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PROBLEMS FOR JUNIORS

JP.586 If a, b, c are the sides of acute triangle ABC and
2 1 N 1
a?+ b2 —b%2 b2+ c2—a? a?+ b?—c?

then tan’ B > tan A4 - tan C.

Proposed by Daniel Sitaru — Romania
Solution 1 by Jose Luis Diaz — Barrero — Spain

If ABC is an acute triangle with side lengths a, b, c opposite angles A, B, C, then the cosine
rule gives:

b? + ¢* —a®? = 2bccos A

a’ + ¢* — b? = 2accos B

a’ + b? — ¢? = 2abcos C

Substituting these into the given identity yields

1 _ 1 1
accosB  2bccos A 2ab cos C

(1)
Multiplying both sides of (1) by 2abc cos A cos B cos C (all positive since the triangle is
acute) gives
2bcosAcosC =acosBcosC+ ccosAcosB (2)
Now apply the sinerule a = 2R sinA,b = 2RsinB,c = 2RsinC:
4Rsin BcosAcosC = 2RsinAcos B cosC + 2R sin C cos A cos B.
Dividing by 2R cos A cos B cos C, we get

2sinB _ sinA sinC

= + :
cosB cosA cosC
Thus,

2tan B =tan A4 + tan C. (3)

We now prove the inequality claimed. Using (3),

tan4d+tanC
tanB = —
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SO

tanA + tanC

2
2 ) >tanAtanC,

tan?B = (

which is equivalent to

(tanA4 — tan €)% > 0.
Therefore,

tan? B > tan A tan C.
Equality holds precisely when A = C.
Solution 2 by proposer

2 1 4 1
a?+c2—b2 b +c2—a? c?+a?— b?

Multiplying with 4F; (F — area):

8F 4F 4F
Z+cE—b2 bPtc—al ' cZt - b

2 1 1
1B bic-ak  tal— b

4F 4F 4F

2 1 1
Ztc-B PrE-d  tral- b
2acsinB 2bcsinA 2casin B

2 1 1

cosB ~ cosA + cosB
sin B sin4 sin B

2 1 1

= +
cotB cot4d cotB

AM-GM
2tanB =tanA+tanC > 2vtanA-tanC

2tanB > 2vVtanA -tanC = tan B > +vtanAd-tanC

tan’?B >tanA - tanC

Equality holds for a = c.
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JP.587 If x,y = 1 then:

In(xy) - 2In(xy) +1) = 4(Inx/Iny + InyVin x)
Proposed by Daniel Sitaru — Romania

Solution 1 by Jose Luis Diaz — Barrero — Spain
Leta=1Inx,b =1Iny,sothat a,b > 0 because x, y > 1. Using the preceding the
inequality claimed becomes

(a+ b)(2(a+ b) +1) = 4(aVb + bVa).
Now we put u = va, v = Vb, so that a = u? and b = v2. Then the inequality to be
proven is

Ww? +v>)2W? +v?») + 1) = 4uv(u + v).
We claim that for all w, v > 0is u? + v? > 2uv, and 2(u? + v?) + 1 > 2(u + v), as can
be easily proven. Indeed, u? + v? > 2uv © (u —v)? > 0 and

2+ v +1>22u+v)e2@+rvH)+1-2u+v) =
2(u-2) 2(v-2) 1250
2 2 2
Multiplying up the two preceding inequalities yields
(w2 +v>)2W +v?) + 1) = Quv) - 2(u +v) = 4uv(u +v),
as desired. Equality occurs whenu = v = 0, hencea=u?> =0,b=v*=0,sox =y = 1.
Solution 2 by proposer
The inequality can be written:
(Inx+Iny)(2(dnx+1Iny)+1) > 4(lnxm + lny\/m)
Denote: u = VInx;v =,/Iny
x,y=21=>uv=>0
W +v)QW?+v)+1) >4 (uzx/ﬁ + vz\/ﬁ)
2(u? +v?)?% + (u? + v?) = 4(uPv + v*w)
(u? + v?)(2(W? +v?) + 1) = 4uv(u + v) (to prove)

wW+vr>2uwwe u-v)2=>0(01)
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2+ v)+1>22u+v) e
2 2
2(u2+v2)+1—2(u+v)=2(u—%) +2(v—%) +%>0

2 +vH)+1=>22u+v) (2)

By (1), (2):
W +vH)QW? +v*) +1) = 4uv(u +v)

Equalityholdsforu =v=0=>x=y=1
JP.588Ifa,b,c > 0,abcd = 1 then:

ab+c+d 4+ bc+d+acd+a+bda+b+c <1

Proposed by Marin Chirciu— Romania

Solution 1 by Jose Luis Diaz — Barrero — Spain

Let us denote

— pb+ctdpctd+ad+a+b jat+b+
P =a c bC ac a d(l C,

then
InP=(Mb+c+d)lna+(c+d+a)lnb+(d+a+b)lnc+(a+b+c)Ind.
Notethatb + c+d = (a+ b + ¢ + d) — a (cyclic). Hence

lnP=Z((a+b+c+d)—x)lnx= (a+b+c+d)zlnx—2xlnx.

cyc cyc cyc

Since abcd = 1, we have X, Inx = In(abcd) = 0, so

InP = —lenx =—(alna+blnb+clnc+dind).

cyc

Thus the inequality P < 1 is equivalent to

InP<0s —lenxs O@Zx Inx > 0.
Consider the function f: (0, +o) — R defined by f(x) = xInx + 1 — x. Since f'(x) =
Inxand f"(x) = i > 0 then f is convex and attains its minimum value at x = 1. Thus,

f =0and xInx > x — 1 holds for all x > 0. Applying it to a, b, c, d, gives
alna+blnb+clnc+dlnd>(a-1)+b-1)+(c—-1)+(d-1) =
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=a+b+c+d-—A4.

By AM-GM, since abcd = 1, we have

a+b+c+d
4

Therefore:alna+ bInb+clnc+dInd >a+b+c+d—-4=>0.

>Yabcd=1=>a+b+c+d>4.

