
 

Let 𝒂, 𝒃, 𝒄 be positive real numbers. Prove the following inequalities: 

∑√𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝒄𝒚𝒄

≥ √𝟒∑𝒂𝟐

𝒄𝒚𝒄

+ 𝟓∑𝒂

𝒄𝒚𝒄

𝒃

∑√𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝒄𝒚𝒄

≤ √𝟓∑𝒂𝟐

𝒄𝒚𝒄

+ 𝟒∑𝒂

𝒄𝒚𝒄

𝒃

 

Proposed by Le Anh Tu-Vietnam 
Solution by Nawar Alasadi-Iraq 

Proof of (1): 

Let 𝑳 = ∑ √𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐𝒄𝒚𝒄 . 

𝑳𝟐 =∑(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐)

𝒄𝒚𝒄

+ 𝟐∑√𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝒄𝒚𝒄

√𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐 

By the Cauchy-Schwarz inequality: 

√𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐√𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐 = √(𝒃 +
𝒂

𝟐
)
𝟐

+ (
√𝟑𝒂

𝟐
)

𝟐

√(𝒃 +
𝒄

𝟐
)
𝟐

+ (
√𝟑𝒄

𝟐
)

𝟐

≥ (𝒃 +
𝒂

𝟐
) (𝒃 +

𝒄

𝟐
) +

𝟑𝒂𝒄

𝟒

= 𝒃𝟐 +
𝟏

𝟐
𝒂𝒃 +

𝟏

𝟐
𝒃𝒄 + 𝒂𝒄

 

𝟐∑√𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝒄𝒚𝒄

√𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐 ≥ 𝟐∑ (𝒃𝟐 +
𝟏

𝟐
𝒂𝒃 +

𝟏

𝟐
𝒃𝒄 + 𝒂𝒄)

𝒄𝒚𝒄

= 𝟐∑𝒂𝟐

𝒄𝒚𝒄

+ 𝟒∑𝒂

𝒄𝒚𝒄

𝒃

𝑳𝟐 ≥ (𝟐∑𝒂𝟐

𝒄𝒚𝒄

+∑𝒂

𝒄𝒚𝒄

𝒃) + (𝟐∑𝒂𝟐

𝒄𝒚𝒄

+ 𝟒∑𝒂

𝒄𝒚𝒄

𝒃)

= 𝟒∑𝒂𝟐

𝒄𝒚𝒄

+ 𝟓∑𝒂

𝒄𝒚𝒄

𝒃 ⟹ (𝟏)

 

Proof of (2): 
By the Cauchy-Schwarz inequality: 



 

𝑳𝟐 = (∑√𝒂+ 𝒃

𝒄𝒚𝒄

√
𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝒂 + 𝒃
)

𝟐

≤ (∑(𝒂+ 𝒃)

𝒄𝒚𝒄

)(∑
𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝒂 + 𝒃
𝒄𝒚𝒄

)

𝑳𝟐 ≤ 𝟐(𝒂 + 𝒃 + 𝒄)∑ (𝒂 + 𝒃 −
𝒂𝒃

𝒂 + 𝒃
)

𝒄𝒚𝒄

= 𝟒(𝒂 + 𝒃 + 𝒄)𝟐 − 𝟐(𝒂 + 𝒃 + 𝒄)∑
𝒂𝒃

𝒂 + 𝒃
𝒄𝒚𝒄

 

We need to prove: 

𝟒(𝒂 + 𝒃 + 𝒄)𝟐 − 𝟐(𝒂+ 𝒃 + 𝒄)∑
𝒂𝒃

𝒂 + 𝒃
𝒄𝒚𝒄

≤ 𝟓∑𝒂𝟐

𝒄𝒚𝒄

+ 𝟒∑𝒂

𝒄𝒚𝒄

𝒃

∑𝒂𝟐

𝒄𝒚𝒄

− 𝟒∑𝒂

𝒄𝒚𝒄

𝒃 + 𝟐(𝒂 + 𝒃 + 𝒄)∑
𝒂𝒃

𝒂 + 𝒃
𝒄𝒚𝒄

≥ 𝟎

∑𝒂𝟐

𝒄𝒚𝒄

− 𝟐∑𝒂

𝒄𝒚𝒄

𝒃 + 𝟐𝒂𝒃𝒄∑
𝟏

𝒂 + 𝒃
𝒄𝒚𝒄

≥ 𝟎

 

Let 𝒑 = 𝒂 + 𝒃 + 𝒄, 𝒒 = 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂, 𝒓 = 𝒂𝒃𝒄. The inequality becomes: 

𝒑𝟐 − 𝟒𝒒 + 𝟐𝒓(
𝒑𝟐 + 𝒒

𝒑𝒒 − 𝒓
) ≥ 𝟎

(𝒑𝟐 − 𝟒𝒒)(𝒑𝒒 − 𝒓) + 𝟐𝒓(𝒑𝟐 + 𝒒) ≥ 𝟎 (since 𝒑𝒒 − 𝒓 > 𝟎)

𝒑𝟑𝒒 − 𝟒𝒑𝒒𝟐 + 𝒑𝟐𝒓 + 𝟔𝒒𝒓 ≥ 𝟎

 

Using Schur’s inequality of the third degree (𝒑𝟑 − 𝟒𝒑𝒒 + 𝟗𝒓 ≥ 𝟎) and the identity 𝒑𝟐 ≥
𝟑𝒒: 

𝒑𝟑𝒒 − 𝟒𝒑𝒒𝟐 + 𝒑𝟐𝒓 + 𝟔𝒒𝒓 ≥ 𝒑𝟑𝒒 − 𝟒𝒑𝒒𝟐 + 𝟑𝒒𝒓 + 𝟔𝒒𝒓 = 𝒒(𝒑𝟑 − 𝟒𝒑𝒒 + 𝟗𝒓) ≥ 𝟎 ⟹ (𝟐) 

 


