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Ifab,c>0anda+b + c =2 then prove that :
a? +b% + ¢ > 2(a®b3 + b3c2 + c3ad + 4a?b?c?)
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

When exactly 2 variables equal to zero and WLOG we may assume
b=c=0(a=2),then: LHS=4 >0 = RHS
When exactly 1 variable equals to zero and WLOG we may assume a =0

+c= then : inequalit ecomes : +C > c” an +C > C
(b 2),th quality b b’ 2b3c3 and - b2 2b

. it suffices to prove : 2bc > 2b3c3 © be < 1->truev2=b+c > 2vbc and
so,we now focus on the case when : a,b,c > 0 and assigning b + ¢ = x,
cta=ya+b=z=>x+y-2=2c>0y+z—x=2a>0&z+x—-y=2b
>0=>x+y>zy+z>x,z2+x>y=xYyzformsides of a triangle XYZ
with semiperimeter, circumradius and inradius = s,R, r (say); then :

Za = s,abc = rzs,z ab = 4Rr+r2,z a? = s2 — 8Rr — 2r?,

cyc cyc cyc
Z a®b3 = (4Rr + r?)3 — 12Rr3s? and then :

cyc

? a+b+c=2
Z a’?>2 z a3b3 + 4a%b?c? PEN
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1 ?
Te Z a? z al >2 Z a’b? + 4a?b?c?
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& (s — 8Rr — 2r?)s* > 32((4Rr + r2)3 — 12Rr3s? + 4r*s?)

-
© s° — (8Rr + 2r¥)s* + r’(384R — 128r)s” —r’(4R +1)*| = |0
()
Gerretsen
and - (s> —16Rr + 5r?)> > 0 . inorder to prove (), it suffices to prove :

?
LHS of (*) > (s? — 16Rr + 5r?)3 & (40R — 17r)s* —

r(768R? — 864Rr + 203r?)s? + r2(2048R3 — 5376R?r + 816Rr? — 157r3)
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and = (40R — 17r)(s? —16Rr + 5r>)2 > 0 .. in order to prove (*x),
?
it suffices to prove : LHS of (**) > (40R — 17r)(s? — 16Rr + 5r?)?

& (512R?% — 80Rr — 33r?)s? 5 r(8192R3 — 5376R?r + 2904Rr? — 268r?)
(%)
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and finally, LHS of (+++) > (512R? — 80Rr — 33r2)(16Rr — 5r2) >
?
RHS of (+++) & r? ((1536R + 40r) (R — 2r) + 513r%) 2 0 - true

Euler
(strictinequality) * R = 2r = (x#x) = (¥x) = (x) istrue V AXYZgp
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Z a’>2 <Z a’b3 + 4a2b2c2> whenever a, b, ¢ > 0 and combining all cases,

wehave:zazzz Za3b3+4a2b2c2 Va,b,c20|a+b+c=2,
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r=itf (270 Jor (=0 Yor (32 ) ED)



