
 
If 𝒂, 𝒃, 𝒄 > 𝟎 then: 

𝒂

√𝟐𝒂 + 𝟑𝒃 + 𝟒𝒄
+

𝒃

√𝟐𝒃 + 𝟑𝒄 + 𝟒𝒂
+

𝒄

√𝟐𝒄 + 𝟑𝒂 + 𝟒𝒃
≥ √

𝒂 + 𝒃 + 𝒄

𝟑
 

Proposed by Dorin Mărghidanu-Romania 

Solution by Amin Hajiyev-Azerbaijan 

𝑳𝒆𝒎𝒎𝒂 𝟏.  (Weighted Jensen's Inequality): 

Let f(x) be a convex function on an interval I. For any 𝒙𝒊 ∈ 𝑰 and weights 𝒘𝒊 > 0, we have: 

∑𝒘𝒊𝒇(𝒙𝒊)

∑ 𝒘𝒊
≥ 𝒇 (

∑(𝒘𝒊𝒙𝒊)

∑𝒘𝒊
) 

𝑳𝒆𝒎𝒎𝒂 𝟐.         𝒂, 𝒃, 𝒄 ∈ 𝑹+                (𝒂 − 𝒃)𝟐 + (𝒃 − 𝒄)𝟐 + (𝒂 − 𝒄)𝟐 ≥ 𝟎                                 

           𝟐𝒂𝟐 + 𝟐𝒃𝟐 + 𝟐𝒄𝟐 − 𝟐(𝒂𝒃 + 𝒂𝒄 + 𝒃𝒄) ≥ 𝟎      𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝒂𝒃 + 𝒂𝒄 + 𝒃𝒄 

{
𝒘𝟏 = 𝒂, 𝒘𝟐 = 𝒃, 𝒘𝟑 = 𝒄                                                                   

𝒙𝟏 = 𝟐𝒂 + 𝟑𝒃 + 𝟒𝒄, 𝒙𝟐 = 𝟐𝒃 + 𝟑𝒄 + 𝟒𝒂, 𝒙𝟑 = 𝟐𝒄 + 𝟑𝒂 + 𝟒𝒃
 

𝒇(𝒙) =
𝟏

√𝒙
 (𝑫𝒆𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏),

𝒅𝟐

𝒅𝒙𝟐
𝒇(𝒙) =

𝟑

𝟒
𝒙−

𝟓
𝟐 ,   𝒙 ∈ (𝟎; +∞), 𝒇"(𝒙) > 0 

𝒘𝟏𝒇(𝒙𝟏) + 𝒘𝟐𝒇(𝒙𝟐) + 𝒘𝟑𝒇(𝒙𝟑)

𝒘𝟏 + 𝒘𝟐 + 𝒘𝟑
≥ 𝒇 (

𝒘𝟏𝒙𝟏 + 𝒘𝟐𝒙𝟐 + 𝒘𝟑𝒙𝟑

𝒘𝟏 + 𝒘𝟐 + 𝒘𝟑
) 

𝒂

√𝟐𝒂 + 𝟑𝒃 + 𝟒𝒄
+

𝒃

√𝟐𝒃 + 𝟑𝒄 + 𝟒𝒂
+

𝒄

√𝟐𝒄 + 𝟑𝒂 + 𝟒𝒃
𝒂 + 𝒃 + 𝒄

 

≥⏞
𝑱𝑬𝑵𝑺𝑬𝑵

√
𝒂 + 𝒃 + 𝒄

𝒂(𝟐𝒂 + 𝟑𝒃 + 𝟒𝒄) + 𝒃(𝟐𝒃 + 𝟑𝒄 + 𝟒𝒂) + 𝒄(𝟐𝒄 + 𝟑𝒂 + 𝟒𝒃)
 

𝑳𝑯𝑺 ≥ (𝒂 + 𝒃 + 𝒄)√
𝒂 + 𝒃 + 𝒄

𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) + 𝟕(𝒂𝒃 + 𝒂𝒄 + 𝒃𝒄)
 

𝟐 ∑ 𝒂𝟐

𝒄𝒚𝒄

+ 𝟕 ∑ 𝒂𝒃

𝒄𝒚𝒄

≥ 𝟑 ∑ 𝒂𝟐

𝒄𝒚𝒄

+ 𝟔 ∑ 𝒂𝒃

𝒄𝒚𝒄

= 𝟑(𝒂 + 𝒃 + 𝒄)𝟐 



 

𝑳𝑯𝑺 ≥ (𝒂 + 𝒃 + 𝒄)√
𝒂 + 𝒃 + 𝒄

𝟑(𝒂 + 𝒃 + 𝒄)𝟐
= √

𝒂 + 𝒃 + 𝒄

𝟑
 

𝒂

√𝟐𝒂 + 𝟑𝒃 + 𝟒𝒄
+

𝒃

√𝟐𝒃 + 𝟑𝒄 + 𝟒𝒂
+

𝒄

√𝟐𝒄 + 𝟑𝒂 + 𝟒𝒃
≥ √

𝒂 + 𝒃 + 𝒄

𝟑
   (𝑸. 𝑬. 𝑫) 

                                             Equality holds if and only if a = b = c 

 

 