Hence ) xInx > 0,soln P < 0,and P < 1, as required. Equality holds when
a=b=c=d=1
Solution 2 by proposer

The inequality can be written equivalently: aP*¢tdpctd+acd+atbgatbic < 1

aa+b+c+dba+b+c+dca+b+c+dda+b+c+d < aabbccdd P (abcd)a+b+c+d < aabbccdd o

1\ /1\P 11\ /1\4
e 1< a%hcd? (E) (Z) (Z) (E) < 1, which follows from means inequality
Using means inequality we obtain:
a+b+c+d
a b c 1

1\ 1\ 1\ 10\ ¢ l-a+%-b+1-c+a-d
s = (0 (@) (0 < (- 0 :
a/ \b) \c/ \d/ — a+b+c+d

(1 + 1 + 1 + 1>a+b+c+d

" \a+b+c+d
a+b+c+d 1) /4 a+b+c+d

4
- < — = =
Govera) =G -r-mms
where (1) © a + b + ¢ + d = 4, true from means inequality and the condition from
hypothesis abcd = 1. Equality holds ifandonlyifa=b=c=d = 1.
JP.589Ifa, b,c >0and 1 < 1 < 2 then:

a(b + c)? <az+b2+c2
Aa+b+c™ A—-1

Proposed by Marin Chirciu — Romania
Solution 1 by Soumava Chakraborty-Kolkata-India
Leta = —xb=—yc=—z(xyz>0) and then: Y ~2 " _
eta=—-x,b=-yc=-z(x,y,z=>0) an en: atbtc

cyc
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x(y + z)? 1 z:()\x+y+z—(y+z))(y+z)2
Ax+y+z A M+y+z

cyc cyc

(y+2)°*
2
= Z(y”) Vidxryrz

cyc cyc

Holder 2 1 B(chc x)3
= (Zx * Z ) A3+ 2)(Teyex)

cyc cyc

(T T ) s (e 2]

cyc cyc cyc
2(30+2) 2(31r-2)
32 +2) (; x2> HET )R (; xy>

2(31+2) 2(31-2) ) 2(31—-2)

= 3A(A+2)'<Zyc:x2>+ 3A(A+2)'<;x2><' Al narn” 0)
2030+ 2) +2(31 - 2) 4 » 1

B 3A(A+2) -(Z’“)=;\+z-<czycx2>%_1-<;“2>

cyc

:rll(zxz)@(%_ﬁ).(zxz);o

cyc cyc

= ((Ai(;)zlzz 1)>.<;x2> ; 0->true~1<1<2and sz >0

cyc

and SO'Z x2+0

cyc
a(b + c)? <a2+b2+c2
Aa+b+c-  A-1
cyc
"n_n iffa:b:cand)nzz(QED)

( x =y =1z = 0isnot possible as that would make Aa + b + c and analogs = 0)

Vabc<0and1l<A1<2,

Solution 2 by proposer
The inequality being homogeneous we can take a + b + ¢ = 1. We obtain:
a(b + c)? al-a)?® 1 , 2A-1 A? A? 1

Jatbte 1+G-Da G-D% G- " a-13 G-1Pa+1

It follows:
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a(b + ¢)? 1 22—-1 A? A? 1
LHS = Z Z a’ — a+ — =
Ada+b+c 1-1) (A—1)2 1-1)3 A-1)3a+1

1 2A—-1 A2 A2 1
=(1—1)2“2_(,1—1)22‘”3(,1—1)3‘(,1—1)32a+1=

s 1 , 2A-1 A? A? 1+1+1)2
X :
4-1)

G- P3G TGS Sa+ D)

2 2
_ Za 3 22-1 143 A 3 A ' 9 _
1-1) (1—1)? 1-13 A-1)2 1+3

T a2 5’12‘12’1+4_L2 2 (A-2)(2-54) 1<i<2 1
@-13 a-1 (A-1)3 =

(l 5 Za RHS

Equality holds ifand onlyifa = b = c.

Note: For A = 2 we obtain the propose problem by Nguyen Viet Hung in Pure Inequalities
2/2022:

Ifa, b, c > 0 then:

a(b + c)2 T
2a+b+c %+t
Nguyen Viet Hung — Vietnam
JP.590If a, b, c > 0 then
(b + ¢)? 1 1 1
3 =z—+—-—+—-
2a®+bc(b+c) a b c

cyc
Proposed by Marin Chirciu— Romania

Solution 1 by Jose Luis Diaz — Barrero — Spain

Let us denote
B (b + ¢)?
" 2a3+ bc(b+c)

. (b+c)* 1 (b=c)?
i L A
Then, we claim that 2 4be(bre) ~ a0 2(b2+c)" Indeed, we call

Ao 1 (b + ¢)? (b—c)?* N
B <5_2a3 +bc(b+c)>_2(b2+c2) D

and we have to prove that A > 0. The common denominator is
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D =2(b?* + cz)a(2a3 + be(b + c)) >0

and the numerator
N = 2(b?% + ¢?) (2a3 + be(b + c)) —2a(b? + ) (b + ¢)?
—-a (Za3 + be(b + c)) (b—c)2=(b-c)*[(a’? +bc)>+a*(b+c)*] =0

_ (b—c)? [(a2+bc)2 +a? (b+c)2]
- 2(p? +cz)a(2a3+bc(b+c))

(b + ¢)? 1 (b-1c¢)?
£ 2a3 + be(b + ¢) = Z <E ~2(b? + c2)>'

cyc

Thus A

= 0, as claimed. Summing cyclically, we obtain

The RHS equals

1 1 1 (b —c)? (c — a)? (a — b)?
(E E+E>_ Z(bz+c2)+2(c2+a2)+2(a2+b2)l'

Each of the three subtracted terms is nonnegative, hence

(b + c)? 1 1 1
> <ot
2a3+bc(b+c) " a b c

cyc

Equality holds whena = b = c.
Solution 2 by proposer

Lemma:If a, b,c > 0 then:

2(b+c)? (b +¢)3 cs (b +¢)3 B
2a3+bc(b+c) 2a3(b+c)+bc(b+c)?~ 2a3(b+c)+2bc(b? +c2)
(b + 0)3 Holder b3 c3

= < :
2c(a® + b3) +2b(a®+c3) ~— c(ad®+ b3) + b(a3 + c3)

Proof.

LHS (b + ¢)? Lemma b3 c3
= < =
Z 2a3 +bc(b+c) Z c(a? + b?) + b(a? + c?)

_z b3 N c? _Z b3 +c3 —Zl—RHS
B ab?+c?) ab?+c?)| Liab3+c3) Lua

Equality holds if and only if a = b = c.

10 40-RMM SPRING EDITION 2026-SOLUTIONS
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JPS91Ifx,y,z>0,x+y+2z=1and A > 26 then:

A+1
x4+y4+z4+/1xyzg?

Proposed by Marin Chirciu — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

Yyt +zt + Ax 2“'1:» 4 121(1 )
rry vz YZ2="27 YT =t gy T

cyc

4 3
w Y (e) (A (T) o) () (- T
X 27 X S 27 X XYZ X D X =

cyc cyc () cyc cyc cyc

27

cyc

3 4
it suffices to prove : 26 (Z x) — 27xyz Z x> > 272 x* — <Z x>

3
1 AM-GM
and A > 26 and — Z x| —xyz = 0. inorder toprove (x),

cyc cyc cyc cyc

?
@22x3y+22xy3+32x2y2 > 7xyz<2x>

cyc cyc cyc (%) cyc

Indeed, via AM — GM, 2 Z x3y + 2 Z xy3 >4 Z x%y? > 4xyz (Z x>

cyc cyc cyc cyc
and SZnyZ > 3xyz Zx = (#%) = () is true
cyc cyc
4 4 4 A+1
Sxt+y*+z +)nyzs7‘v’x,y,z>0|x+y+z:1and1226,
1
"= iffx=y=z=§(QED)

Solution 2 by proposer
Using pqr — Method

Wedenotep =x+y+2,q=xy+yz+zx,r =XxyZ.
Wehavep = 1,p?> > 3q =
xt+yt +z* = p* —4p’q +2q* +4pr =1 —4q + 2q* + 4r.

