𝐧(𝒄𝟑 + 𝟏) = 

= 𝒇(𝒂) + 𝒇(𝒃) + 𝒇(𝒄) ≥
𝑱𝑬𝑵𝑺𝑬𝑵

𝟑𝒇 (
𝒂 + 𝒃 + 𝒄

𝟑
) ≥
𝑨𝑴−𝑮𝑴

 

≥ 𝟑𝒇(√𝒂𝒃𝒄
𝟑

) = 𝟑𝒇(√𝟏
𝟑

) = 𝟑𝒇(𝟏) = 𝟑 𝐥𝐧 𝟐 

Equality holds for 𝒂 = 𝒃 = 𝒄 = 𝟏. 


