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If x,y,Zz>0and x +y + z = 1 then prove that :

1 N 3
x3+y3+1z3 xyz

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Assigningy+z=aq,z+x=b,x+y=c=>a+b-c=2z2>0,b+c—a
=2x>0andc+a-b=2y>0=>a+b>c¢cb+c>ac+a>hb
= a,b, c form sides of a triangle with semiperimeter, circumradius and inradius

=s,Rr (say) = Zx =s,xyz = r’s and sz =s3 —12Rrs
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+ 290@(°y°)+ Zx > 90
x3+y3+12z3 xyz Yeye X3 xyzZ
cyc
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& r2s.s3 + 3s3(s3 — 12Rrs) = 90r2s(s3 — 12Rrs)

o 3st — (36Rr + 891‘2)82 + 1080RI'3HO
©)
Gerretsen
Now, since (s? — 16Rr + 5r?2)2 > 0 .. in order to prove (%),

?
it suffices to prove : LHS of (x) > 3(s? — 16Rr + 5r?)?
?

& (60R — 119r)s2| > |r(768R? — 1560Rr + 75r2) and finally,

)

?
(60R — 119r)(16Rr — 5r?) > r(768R? — 1560Rr + 75r2)
? Euler

& 4r(R—2r)(48R — 65r) = 0 > true * R > 2r = (%) = (x) is true
1

3
>90Vx,yz>0 =1,
x3+y3+z3+xyz_ X,Yy,Z |x+y+z

1
"= iffx=y=z=§(QED)



