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Ifabc>0a+b+c=3andn € N then:
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cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

a+40tf =3

Firstly,9 —a(3b+3c+2bc) = ~9-—2abc—3a(3—-a)

AM-GM
=3a?—-9a+9—2abc>3a’>—-9a+9 -2 <°-°3=Za > 3.3\/abc>>0

cyc
v Dgg?2 _9q4+7=81—84<0.9—a(3b+3c+ 2bc) and analogs > 0 > (D)
Assigningb+c=x,c+a=ya+b=z=2x+y—-z2=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>zy+z>x,2+x>y=xyYyZformsides
of a triangle XYZ with semiperimeter, circumradius andinradius = s,R, r (say);

then : Z a=s,abc = rzs,z ab = 4Rr + rz,z a? = s> — 8Rr — 2r?,
cyc cyc cyc
Z a3 =s3— 12Rrs,z a’b? = r?((4R +r)? — 2s?) and then,

cyc cyc
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cyc
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81(Teyc ab) (Seye @)’ = 81 ((Seye @) (Teye ab) — 3abe) (Seyea)’ +
(Zeye @2 (Zeye @)
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(s3 — 6r2%s)%(s3 — 12Rrs)

9
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s? ((4-Rr +r?)(s? — 8Rr — 2r?) — rzsz) -

81abc(a +b)(b + ¢)(c + a)
+ 27 Z @

s3 —6r?s
(s® — 6r?s)
s (srz((4-R +1)%2 — 25%) — r?s(4Rr + rz))
3 + r?s%(s? — 8Rr — 2r?) —
r’s*(s(4Rr + r?) — 3r?s) + 3r*s3(4Rr + r?)
(s3 — 6r?s)? — 6s(4Rr + r?)(s3 — 6r?s)?
9
—(s3 — 6r?s) ((4Rr +r?)s* — s3(s(4Rr + r?) — 3r%s) + s?r?((4R +r)? — 252)) +

12Rr3s5 > 0 © 2s* — (28Rr + 19r2)s2 + 204Rr3 + 1591‘40 and - P =
()
Gerretsen
(s? —16Rr +5r?)2 > 0 - inorder to prove (x), it suffices to prove :

?

LHS of (+) > P & (36R — 39r)s?| > |r(512R% — 524Rr — 109r2)

()
r2(R —2r)
R-r
Rouche
- (R—r)(s?—16Rr+5r2) > (R—r) (ZR2 — 6Rr + 4r%2 — 2(R — 2r)\/R% — 2Rr)

=R-2n) ((R —r- m)z + rZ) >r?(R—2r) ( R-2r Eger 0)

? ? R
> RHS of (**) © 64t3 —308t% + 473t — 226> 0 (t = F) S

Again, (36R —39r)s? > (36R — 39r) (16Rr —5r% +

? Euler via D
(t— 2)((t —2)(64t—52) + 9) >0->true~t > 2= (%) > (x+)istrue =
a3 3 a3 n Holder
> >
Z9—a(3b+3c+2bc)— :’Z 9_a(3b+3c+2bo)) =
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23('.'nEN):.Z< ) >3
3 = 9 —a(3b + 3c + 2bc)

Va,b,c>0|a+b+c=3andneN,”" =" iffa=b=c=1(QED)



