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Ifx,y,z>0,xy+yz+zx + xyz = 4 then:

1-.,/1—xyz
1+.,/1—xyz

<min{x,y,z} <1-,/1—-xyz

Proposed by Le Anh Tu-Vietnam

Solution by Tapas Das-India
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Let x = y wherea,b,c > 0

b+c’

WLOGa<b<cthenb+c>c+a>a+ bthen
2a

b+c
asa<b<candb+c=2c+a=a+bthenb+c>2a&0<x<1

x<y<z&min{x,y,z} =x=

8abc Cesaro 8abc
< —=1(4)
(a+b)(b+c)(c+a) 8abc

Let P = xyz =

We need to show:

min{x,y,z} <1—./1—xyzor,x<1—./1—xyzor,1—xyz< (1—x)?

or,1-P<1-2x+x*or,P>x(2—-x)or,xyz>x(2—x)or,yz>2—x

(Zb )( 2c>>2 <2a> 2bc >b+c—a
T\era)\a+b) = b+c or'(a+b)(a+c)_ b+c

or,2bc(b+c) = (a+b)(a+c)(b+c—a)
2bc(b + ¢) = a(b + ¢)® + be(b + ¢) — a® — abc
a®—a(b+c)*+abc+bc(b+c)=>0
ala+b+c)la—b—-c)+bca+b+c)=0
(a+b+c)la—b)(a—c) =0
Trueasa<b<c.
Equality case: holds iff (a—b)(a—c) =0,sincea<b <c
then a = bwhich translatetox =y <z

We need to show :
1-/1—xyz
1+./1—xyz

< ming } 1-Vi-P _
SMIX,Y,Z;0Yr —m——— < X
Y 1+VI—P

1-x<V1I-PA+x)or(1—-x)*<(1-P)(1+x)?

4x

P1+x)?<(1+x)?-(1-x)?0r P(1+x)?<4xorP < (1 +x)2
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4x
xXyz < m
4bc (b + ¢ + 2a)?
(c+a)(a+b) (b+c)?

yz(1+ x)? <4or

bc (b + ¢ + 2a)?

craath) Broz e

since bc(b + ¢ + 2a)? = be((b + ¢)? + 4a(b + ¢) + 4a?) =

AM-GM
= bc(b + ¢)? + 4abc(b + ¢) + 4a’bc <
b + c)? b + c)?
< bc(b + ¢)? +4a( ) (b+c)+4a2%= (b + ¢)*(a? + ab + ac + bc)
bc (b + ¢+ 2a)?

= (b+c)*(a+ b)(a+c) then

Cctaa+h oz =V

Equality case: hold for b = c which implies thatx <y =z



