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If a,b,c > 0 and abc = 1 then prove that :
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Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
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Assigningb+c=x,c+a=y,a+b=z2=>x4+y—-z=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>2zy+z>xz2+x>y=>xYyzformsides
of a triangle XYZ with semiperimeter, circumradius and inradius = s,R, r (say);

then : Z a = s,abc = rzs,z a’? =s? —8Rr — ZrZ,Z:a3 = s3 — 12Rrs,

cyc cyc cyc

and then, (x) © (s2 — 8Rr — 2r2)3 > 9r2s(s3 — 12Rrs)

& s® — (24Rr + 15r%)s* + r2(192R? + 204Rr + 12r?)s? — 8r3(4R + r)O
(+)
Gerretsen
and = (s? —16Rr+ 5r?)3 > 0 . in order to prove (x), it suffices to prove :

?
LHS of (*) > (s? — 16Rr + 5r?)3
& (24R - 30r)s* — r(576R? — 684Rr + 63r?)s? +

?
r?(3584R3 — 4224R?r + 1104Rr? — 133r3)| > |0 and

)

Gerretsen

~ (24R —30r)(s? —16Rr + 5r2)2 > 0 - in order to prove (*x),
?
it suffices to prove : LHS of (**) > (24R — 30r)(s? — 16Rr + 5r?)?

?
& (192R? — 516Rr + 237r?)s?| > |r(2560R3 — 7296R?r + 4296Rr? — 617r3)

Gerretsen

192R? — 516Rr + 237r? > 0 and then : LHS of (x*x) >
?
(192R? — 516Rr + 237r?)(16Rr — 5r%) > RHS of (***)
? R ?
& 128t — 480t2 + 519t — 142 >0 (t = ;) o (t—2)(128t2 —224t+71) >0

Euler ]
> true vt > 2 = (xxx)istrue
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Gerretsen

192R? — 516Rr + 237r% < 0 and then : LHS of (xxx) >
(192R? — 516Rr + 237r%)(4R? + 4Rr + 3r?) é RHS of (#xx)
© 192t* — 964t3 + 1689t% — 1224t +332 > 0
& (t-2) ((t—2)(192¢* - 196t + 137) + 108) >0otruet > 2
= (**x) is true - combining both cases, (x+*) = (¥*x) = (x) istrue V AXYZ,p ,
= (o) is true - a% + b? + ¢? +m2 4V ab,c> O|abc =1,
"="iff a=b=c=1(QED)