11 40-RMM SPRING EDITION 2026-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Inequality x* + y* + z* + Axyz < '12+—71we write: (1 — 4q + 2q% + 4r) + Ar < '%1 &

2¢° —4q+ (A +4)r < %, which follows from: 1 > 3q and g > 3r.

We obtain:

21 A-26
2q2—4q+(l+4)r32q2—4q+(/1+4)q?S 27

2 S
where (1) © 2¢g? — 4q + (A+4)%S%=} 542 —108q+9(A1+4)g’ <1-26 &
& (914 90)q%> —108q+26 —1<0 o (31— 1[3(1+10)g + 1 —26] < 0,
which follows from 1 > 3q and 3(1+ 10)g + 4 — 26 > 0.

Equality holds ifand onlyif x =y =z = é

JP.592 Solve for real numbers:

( 2*+3Y+5%2 =10
{ 1 1 1 1 1 1
JaxZ +y2+ 722 — —2+—2+—2=‘x——‘+‘y——‘+ z——
x2 y2 z X y z

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

Sy -

A AR o RSN SLY DRI DW-I B
x— yy z—- x 22 x 2=

cyc cyc cyc

R ()
x 2 x——ly y

cyc cyc cyc

2 () (3 220 ¢ (554

Upon squaring,

cyc cyc cyc cyc
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1 1
=" for (*x),i. e.z (|x - ;| |y - —|) = 0 occurs iff :

cyc

1 1
B | B | RS
1 1 1 1
(|"‘;|=|Y‘;|=°)°r(Y‘§| Z"—") (Z"| |x‘;|=°)
1 1
o= =31 -3 -0

+1

1 1 e (X =11 y=+1 z=+1
=z<|x—;||y—;|>—olff{y=ﬂ}or{z=ﬂ}or{ ~ £ ory =]

cyc =+1

1 1
=9 > sz Z—Z :but via AM — HM, sz Z—Z >9
x x

cyc cyc cyc cyc
2 42,2 2 1
(v x%,y5,z*>0asx,y,z# 0) ~ we must have : X 2 =9,
cyc cyc
=p! . 2 1 . .
and it’'s the equality case of Z x 2 > 9 and which occurs iff :
cyc cyc
) ) ) . 1 | via(» 1 1
x“ =y* =z° and again,3 = sz | = Z<|x——||y——|>:0
x x y
cyc cyc cyc

L e, (Xx=21 y=+1 Z=+1
and as stated earlier, it occurs iff : {y _ il} or {z _ il} or {x _ i‘l}

x==1 x=+1
or {y = il} and combining with x? = y? = z%, we get : {y = i-l}

z=+1 z=+1
and among this final sets of values, the only set that satisfies :
x=1
2*+3Y+52=10is: {y = 1} (answer)
z=1
Solution 2 by proposer
x,y,z€ R\ {0}

1,1 1
Denote:R=x2+y2+z2;_s‘:x_2+y_2+z_2

VR=x2 +y? + 22 > \[x? = |x|

Analogous: VR > |y|; VR > |z|
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1 1 1 1 1 1 1
=2ty s Liss L
x2 y? z? xz x| |yl |z|

1
1 X+s xe
|x+x| | | | | |

VR+VS — VR+VS |x|+

|x| =1 (1)

1
VR+VS — VR+VS |y|+| |

e A ||+|z| 1 (3)

<
VR+VS — VR+VS |z|+z

1.1 IVR—+VS| |IR-S]
2 + 2 + 2 | _ | = 1/ 1/ — —
x y z 2 yZ 2 | | 1 | r—R_l_ r—Sl

x% +y? + 2% ——2—?—22 |(x _F)-I_( 2_}%)+(ZZ_Z_12)
VR+S } VR+S B
|x2 - 12|+ kv +|Zz—zlz| D@3 1 1 1
: RS < gl s+l
Equality holds for:
1 1 1
= ,y_; :;::»x,y,ze{—l,l}

2*4+374+52=10=>x=y=2z=1
JP.593 Solve for real numbers:
x? 2 4x
Wt aVxT2 Ztalxrz 5x+2

Proposed by Daniel Sitaru — Romania

Solution by proposer
(x—2)2>20>x>-4x+4>0=>x*+4>4x
x+2+x*+4>2x+2+4x>5x+2<x*+x+6

1 1
>
5x+2 x24+x+6

14 40-RMM SPRING EDITION 2026-SOLUTIONS
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x+2 x+2
5x+2 — x2+x+6 (1)

2
(Vx+2-2)" 20=>x+2-4/x+2+4>0
X+6>4Vx+2>x*+x+6=>x*+4Vx+2

1 1
>
x2+4/x+2 X2 +x+6
xz > xz (2)

x24+4V/x+2 T x2+x+6

2
(Vx+2-x) 20=>x+2-2xVx+2+x2>0
x24+x+22=>2xVx+2

X24+x4+6>4+2x/x+2
1 - 1
4+4+2xJx+2 x2+x+6
4 - 4
4+4+2xJx+2 x2+x+6

2 4
>
24xVx+2 — x2+4x46 (3)

By adding (1); (2); (3):
x+2 x2 2
+ + >
SX+2 x2+4Vx+2 2+xVx+2
x+2 x2 2 x>+x+6
> + + = =
x2+x+6 x2+x+6 x24+x+6 x2+x+6

x+2 x? 2
+ + >1
SX+2 x2+4Vx+2 2+ xVx+2
x? N 2 -1 x+2
xX24+4Vx+2 24+xx+2 5x +2

x2 2 4x

>
x24+4/x+2 +-2+x\/x+2 ~ 5x+2 (4)

Equality holds in (4) for:
Vx+2=x=2

Solution: x = 2.
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JP.594 Solve for real numbers :

1
: 12022 2024 ,. _
sin X .COS X = 22022

Proposed by Daniel Sitaru-Romania

Solution by Soumava Chakraborty-Kolkata-India
1011

1 1
sin?922 x cos202% x = >z022 = (sin? x)1011(cos? x) 1011 cos? x = (Z)

11 _1
= (sin? x)(cos? x). (cos? x)1011 = i 4(sin? x)(cos? x).(cos? x)1011 = 1
sin?2x<1

