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Let a, b, ¢ be positive real numbers. Prove the following inequalities:

Z\/a2+ab+b2 > 4za2+52ab

cyc cyc cyc
Z\/a2+ab+b2 < 52a2+42ab
cyc cyc cyc

Proposed by Le Anh Tu-Vietnam
Solution by Nawar Alasadi-Iraq

Proof of (1):

Let L = Y. Va? + ab + b2

12 =Z(a2+ab+b2)+22\/a2+ab+b2\/b2+bc+c2

cyc cyc

By the Cauchy-Schwarz inequality:
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L> > 22a2+2ab + 22a2+42ab
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:4za2+5zab:>(1)
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Proof of (2):
By the Cauchy-Schwarz inequality:
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We need to prove:
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Letp=a+ b+ c,q=ab+ bc+ ca, r = abc. The inequality becomes:

2
p-tq
2_4 +21‘< > >0
P q pq—r
P*—4q9)(pq—1)+2r(p*+q) =0 (sincepqg—1r>0)
p3q —4pq® +p*r+6qr =0

Using Schur’s inequality of the third degree (p3 — 4pq + 9r > 0) and the identity p? >
3q:

p3q —4pq? + p*r + 6qr = p3q—4pq* +3qr + 6qr = q(p® —4pq +97r) > 0 = (2)



