ROMANIAN MATHEMATICAL MAGAZINE

If a,b,c > 0and a+ b + c > 3 then prove that :
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4 4 27T A 4 2T 13 4 1S5
4a* +b*+c 4b* +c*+a* 4c*+a*+b 2
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

2 2
) 1 a+b+c=>3 351 1 2 1
D e P Do [ et
Z 3 9 4a* + b* + ¢4
cyc cyc cyc cyc
2 2 o,
s\ 2] D R s
— a . == X . =
9 4a*+b*+ct| 9 ax? +yz+z2 |\ bz'
cyc cyc cyc cyc Z=2C
1 Z (4y% + 22 + x?)(47% + x? + y?) ; 1
== x| . <=
9 (4x% +y% +z2)(4y? + 2% + x2) (422 + x%2 +y2) ~ 2
cyc cyc

?
& ZZ;\C6 + 132:x4y2 + 132:x2y4 + 60x%y?z? > 4Zx5y+4z xy> +

cyc cyc cyc cyc cyc
4xyzz x3 + 122x3’y3 + 12xyz Zx2y+2xy2 & ZZx6 +
cyc cyc cyc cyc cyc
?
132 x%y? Z x? —z2 | | + 60x%y?z? > 42 xy Z xt—zt | |+
cyc cyc cyc cyc
4xyzz x3+12 Z x3y3 + 12xyz Z x Z xy | — 3xyz
cyc cyc cyc cyc
?

e 22x6 +13 sz z:xzy2 + 57x2yZZZH4 zxy zx‘* +

cyc cyc cyc () cyc cyc

122:x3y3 + 12xyz Zx ny & assigningy +z = A,z + x = B,
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x+y=C>A+B-C=2z>0B+C—-—A=2x>0andC+A—-B=2y>0
=>A+B>CB+C>A,C+A>B=AB,C formsides of atriangle
with semiperimeter, circumradius and inradius = s,R,r (say) and then :

ZZx=ZA=25:>Zx=s;alsox=s—A,y=s—B,z=s—C:>xyz=rzs,
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and z x° = (s® — 12Rrs)? — 2((4Rr + r?)? — 12Rr3s?) & via such substitutions
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and following simplification, (x) becomes :
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0 and again, since
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(8R —15r)(s? — 16Rr + 5r?)2 > 0 .. in order to prove (x*x),
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it suffices to prove : LHS of (+x*) > (8R — 15r)(s? — 16Rr + 5r?)?
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Euler

R = 2r = (x¥**xx) = (xx+) = (*¥*) = () is true and so,
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