1 1 1
= 1 = (sin? 2x).(cos? x)T011 <  (cos? x)T011 ( (cos? x)1011 > 0) =

<
0= 1011

= In(cos? x) > 0; but ~ 0 < cos? x < 1,hence In(cos? x) < 0 and so

.In(cos? x) ( cos? x # 0 as cos? x = 0 makes )

sin?022 x cos2024 x = (

only possibility is : In(cos?x) = 0 = cos?x = 1= sin?x =0

1
2022 2024 2022 2024 ,. —
X.COS X = 22022

= sin X.COS x = 0,but sin

= cos? x cannot be = 1 and so

1102022 2024 ,. —
sin X.COS X = 22022

admits no real solution (answer)

JP.595 Find x,y,z > 1 such that:

3
Z log, x 1 zl

= — 08, X
e logSx +1logiy+log3z 27 82

cyc
Proposed by Daniel Sitaru — Romania

Solution by proposer

Denote: a =log, x;b =log,y;c =log, z

x,y,Zz>1=a,b,c>0

Z log, x _ Z a <
e logéx+logiy+logiz Zua®+b3+c3~

cyc

16 | 40-RMM SPRING EDITION 2026-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

AM;GMZ a _12 a _121_1 3 _1<
= 33aé- 3-8 34Lia’bc 3Ziabc 3 abc abc”
cyc cyc cyc
GM-HM 1 1 1 1 1,3
- (Lol
a b c

( )fﬁ
1 1
atptc

3
=57 (logx 2 +log, 2 +log, 2) =327 E log, 2

cyc

S = W

Equality holds for:

a® = b3 =c3
be=cP=a*>a=b=c=1>log,x=log,y=log,z=>x=y=2z=2
c® = a3 = b3

JP.596 In acute AABC,AA’,BB’,CC' - are altitudes, C’' € (AB),B’ € (AC),
{H} = BB' N CC' and E, F are middle points of [BH], [AC] respectively.
Prove that:
4EF* > (EC' + EB')* + (C'F + B'F)*

Proposed by Marian Ursarescu, Florica Anastase — Romania

Solutions by proposers

We have:
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1 1
CF-CE=3(CA+CC) 5 (CB+CH) =

1
=2 (CA-CB+CA-CH+CC-CB+C(CC-CH) =

=2(CA-CTB+0+0+CC-CH)=,(—CA-CB+CC-CH) = 0 because AAC'C ~

BC' C'H
AHC'B S5 ===
cc (A

<CA-CB=CC-C'H

Hence,ﬁ; .CE=0o CF 1L CE. So, we have:
EF? = (EC')* + (C'F)* and EF? = (EB')* + (B'F)?

2EF = \[(EC)? + (C'F)? +/(EB")? + (B'F)? > \/[(EC' + EB")? + (C'F + B'F)?,

therefore we obtain 4EF? > (EC' + EB')? + (C'F + B'F)?
JP.597 Let ABCD be an convex quadrilateral, A € R and M, N be such that
W:A-E,W:A-ﬁ,ﬁz 3 - BC. Find A € R such that MN = 7 - BC
Proposed by Marian Ursarescu, Florica Anastase — Romania
Solution by proposers
We have:
MN = MB + BC +CN = A- MN = A(MB + BC + CN) and
(1—A)MN=(1- A)(m +AD + W), hence
MN = (A+1-2A)MN = A(MB + BC+CN) + (1 — A)(MA + AD + DN) =
= ABC + (1 — A)AD + [AMB + (1 — )MA| + [ACN + (1 — 2)DN]|
Let be CE || AB, CE = AB.From 3BC = AD = AB + BC + CD, it follows
2BC = AB + CD = EC + CD = ED, then DE || BE, DE = 2BC, and hence, ABCD is an
parallelogram, so AE || BC, AE = BC.
Therefore, MN = ABC + 1- A)E and MN = 3 - Zl)ﬁ, thus
MN=7BC©3-2A=71=-2.
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JP.598 Let n > 4, and let a4, a,, ..., a,, be nonnegative real numbers such that

a, =a; =--=a,and a,a, + aaz + ---+ a,a,; = n. Prove that:
1 1 1 n

+ R
2a,+5 2a,+5 2a,+5 7

Proposed by Vasile Cirtoaje — Romania

Solution by proposer

Denoting
a2+"‘+an_1 a1+an
X = , =
n—2 2

by Lemma below we have
(n—3)x? + 28x + a4a, < n.
By the AM-HM inequality,
1 1 (n—2)? n-—2

+...+ 2 =
2a, +5 2a,_ 1+5 (a;+5)++2a,-1+5) 2x+5

So, it suffices to show that

1 1 n—-2 n
+ + >
2a,+5 2a,+5 2x+577

fora; > x > a, = 0and (n — 3)x? + 25x + a,a, < n. Since the left side of the required
inequality decreases if each of a4, a,, and x increases, it is enough to consider the case
(n—3)x? + 28x + a4a, = n.
Since 2§ = a; + a; = a; = x, we get
n=m-3)x*+28Sx+a,a, > (n-3)x*> +x* + a,a, > (n — 2)x?,

hence

0<x<x4,%x1= |——.
1, X1 n_2

From (x — a,)(x — a,) < 0, we get a,a,, < 25x — x?, hence

n=m-3)x*+28x+a,a, < (n—3)x*+25x + (25x — x?) < (n — 4)x?* + 4S5x,
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On the other hand, since
1 1 B 45 + 10 B 4S + 10
2a,+5 + 2a,+5 4a,a,+20S+25 4n+25—4(n—-3)x2+4(5—2x)S

the required inequality becomes

25 +5 +n—7—nx>0
n+25-4n-3)x2+4(5-2x)§ 7(2x+5)

which can be written as
2A(x)S+B(x) =0

where

7n — 21)2 N —9n2 + 154n — 441
4n 4n ’
B(x) =4n(n—-3)x3—-4(n—-3)(n—7)x* — (4n® + 25n — 70)x + n(4n — 3).
We claim that A(x) > 0.Forn € {4,5, ..., 13}, we have

Ax) =4nx? —14n-3)x+5(2n—-7) = 4n (x —

—9n? +154n—441 -9n? +151n—442 (13—n)(9n—-34)
4n 4n 4n

Forn > 13, since

el 2 1 _n-1 7Tm-21
=X = n-—2 n-2 n-2 4n ’

A(x) is decreasing, hence

4n? 14n%2 — 55n+ 70

A(x) =

Alx) = A(xqy) = 2 14(n—-3)x; +52n—-7) = — —14(n— 3)x,
_ 14 ; ?:);n -0, (n—3)x, = 14(n - 3)(nn—_12_ VnZ — 2n) -

Since A(x) > 0, it suffices to show that 24(x)S; + B(x) > 0. This inequality is equivalent
to
4n-2)x*+6(n—-3)x3 - (14n-25)x>—-6(n—6)x+5(2n—7) > 0,
(x—1)?[4(n—-2)x>+2(Tn—17x) +52n—-7)] =0
Clearly, the last inequality is true for n > 4. So, the proof is completed. The equality
occursfora; = a, =---=a, = 1.

