
 
If 𝒙, 𝒚, 𝒛 > 𝟎 then: 
 

𝒙 + 𝟐√𝒚𝒛

𝒚 + 𝒛
+

𝒚 + 𝟐√𝒛𝒙

𝒛 + 𝒙
+

𝒛 + 𝟐√𝒙𝒚

𝒙 + 𝒚
≥ 𝟑 

 
Proposed by Gheorghe Crăciun-Romania 

Solution 1 by Kasem Abotrabi, Khaled Abd Imouti-Syria 
 

𝑳 =
𝒙 + 𝟐√𝒚𝒛

𝒚 + 𝒛
+

𝒚 + 𝟐√𝒛𝒙

𝒛 + 𝒙
+

𝒛 + 𝟐√𝒙𝒚

𝒙 + 𝒚
≥ 𝟑 

 ر

 Suppose : 𝒙 = 𝒂𝟐, 𝒚 = 𝒃𝟐, 𝒛 = 𝒄𝟐 ⇒ √𝒙𝒚 = 𝒂𝒃, √𝒛𝒙 = 𝒂𝒄, √𝒚𝒛 = 𝒃𝒄 

 𝑺𝑶 ∶  𝑳 =  
𝒄𝟐+𝟐𝒂𝒃

𝒂𝟐+𝒃𝟐 +  
𝒃𝟐+𝟐𝒂𝒄

𝒂𝟐+𝒄𝟐 +  
𝒂𝟐+𝟐𝒄𝒃

𝒄𝟐+𝒃𝟐 ≥ 𝟑 

  
𝒄𝟐 + 𝟐𝒂𝒃

𝒂𝟐 + 𝒃𝟐
=   

𝒄𝟐 + 𝟐𝒂𝒃 − (𝒂𝟐 + 𝒃𝟐) + (𝒂𝟐 − 𝒃𝟐)

𝒂𝟐 + 𝒃𝟐
= 𝟏 +   

𝒄𝟐 − (𝒂 − 𝒃)𝟐

𝒂𝟐 + 𝒃𝟐
 

 

 So   let   :   𝑳 =  
𝒄𝟐−(𝒂−𝒃)𝟐

𝒂𝟐+𝒃𝟐 +
𝒃𝟐−(𝒄−𝒂)𝟐

𝒄𝟐+𝒂𝟐 +  
𝒂𝟐−(𝒃−𝒄)𝟐

𝒃𝟐+𝒄𝟐 ≥ 𝟎 

 
𝒄𝟐

𝒂𝟐 + 𝒃𝟐
=

𝒂𝟐 + 𝒃𝟐+𝒄𝟐 − (𝒂𝟐 + 𝒃𝟐)

𝒂𝟐 + 𝒃𝟐
=

𝒂𝟐 + 𝒃𝟐+𝒄𝟐

𝒂𝟐 + 𝒃𝟐
− 𝟏 

 𝑳 = (𝒂𝟐 + 𝒃𝟐+𝒄𝟐) (
𝟏

𝒂𝟐+𝒃𝟐 +
𝟏

𝒄𝟐+𝒂𝟐 +
𝟏

𝒃𝟐+𝒄𝟐) − 𝟑 + (
𝟏

𝒂𝟐+𝒃𝟐 +
𝟏

𝒄𝟐+𝒂𝟐 +
𝟏

𝒃𝟐+𝒄𝟐) ≥ 𝟔 

  

