ROMANIAN MATHEMATICAL MAGAZINE

Let a,b,c be positive real numbers. Prove the following inequalities:

\/a2+ab+b2+\/b2+bc+cz+\/cz+ca+a22\/4(a2+b2+c2)+5(ab+bc+ca)

\/a2+ab+b2+\/b2+bc+cz+\/c‘2+ca+a2S\/5(a2+b2+c2)+4(ab+bc+ca)

Proposed by Le Anh Tu-Vietnam

Solutions by Jenish Rijal-Nepal

Solution for problem 1:

Z\/az + ab + b? 2\/4Za2 +52ab

cyc cyc cyc

Squaring ?

S Z(a2+ab+b2)+22(\/a2+ab+b2-\/a2+ac+c2) S

cyc cyc
> 4Za2+52ab
cyc cyc
@22(\/a2+ab+b2-\/a2+ac+c2) S 4Za2+52ab —Z(a2+ab+b2)
cyc cyc cyc cyc

Thus, it suffices to prove that: Z (\/a2 +ab + b?-\a? + ac + cz)

cyc

22a2+22ab

cyc cyc

1
Notice that: a* + ab + b? = > [a? + b? + (a+ b)?] (and analogs)

Z(\/a2+ab+b2-\/a2+ac+c2)=

cyc

:z J%[a2+b2+(a+b)2]-\/%[a2+c2+(a+c)2]>=

cyc

1 Cauchy
=Z(E\/a2+b2+(a+b)2-\/a2+c2+(a+c)2) >

cyc

> %Z[a(a) +bc+ (a+b)(a+c)] =

cyc

1
=EZ[2a2+ab+2bc+ac] =Za2+22ab

cyc cyc cyc
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Solution for problem 2:

2 2
2 yab+b?| “K" 2 +ab+b?
z:\/a2+ab+b2 = Z\/a+b' gy < Z(a+b) Z—a a
a+b o a+b

cyc cyc cyc

Al Za + ab + b? Z b
50, a+b (a )

cyc cyc cyc

2
b

Z:\/a2+ab+bZ <2(a+b+c) 2(a+b+c)—z a =
a+b

cyc cyc

2ab(a+ b +c)
a+b

=4(a+b+c)2—z

cyc

2abc

2ab(a+ b +c)
2 ZZab 1+—)—2(ab+bc+ca)+z
a+b +b

cyc cyc cyc

1
= 2(ab + bc + ca) + Zabcza_l_—b

cyc

2

1
z\/az + ab + b? S4(a+b+c)2—2(ab+bc+ca)—2abcza—+b

cyc cyc

9
>
a+b_2(a+b+c)'So

By Titu's inequality,we have: Z

cyc

2

9abc
Z\/a2+ab+b2 <4(a+b+c)*-2(ab+bc+ca)———
a+b+c

cyc
It suffices to prove that:

9abc

2 _ "
4(a+ b +c)* —2(ab + bc + ca) T

< 5(a? + b%* + ¢?) + 4(ab + bc + ca)

9abc
s a?+b*+c2+———=>2(ab + bc + ca),
a+b+c

which is true as it is Schur's inequality of degree 3.

Equality holds if f and onlya = b = c.