Lemma. If n > 4 and a4, a,, ..., a,, are nonnegative real numbers such that
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a, =>a,=--.=a,and a,a, +aaz + -+ a,a; = n, then:
(n—3)x*+ (a; + a,)x + aqa, <n,

where x =
n-2

Proof. Write the desired inequality in the homogeneous form:
(n—3)x*+ (a; + a,))x + a1a, < a;a; + aaz + -+ a,a,,
which is equivalent to
m-3)x2+a;(x—ay) +a,(x—a,_1) <aaz + -+ ay,_,a,_4.
Sincex —a; < 0and x — a,,_; = 0, it suffices to show that
(m—=3)x*+a,(x—az) + ay_1(x —a,1) < azaz + -+ a,_,a,_4,
which can be rewritten as
aaz; + -+ ap_pa,_1 = (n—3)x% + (a; + ap,_1)x —a% —a’_,.
Since the sequences a,, as, ..., a,,_» and as, a,, ..., a,_41 are decreasing, by Chebyshev’s
inequality we have
(n—3)(aza; +-+a,,a, 1) = (a; + -+ a,_;)(as +-+a,4) =
= ((n-2)x — a,_1)((n — 2)x — a;). Thus, it suffices to show that

(n-2)x—a,_1)(n—2)x—ay) > (
n-3

n—3)x*+ (a; + a,_)x — a3 —a’_,,
which is equivalent to
(2n-5)x* - (2n-5)(a; + a,_)x + (n—3)(a? + a%_,) + aya,_, = 0,
2n-5QR2x—-a, —a, 1)*+ 2n-"7)(a, —a,_,)* = 0.
Clearly, the latter inequality is true.

JP.599 Prove that 3 is the largest positive value of the power k such that the

: L1 1 1
inequality: —+—+ - +—2> ak+ak+. +ak
1 2

n

holds for n > 2 and any positive real numbers a4, a,, ..., a,, with at most one

a;<1land a%+ a3+ +ad? =n.

Proposed by Vasile Cirtoaje — Romania
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Solution by proposer

1 1
Fora; =(1+t)2,a, =--=a,_4 =1anda, = (1 —t)2, wheret € [0,1), the

constraints are satisfied, and the inequality is equivalent to E(t) > 0, where

1 1 k k
E)=A+t)2z2+A-0)2+1A+0)2—-(1-1t)2.
We have

2E'(0) = ~(1+ 07+ (1 =07 — k(1 + D21 + k(1 — D71,

AE"(8) = 3(14+ 2 +3(1— )2 — k(k—2)(1 + 77 — k(k — 2)(1 — )22
Since E(0) = E'(0) = 0, the condition E"'(0) > 0 is necessary to have E(t) > 0 for
te[0,1).

From

4E"(0) =23 -k)(1+k) >0,
we get k < 3. To show that 3 is the largest positive value of k, we need to prove that F >
0 for n > 2 and all positive a; satisfyinga; <1<a, <--<a,anda’+a%+--+a%=
n,

where

1 1
F=—+—+ +——-di-a} - —ad.
a a; an

We use the induction method. For n = 2, we have

(a, + ay)(aa, —1)?
—a§+a1a2—a§>= 112 > 0.
a,a;

F= (
(a; + az) ayt,

Forn > 3, assume that a; and as, ..., a,_ are fixed, and a,, and E are functions of a,.

We have a,,a,, + a, = 0 and

1 1 1 a, 1
F'(a;) =|—-——3a%)a,—— —3a3 == +3d%)|——-— — 3a3
2 2 n n 2 2 2 n 2 2
az a; az a, a;
3 3 3.3 2 2
B a;—a, (a,-— az)(Sazan —a; — a,a, — an)
asa3 asa3

> (an - az)(3a121 - a% —aa, — aﬁ) _ (an - az)z(zan + az) >

2.3 2.3
asa; asa;
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From F'(a,) = 0, it follows that F(a,) is increasing and has the minimum value when a,

is minimum, hence when a, = 1. So, it suffices to consider this case, when the inequality
holds from the induction hypothesis. The proof is finished. If k = 3, then the equality
occursfora; = a, =---=a, = 1.

JP.600 Calculate the limit of sequence (a,,),>1 defined by the following

relationship:
1

2 .
a, = —f ln(l + e"‘a“smx) dx
njy

Proposed by Vasile Mircea Popa — Romania

Solution 1 by Angel Plaza — Spain
For any u > 0, the inequality u < In(1 + e*) < (2e%*) = u + In 2 holds. By doing
u = n - arcsin x, it is obtained

. In(1 + e™arcsinx) . In 2
arcsinx < n <n-arcsinx + e

By integrating the inequality over the interval [0, %], we get:

1 1
2 . 2 . In2
arcsinxdx < a, < | arcsinxdx +—.
0 0 2n

As n - oo, the term l:—nz approaches 0. Then, by the Squeeze theorem, the limit is

V3

1
1 1
2 7 T
. . . 2
llmaan arcsmxdx=xarcs1nx+\/1—x2] =—=+—=—-1.
0
0

n—oo 12 2
Solution 2 by proposer

We use the double inequality, which is easy to demonstrate:

en-arcsmx < 1 + en-arcsmx < 2 . en-arcsmx,

forx > 0andn € N*.
Through logarithm, we obtain:

n-arcsinx < In(1 + e*"X) < In 2 + n - arcsin x.
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. . 1
We integrate over the interval [1, E]'

We use the following relationship which we obtain integrating by parts:

farcsinxdx =xarcsinx ++v1—x2+C

We have:
1
T 3 2 . In2 T V3
. P - n-arcsinx - . R -
n (12+ > 1><f0 In(1+e )dx < o tn <12+ > 1)
We divide by n:
1
m V3 1 (2 _ 1In2 m 3
- __1 — 1 1 n-arcsinx — e R __1
12732 <n,[0 n(l+e )dx<n > t1213

In this double inequality let’s go to the limit for n — oo,
According to the squeeze theorem we obtain the limit required in the statement of the

problem, which has the value:

So, this problem is solved.