𝑳 = 𝟏 +
𝒂𝟐 + 𝒃𝟐+𝒄𝟐 + 𝟐𝒂𝒃

𝒂𝟐 + 𝒃𝟐
+ 𝟏 +

𝒂𝟐 + 𝒃𝟐+𝒄𝟐 + 𝟐𝒄𝒂

𝒂𝟐 + 𝒄𝟐
+ 𝟏 +

𝒂𝟐 + 𝒃𝟐+𝒄𝟐 + 𝟐𝒄𝒃

𝒃𝟐 + 𝒄𝟐
≥? 𝟔 + 𝟑 

𝑳 =
𝒂𝟐 + 𝒃𝟐+𝒄𝟐 + (𝒂 + 𝒃)𝟐

𝒂𝟐 + 𝒃𝟐
+

𝒂𝟐 + 𝒃𝟐+𝒄𝟐 + (𝒂 + 𝒄)𝟐

𝒂𝟐 + 𝒄𝟐
+

𝒂𝟐 + 𝒃𝟐+𝒄𝟐 + ( 𝒃 + 𝒄)𝟐

𝒃𝟐 + 𝒄𝟐
≥? 𝟗 

𝑳 ≥
(𝒂 + 𝒃 + 𝒄 + 𝒂 + 𝒃 + 𝒂 + 𝒃 + 𝒄 + 𝒂 + 𝒄 + 𝒂 + 𝒃 + 𝒄 + 𝒃 + 𝒄)𝟐

𝟐𝒂𝟐 + 𝟐𝒃𝟐+𝟐𝒄𝟐
 

𝑳 ≥
𝟐𝟓(𝒂 + 𝒃 + 𝒄)𝟐

𝟐(𝒂𝟐 + 𝒃𝟐+𝒄𝟐)
≥

𝟐𝟓

𝟐
.
𝟑

𝟐
=

𝟕𝟓

𝟒
≥? 𝟗  𝑻𝒓𝒖𝒆 

 (Bergstrom’s inequality) 
Equality  holds  when   a = b = c =1 

 

Solution 2 by Kasem Abotrabi, Khaled Abd Imouti-Syria 

 
𝒙 , 𝒚, 𝒛 > 𝟎 

𝑨 =
𝒙 + 𝟐√𝒚𝒛

𝒚 + 𝒛
+

𝒚 + 𝟐√𝒛𝒙

𝒛 + 𝒙
+

𝒛 + 𝟐√𝒙𝒚

𝒙 + 𝒚
≥? 𝟑 



 

𝑨 = ∑
𝒙

𝒚 + 𝒛
𝒄𝒚𝒄

+ ∑
𝟐√𝒚𝒛

𝒚 + 𝒛
𝒄𝒚𝒄

 

𝑨 = ∑
(√𝒙)𝟐

𝒚 + 𝒛
𝒄𝒚𝒄

+ ∑
𝟐√𝒚𝒛 + 𝒚 + 𝒛

𝒚 + 𝒛
𝒄𝒚𝒄

− 𝟑 

𝑨 = ∑
(√𝒙)𝟐

𝒚 + 𝒛
𝒄𝒚𝒄

+ ∑
(√𝒚 + √𝒛)𝟐

𝒚 + 𝒛
𝒄𝒚𝒄

− 𝟑       (𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦′𝒔  𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲) 

𝑨 ≥
(√𝒙 + √𝒚 + √𝒛)𝟐

𝒙 + 𝒚 + 𝒛
+

(𝟐(√𝒙 + √𝒚 + √𝒛))𝟐

𝒙 + 𝒚 + 𝒛
− 𝟑 

𝑨 ≥
𝟓(√𝒙 + √𝒚 + √𝒛)

𝟐

𝟐(𝒙 + 𝒚 + 𝒛)
− 𝟑         .  𝑨𝑴 − 𝑮𝑴 

√𝒙 + √𝒚 + √𝒛 ≥ 𝟑√√𝒙𝒚𝒛
𝟑

     , 𝒙 + 𝒚 + 𝒛 ≥ 𝟑√𝒙𝒚𝒛𝟑   

𝑨 ≥

𝟓 (𝟑√√𝒙𝒚𝒛
𝟑

)

𝟐

𝟐(𝟑√𝒙𝒚𝒛)
− 𝟑 ⇒ 𝑨 ≥

𝟒𝟓√𝒙𝒚𝒛𝟑

𝟔√𝒙𝒚𝒛𝟑
− 𝟑 ⇒ 

𝑨 ≥
𝟏𝟓

𝟐
− 𝟑 ⇒ 𝑨 ≥

𝟗

𝟐
 

 Equality  holds  when   x = y = z  =1 

 

 


