ROMANIAN MATHEMATICAL MAGAZINE

Let a, b, c be positive real numbers. Prove the following inequalities:

Va2 +3bc++/b? +3ca++/c?+3ab>a+b+c+./3(ab + bc + ca)

J(a% + 3bc)(b? + 3ca)(c? + 3ab) > (a + Vbc)(b + Vca)(a + Vab)

Proposed by Le Anh Tu-Vietnam

Solutions by Jenish Rijal-Nepal

Solution to problem 1:

Letp =+a%*+3bc+a, q=+b*+3ca+b,andr =+/c?+3ab +c.
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Thus, it suffices to prove that: ZT > \/3(ab + bc + ca) & Z
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Also, p?= (\/ a? + 3bc + a) =2a? + 3bc + 2a+/a? + 3bc
So, Z:bc-p2 =2abc(a+b+c)+32b202+2ab02\/a2+3bc
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:-Zbc-p2 s2abc(a+b+c)+32b202+2abc-22a= 3(ab + bc + ca)?

cyc cyc cyc

2 Cauchy
Zbc-p 2 (ab+ bc+ ca)-3(ab + bc + ca)? = 3(ab + bc + ca)?

Zbc-ps\/3(ab+bc+ca)3
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Solution to problem 2:

Dividing by abc,we get,

j(g_j+3)(g+3)(;_;+3)Z(J%H)(J%H)(J%H)

Let x =

c
=——and z=-—. Notice:xyz=1

a
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It suffices to prove that: (x*> + 3)(y* + 3)(22 + 3) = [(x + D(y + 1)(z + 1)]?
Letp=x+y+zandq = xy+ yz+ zx.Since xyz = 1,we have,

(22 +3)(¥* + 3)(22 + 3) = x%y%z% + 3(x%y? + y?2% + z%x%) + 9(x% + y? + 22) + 27

=1+3(q*-2p) +9(p?* — 2q) + 27
=9p? + 3¢q®> — 6p — 18q + 28

(x+1Dy+DEz+DP=[xyz+(xy+yz+zx)+ (x+y+z)+1]?
=p+q+2* =p*+q*+2pq+4ap+4q+4
(9p* +3q>—6p—18q+28)— (p*+q* +2pq+4p+4q+4) =

—~2q+3\* 13 16
=2(4P2+q2—pq—5p—11q+12)=2-(%) + 2 (p -+ (7 - 3q)
,whichis > 0asp®=(x+y+2)?23(y+yz+zx) =3q

Equality holds if and only if a =b = c for both problems.



