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Ifa,b,c>0and a+ b + c =1 then prove that :

16
o7 < (1 - 5ab)? + (1 — 5bc)? + (1 — 5ca)* < 3

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Exactly 2 variables = 0 and WLOG we may assumeb = c =

16
(a =1) and then : Z(l 5bc)? = 3and - 27 <3=3: Z(l —5bc)?2 =3
cyc cyc
Exactly 1 variable = 0 and WLOG we may assume a = 0 (bb+cc> 01 )

and then : Z(l 5bc)? = 2 + (1 — 5bc)? < 3 © 1 — 10bc + 25b?c? < 1

cyc
& 2(b +¢)? > 5bc (~ b+c—1)@2(b—c)2+3bc§0—>true b,c>0
2(1 5be)2 <3 and 2 + (1 — 5bc)2>— 2(1 5bc)? >

cyc cyc

27
2

a,b,c>0andthen:Z(1—5bc)2=3—1O Zab Za +

cyc cyc cyc

ZSZaZbZ (~a+b+c=1)<3—-30 Zab +zszwzb2

cyc cyc cyc

=3 - SZ a’b? — 60abc Za <3( ab,c>0) - Z(l —5bc)?2 <3
cyc cyc cyc
Assigningb+c=x,c+a=y,a+b=z2=>x+y—-z2=2c>0,y+z—x=2a
>0andz+x-y=2b>0=>x+y>zy+z>x,2+x>y=xYyZformsides
of a triangle XYZ with semiperimeter, circumradius and inradius = s, R, r (say);
then : Z a =s,abc = rzs,z ab = 4Rr + rz,z a’b? = r?((4R + r)? — 2s?)

cyc cyc cyc

? 16
and then,Z(l — 5bc)? > 27 becomes :

cyc
4 2 4

? 16
3 Za -10 zab Za +252a2b225. Za

cyc cyc cyc cyc cyc
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?
& 65s* — 270(4Rr + r?)s? + 675r%((4R +1)? — 252)0 and = P =
()

Gerretsen
65(s> — 16Rr + 5r?)> > 0 - in order to prove (%), it suffices to prove :

? 7
LHS of (*) > P  (100R — 227r)s?| > [r(584R? — 1580Rr + 95r?)

S
(++)

Gerretsen

Case (i){100R — 227r > 0 and then : LHS of (xx) >
? ?
(100R — 227r)(16Rr — 5r2) > RHS of (¥*) & 8r(R — 2r)(172R — 65r) > 0

Euler .
- true “ R > 2r = (*x) is true
Gerretsen

100R — 227r < 0 and then : LHS of (xx) >

?
(100R — 227r)(4R? + 4Rr + 3r2) > RHS of (x*)

? R ?
& 100t3 —273t2 +243t—-194>0 (t = ;) < (t—2)(100t2 - 73t+97) >0
Euler
— true vt > 2 = (*x)istrue .. combining both cases, (x*) = () is true

16
VAXYZgg, - Z(l — 5bc)? > 27| - combining cases (1), () and (3),
cyc
16 _ 1
27 < Z(l —5bc)? <3,” =" for lower bound iffa=b=c= 3 and

cyc

=" for upper bound iff (b iji 0) or (a 2 ji 0) or (a i: i 0) (QED)