PROBLEMS FOR SENIORS

SP.586 Solve for real numbers:

(\/m—ﬁ)( x2+xy+1)=xy

x+y+z=3
k(,/y+z—\/§)( y2+yz+1)=xy

Proposed by Daniel Sitaru — Romania
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Solution by Soumava Chakraborty-Kolkata-India

j{( x+y—\/§)(m+1)=xy—>@

x+y+z=3-2

|
k(,/y+z—\/§)( y2+yz+1)=xy—>@
Since x,y,z€ R,(1),2)and 3) =2 x,y >0
via 2) x=0
Ifx=0,then: 1) >y=0 = z=23,but{y=0; doesn'tsatisfy 3 .. x # 0
z=3
X+y—x () “x#z0Ax,y=20=>
S| ———=||Jx2+ay+1)=x
= (mez)( 7402 (e
via (3) via 2)
(x) = one possibilityisy=0 > z=0 = x=3and
x=3 via squaring
y = 0 indeed satisfies (1),(2) and (3) and now, ify # 0,(x) =
z=0
xZ+xy+1+2.\/x2+xy=x2(2x+y+2.\/x2+xy)=>
XA-20+ A -2 +x+x)+xy(1—x)+2.Jx2+xy.(1-x)1+x)=0
=>(1—x)<1+x+2x2+xy+2.\/x2+xy.(1+x))=0=>x=1

('-'x,y;tO/\x,y20:>1+x+2x2+xy+2.\/x2+xy.(1+x)>0)
via 2 via ®)

> y+z=2 = (ﬁ—ﬁ)(\/2—y+1)=y

= (2+y-2./2y)(2y + 1 + 2.,/2y) = y?

=2y’ +5y+2-y?-8y+2../2y.(2+y—2y—-1)=0

(x%)
S@y-Dy-2)-2.2y.y-1D=0=>F-1(y—-2-2../2y) = 0
via 2 x=1
= one possibilityisy=1 = z=1and {y = 1; indeed satisfies (1),(2) and (3)
z=1
Now,ify #1,(xx) >y =2+2../2y>2 (v y#0Ay > 0= 2../2y > 0)
via ®)

+ and
yt+z=

2 vx=1
5> 72<0 o y < (,/y+0—\/§)(\/y2+yz+1)=0:>y<0;
buty #0Ay = 0 =y > 0 in this case consideration .. (xx) =
only one possibility : y =1 . following consideration of all possible cases,

x=3 x=1
{y = 0} and {y = 1} are the only 2 sets of real values satisfying (1), (2) and (3) (answer)
z=0 z=1
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SP.587 Let a, b, c be sides in AABC. If tan B = 2; tan C = 3 then:

2F
a’ + b% + ¢? >?(3\/§+3\/§+2\/10—11)

Proposed by Daniel Sitaru — Romania
Solution by proposer
It is known that: tan4 + tanB +tanC = tanAtan Btan C

tand+2+3=tand-2:3
5+tand=6tanA=>tan4d=1=> A4 = 45°

B 2tang
1—tan27
2tan7 B B B B
2=—B=>2tan5=2—2tan25, tan25+tan5—1=0
1—tan27
tanZ = 218 (1)
2 2
C Ztan%
tanC=tan(2-E>=—C
1—tan27
C
2tan§ C C C C
3=—C:>3—3tan25=2tanz, 3tan25+2tanz—3=0
1—tan2§
g E_"2+VE¥36_—2+2VI0 _Vi0-1
My="23 " 23 7 3
tan & = Y101 (2)
2 3
A Ztan%
tanA=tan(2-—>=—
1—tanZé
2
2tané A A
1=—:>1—tan25=2tan5
1—tan27
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A A
tan’—+2tan——-1=0

2 2
A -2+V8 —-2+2V2
tanE— > = 2 =v2-1
tan§=\/_—1 (3)

a?  a® 4R? sin” A 3
4F  2bcsinA 2 -2RsinB-2RsinC-sinAd
sinA sinA A3
cos(B—C)+cosA 1+ cosA any V2

aZ

F>VZ-1 ()
b> b 4R? sin® B 3
4F 2acsinB 2-2RsinA-2RsinC-sinB
_ sin B _ sin B _
2sinAsinC 2 -%[cos(A —C)—cos(4+ 0)]

_ sin B _ sin B S
"~ cos(A—C)—cos(m—B) cos(A—C) +cosB
__sinB__ Bwm+V5-1
1t+cosB "2 7 7 2

b? 5-1
o> 2 O
cz c? B (2R sin C)? B
AF 2absinC 2-2RsinA-2RsinB -sinC
B 4R%sin? C B sin C B
" 2-4R?sinAsinBsinC  2sinAsinB
_ sinC _ sinC _
2 -%[cos(A — B) — cos(4 + B)] cos(4 — B) — cos(m — C)
sinC sinC Cc2v10-1
= > =tan—- = —
cos(A—B)+cosC~ 1+ cosC 2 3
2 _
c_>\/ﬁ1 (6)
4F 3

27
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By adding (4); (5); (6):

a? b% 2 V5—-1 J10-1
ﬁ+ﬁ+ﬁ>ﬁ_1+ >+t

a’ + b? + c¢? 410 4
f>4\/2—4+2\/§—2+T—§

F
a2+b2+c2>§(6\/E—12+6\/§—6+4\/10—4)
F
a? + b* + c? >§(6\/f+6\/§+4\/10—22)

2F
a? + b* + c? >?(3\/Z+ 3V5 +2v10 — 11)

SP.588 For given n > 3, prove that 2 is the least positive value of k such that:

1 N 1 ey 1 - n
ka;+1 ka,+1 ka,+1 k+1

for any positive real numbers a; with at mosttwo a; > 1 and aqa, ...a,, = 1.
Proposed by Vasile Cirtoaje — Romania
Solution by proposer
Fora, =a, =x>1a3=--=a, 1=1anda, = xiz, the constraints are satisfied and

the inequality becomes:
2 x? 3
+ > .
kx+1 x2+k k+1

3
k+1’

For x — o, we get the necessary condition 1 > thatis k > 2. To show that 2 is the

least positive value of k, we will prove that E > 0 for n > 3, where

£ 1 N 1 . 1 n
C2a;+1 2a,+1 2a,+1 3

We will use the induction method. For n = 2, we have a;a, = 1and a; + a, >
2\/ a|a,; = 2
therefore

" 2a;,+1 2a,+1 3 2(a;+ay)+5 3 3QRa;+2a;+5) "
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Assumenown =>3anda; = a, = - = a,.

