
 
If 𝒙, 𝒚, 𝒛, 𝒑, 𝒒, 𝒓 ∈ 𝑹,  𝒑 + 𝒒 + 𝒓 = 𝟏 𝒂𝒏𝒅  𝒙𝒑𝒚𝒒𝒛𝒓 = 𝟏 then: 

 
𝒑𝟐𝒙𝟐

𝒒𝒚 + 𝒛𝒓
+

𝒒𝟐𝒚𝟐

𝒑𝒙 + 𝒛𝒓
+

𝒓𝟐𝒛𝟐

𝒑𝒙 + 𝒒𝒚
≥
𝟏

𝟐
 

Proposed by Mais Hasanov-Azerbaijan 

Solution by Amin Hajiyev-Azerbaijan 

Lemma 1:      Cauchy-Schwarz Inequality 

(∑𝒂𝒊
𝟐

𝒏

𝒊=𝟏

)(∑𝒃𝒊
𝟐

𝒏

𝒊=𝟏

) ≥ (∑𝒂𝒊𝒃𝒊

𝒏

𝒊=𝟏

)

𝟐

  ,
𝒂𝟏, 𝒂𝟐, … , 𝒂𝒏 ∈ 𝑹
𝒃𝟏, 𝒃𝟐, … , 𝒃𝒏 ∈ 𝑹 

 

Lemma 2:     Weighted AM-GM Inequality (General Form) 

For any positive real numbers 𝒙𝟏, 𝒙𝟐, … , 𝒙𝒏  and positive weights 𝒘𝟏, 𝒘𝟐, … ,𝒘𝒏 

 such that            ∑ 𝒘𝒊 = 𝟏
𝒏
𝒊=𝟏   𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬:  
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𝒂𝟏 =
𝒑𝒙

√𝒒𝒚 + 𝒛𝒓
, 𝒂𝟐 =

𝒒𝒚

√𝒑𝒙 + 𝒛𝒓
, 𝒂𝟑 =

𝒓𝒛

√𝒑𝒙 + 𝒒𝒚

𝒃𝟏 = √𝒒𝒚 + 𝒛𝒓, 𝒃𝟐 = √𝒑𝒙 + 𝒛𝒓, 𝒃𝟑 = √𝒑𝒙 + 𝒒𝒚

 

(𝒂𝟏
𝟐 + 𝒂𝟐

𝟐 + 𝒃𝟐
𝟐)(𝒃𝟏

𝟐 + 𝒃𝟐
𝟐 + 𝒃𝟑

𝟐) ≥⏞
𝑳𝑬𝑴𝑴𝑨 𝟏

(𝒑𝒙 + 𝒒𝒚 + 𝒛𝒓)𝟐 

(
𝒑𝟐𝒙𝟐

𝒒𝒚 + 𝒛𝒓
+

𝒒𝟐𝒚𝟐

𝒑𝒙 + 𝒛𝒓
+

𝒛𝟐𝒓𝟐

𝒑𝒙 + 𝒒𝒚
)

⏟                      
𝑳𝑯𝑺

(𝟐𝒑𝒙 + 𝟐𝒒𝒙 + 𝟐𝒛𝒓) ≥ (𝒑𝒙 + 𝒒𝒚 + 𝒛𝒓)𝟐 

𝑳𝑯𝑺 ≥
𝒑𝒙 + 𝒒𝒚 + 𝒛𝒓

𝟐
 

𝒘𝟏 = 𝒑,𝒘𝟐 = 𝒒,𝒘𝟑 = 𝒓
𝒙𝟏 = 𝒙, 𝒙𝟐 = 𝒚, 𝒙𝟑 = 𝒛

→ ∑𝒘𝒊 = 𝟏

𝟑

𝒊=𝟏

 , ∑𝒘𝒊𝒙𝒊

𝟑

𝒊=𝟏

≥∏𝒙𝒊
𝒘𝒊

𝟑

𝒊=𝟏

 

𝒑𝒙 + 𝒒𝒚 + 𝒓𝒛 ≥⏞
𝑳𝑬𝑴𝑴𝑨 𝟐

𝒙𝒑𝒚𝒒𝒛𝒓 = 𝟏  



 

𝑳𝑯𝑺 ≥
𝒑𝒙 + 𝒒𝒚 + 𝒓𝒛

𝟐
≥
𝟏

𝟐
→ 

𝒑𝟐𝒙𝟐

𝒒𝒚 + 𝒛𝒓
+

𝒒𝟐𝒚𝟐

𝒑𝒙 + 𝒛𝒓
+

𝒓𝟐𝒛𝟐

𝒑𝒙 + 𝒒𝒚
≥
𝟏

𝟐
  (𝑸.𝑬.𝑫) 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 {
𝒑 = 𝒒 = 𝒓 =

𝟏

𝟑
𝒙 = 𝒚 = 𝒛 = 𝟏

 

 

 