Casel:a; = a, =>1= a3 = -+ = a,. For fixed a; with the exception of a, and a3, we

. . . o a
may assume that a, is decreasing functions of a;. Since a;, = — a—z, we have
3

—2a; 2 B 2a, 2 _
(2a, +1)2 (2az; +1)2  a3;(2a, +1)2 (2a; +1)2
_ 2(a; —a3)(1 —4aa;3)
as (Zaz + 1)2(2(13 + 1)2

E'(a3) =

If 4a,a; = 1, then E'(a3) < 0, E(a3) is decreasing and has the minimum value when a;

is maximum (a, is minimum), hence when a3 = 1 or a, = 1. In both cases, the required

inequality is true by the induction hypothesis. If 4a,a; < 1, then a; < i < iand
2

1 1 2@ptagtl) | 20aptagtl)
2a, +1 2a3;+1 4a,a;+2(ay+az)+1”° 1+2(a,+az)+1
therefore
E>1+ . 1 n>1+ n-3 n> +2(n—3) n n-3
2a, +1 2a,+1 37~ 2a;+1 3 3 3 3

> 0.
Case2:a, >1=>a, = a; = -+ = a,. For fixed a; with the exception of a, and a,, we
may assume that a, and E are functions of a,. Since a] = — %, we have
2

2(a; — az)(1 - 4a,a,)
a2(2a1 + 1)2(2(12 + 1)2

E'(a;) =
If 4a,a, = 1, then E'(a,) < 0, E(a,) is decreasing and has the minimum value when a,
is maximum, hence when a, = 1. So, it suffices to consider the case a, = 1, when the

required inequality is true by the induction hypothesis. If 4a;a, < 1, then a, < ﬁ < i,
1

therefore
E > 1 + 1 +...+L_E>n—_1_2>
2a, +1 2a3;+1 2a,+1 3 2a,+1 3
LA n -z,
3 3 3
So, the proof is completed. For k = 2, the equality occurs whena; = a, =---=a, = 1.
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SP.590 Solve the following system in integers (x,y,z) € N* X N* X Z

x3—y*2+2z=0
x2 +y?+2z2 =179
Proposed by Said Attaoui — Oran — Algeria

Solution by proposer

From the first equation, we isolate z:

2 3

-X
2

Substituting into the second equation, we have

xX—y?+2z=0=32z=y>—-x3>z=

2—x32 2 _ 43)2
4 ) =179:>x2+y2+u=179=>

2

x%+y*+ < 2
= 4x% + 4y% + (y? —x3)2 =716
Instead of solving this algebraically, we test small natural values for x. Try
x =5 = x3 = 125. Then we require y?> = 2z + 125 to be a perfect square. Trying
z = —13 = y% = 99, which is not a square. Try instead x = 3 = x3 = 27.Take z = 11,
then, we have
y:=2z+x3=2-11+27=49=>y=7
Check the second equation
x*+y*+2°=9+49+121 =179
So we find one solution: (x,y,z) = (3,7,11).
Now notice that choosing z = —13 gives
x3-y24+2z=0=>x3=9y2-2z2=9y%+26
We want y? + 26 tobeacube. Tryy =1 = x3 =27 > x = 3.So
x=3,y=1z=-13
Check both equations, we have
x3—y*+2z2=27-1-26=0, x*+y*+22=9+1+169 =179
This gives a second valid solution. Finally,

(x,y,2) = (3,1,-13) and (3,7,11)
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SP.591If a,b,c > 0,a® + b® + ¢® < 768 then:

1 1

P

4+a5 2
Proposed by Marin Chirciu — Romania

Solution 1 by proposer

. . . . _ 1 .
Using Jensen’s inequality for the convex function f: (0,©) - R, f(x) = = we obtain:
LHS E ! Jegen 3 ! ~ 3 3 3_1 RHS
= > . > = === ,
4 + a5 as + b5 +¢° 96 V36 6 2
4+ 3 4+ 3

where (1) © a® + b® + ¢® < 96, which follows from:
CBS (2)
a® + b5 + ¢® =Za-a4 < /ZaZZa** < V12 -256 = 96,
where (2) © a? + b? + ¢? < 12, which follows from:

4 Holder
(Z az) < 27 a® =27-768 =20736 =12*=> Z a’? <12
Equality holds ifand onlyifa = b = ¢ = 2.
Solution 2 by Soumava Chakraborty-Kolkata-India

Q| =
[

Leye a® Loy @®\5
Power — Mean Inequality = (% > % and - 768 > Z ad

[

1
768\8 (Y. ...a%\5 1
(—) > (297 ) o Z a®> <96 » (1) and now,z
3 3 4+ a’

cyc cyc

AM—GM 3 AM-GM 3 3 via (D 3 1
>

> = > = —
N 5 T V4+32 2
6 Hcy(;(4' + as) \/M \/4 + %. chc a5 +

1 1
E >_-Vab,c>0|ad+bd+cd <768,
4+a5 2

cyc

"="iffa=b=c=2(QED)
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SP.592 If a,b,c > 0 and n € N,n > 2 then:

z aVa® + c* = V2(ab + bc + ca)
cyc
Proposed by Marin Chirciu — Romania
Solution 1 by Jose Luis Diaz — Barrero — Spain

We first use a standard inequality: for all x, y > 0 and integersn > 1,

x"+y"> (x+y)"
2 - 2 '

This follows from the convexity of the function f(t) = t", as it is well-known. Multiplying

both sides by 2 gives x™ + y* > 217"(x + y)™ and taking the n — th root, we obtain

1
nfxt+ oy > 20 (x + ).
Applying this inequality to the pairs (a, ¢), (b, a), and (c, b), we get
1 1 1
Va®+ ¢ > 2nY(a + ©), Vbt +at > 27 (b + ), Nen + b > 20 (¢ + b).
Multiplying each inequality by a, b and c respectively and summing cyclically, we obtain

1
Z aVa® + ¢ > 27! Z a(a + o).

cyc cyc
Now we compute Y., a(a + ¢) = (a* + b? + ¢?) + (ab + bc + ca). Hence
1
Z aVa" + ¢ > 2n ' (a? + b% + ¢ + ab + bc + ca).
cyc

We want to prove Y., a Va" + c" > N2(ab + bc + ca), so it suffices to show

1 1
2n1(a? + b2 + ¢% + ab + bc + ca) > 2n(ab + bc + ca).

1
Actually, dividing both sides by 221 > 0, this is equivalent to
a? +b%* + c? +ab+ bc+ ca > 2(ab + bc + ca) © a®? + b? + ¢? > ab + bc + ca,
which trivially holds. Equality occurs when a = b = ¢, and the proof is complete.

Solution 2 by proposer

Lemma.
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Ifa,b,c > 0andn € N,n > 2 then:

>a(b+c).

a“/b" + ¢ > 5 V2.

Proof.

Holder n
bpt+ct > (I;fi = ai/b" + c" > @- V2, with equality for b = c.

Let’s get back to the main problem. Using the Lemma we obtain:

n Lemma a(b + c)
LHS = avb*+c* > T

N2 =%2(ab + bc + ca) = RHS.
Equality holds ifand onlyifa = b = c.
Note: For n = 2 we obtain the proposed problem in RMM 4/2024

Ifa,b,c > 0 then:

Z a\/ b? + c2 > +/2(ab + bc + ca)

Daniel Sitaru
SP.593 Solve for real numbers
(sinx + cos y)? = (sinx + 1)(cosy — 1)

Proposed by Daniel Sitaru — Romania
Solution 1 by Jose Luis Diaz — Barrero — Spain
Leta = sinx,b = cosy.
Then the equation becomes

(a+b)?>=(a+1)(b-1).
Expanding both sides yields a? + 2ab + b?> = ab — a + b — 1, and rearranging terms
gives
a’+ab+b*+a-b+1=0<a’+(b+1a+ B*-b+1)=0.

This quadratic in a has discriminant A = (b+1)2 —4(b? - b+ 1) = -3(b—-1)2 <0,
and the equation has real solutions only when A = 0, which occurs precisely when b = 1.
For b = 1, we obtain

a’?+2a+1=(a+1)?=0=>a=-1,
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and therefore, sin x = —1, cos y = 1. From which we obtain the full set of solutions:

T
x=—E+2k1t, y = 2mn, kmeZ.

Solution 2 by proposer

(sinx + cosy)? = (sinx + 1)(cosy — 1)
sin?x + 2sinxcosy + cos?y =sinxcosy —sinx +cosy—1=0
sin?x + sinxcosy + sinx + cos?y —cosy+1=0
Denote: sinx = a;a € R
a’ +a(cosy+1) +cos’y—cosy+1=0
A= (cosy+1)?—4(cos’y—cosy+1) =
=cos’y+2cosy+1—4cos’y+4cosy—4=
=—-3cos’y+6cosy—3 =
= —3(cos’?y—2cosy+1) = —3(cosy — 1)
aER=>A>0=-3(cosy—1)?>0=
>cosy—1=0=cosy=1
y € {2km|k € 7}

_—(cosy+1)_—(1+1)_—2_ 1
a= 2 ~T 2 T2 °

sinx =-1

x € {(-D* (—g) tknlkez}, xe{(-Dk -g+ k| ke € )

SP.594 Find x,y > 0 such that

y

2 — . -

In“(xy) = In(xe) - In (e)
Proposed by Daniel Sitaru — Romania

Solution 1 by Jose Luis Diaz — Barrero — Spain

Leta=Inx,b =Iny. Then:

In(xy) =a+ b,In(xe) =a+1,In (%) =b—1.
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Substituting into the equation gives (a + b)? = (a + 1)(b — 1). Expanding both sides and

arranging terms, we obtain the quadratic equation in a:
a’+(b+1a+B*-b+1)=0.
Its discriminantis A = (b + 1)2 —4(b? — b+ 1) = —3(b — 1)2. Since A > 0 is required

for real a, we must have b = 1. Then A = 0, and

a=_2*t1__
2
Thuslnx = —1 = x = e landIny = 1 = y = e. Therefore, the unique solution with
x,y>0is
(x,y) = (e ! e).
Solution 2 by proposer

In?(xy) = In(xe) - (ln g)

(Inx+Iny)> =(Inx+Ine)(Iny —Ine)
(Inx+Iny)? =(nx+1)(Iny —1)
In?x+In?y+2InxlIny=InxIny—Inx+Iny—1
In?x+Inxlny+Inx+1In’y—Iny+1=0

Denote:a=Inx;a e R
Infx+Inx(1+Iny)+(n’y—-Iny+1)=0

a’+a(1+Iny)+(n’y—-Ilny+1)=0

aER>A>0=>1+Iny)? —4(In’y—-Ilny+1)=>0
1+2Iny+1Infy—4In?y+4Ilny—4>0

—3In’y+6lny—3>0=-3(In’y—-2Iny+1)>0

= -3(In’y-1)2>0=>Iny—1=0
Iny=1=>y=e

_—(1+lny)_—1(1+1)_ 2 1
a= 2 =T 2 27

1
Inx=—-1=>Inx=Iln—=>x=—
e e
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SP.595 Solve for real numbers:

tan2x + tan3x + tan5x = tan2x - tan 3x - tan 5x
Proposed by Daniel Sitaru — Romania

Solution by Jose Luis Diaz — Barrero — Spain

Using the well-known identity tan A + tan B + tan C = tan 4 tan B tan C, we substitute

it into the formula

tan(A+ B + C) = tanA + tanB + tan C —tan Atan B tan C
an ~1—-tanAtanB —tanBtanC —tanCtan 4’

When tan 4 + tan B + tan C = tan 4 tan B tan C the numerator is zero, so
tan(4 + B + C) = 0, which implies

A+ B+ C = kn, keZ
In our problem, weset A = 2x,B = 3x,C = 5x,and we have A + B + C = 10x.

By the preceding identity, we have

km
10x=kn,kEZ®x=E,kEZ.

Next, we must exclude those values of x for which any of tan 2x, tan 3x, or tan 5x is

undefined. Recall that tan t is undefined when

(4
t=2+n1t,nEZ.

- Condition for tan 2x to be undefined. Substituting x = ’;—Z in2x = g + n gives

k = 5(2n+1)

. This is never an integer, so there is no integer k for which tan 2x is
undefined. Thus tan 2x imposes no restriction on k.

- Condition for tan 3x to be undefined. Substituting x = ’;—Z in3x = g + nm gives k =

5+10n

. Thus, tan 3x is undefined exactly when k = 5 (mod 10). So, these values of k must
be excluded.

- Condition for tan 5x to be undefined. Substituting x = l;—’; in5x = g + nm gives
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k = 2n + 1. So tan 5x is undefined exactly when k is odd. Therefore, all odd integers k

must be excluded.
Notice that every integer of the form 5 + 10t is odd, so the restriction from tan 3x is
already contained in the restriction k odd. Hence the only condition we need is that k be
even. Thus, we take only even integers k. Let k = 2m, m € Z. Then

km 2mmr mn
10”10 "5

For such x, all of tan 2x, tan 3x, and tan 5x are defined, and the original equation holds.

m € Z.

Therefore, the complete solution set is

SP.596 Solve for real numbers:

- 2 1 - 2
sin x=E+sm (y—2z)

1
{sin?y = 3+ sin?(z — x)

- 2 1 - 2
| sin z=g+sm x—y)
Proposed by Daniel Sitaru — Romania

Solution by proposer

The system can be written:

(1 — 2 1 1- 2(y —
ST Cosex ~+ cos2(y —2) (—cos2x=1—cos2(y—2z)
2 2 2 | 5
<1—cosZy 1 1-cos2(z—x) 4—cosZy:——cosz(z—x)
- Ty , 3
2 3 2 | 1
1—cosZz_1+1—cos2(x—y) k—cosZz:g—cosz(x—y)
) 6 2
( 2(y—2z) + 2x 2x—2(y—z
(cos2(y—z) —cos2x=1 2 sin 4 2) sin Z(y ):1
2
cos2(z—x) —cos2y == . 2(z—x)+2y  2y—-2(z—x) 2
3, 2 sin > sin > =3
I 1
kcosZ(x—y)—cosZz:— L 2(z—x)+2z . 2z-2(x—y) 1
3 stm > sin > =3
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(sin(x+y—z)sin(x—y+z)=_

{sin(-x +y+z)sin(x+y—2z) =

Ol mw|mNIE

sin(x —y + z)sin(-x+y+2) =

By multiplying:

(sin(x +y —z)sin(x —y + z) sin(—x + y + 2))% = 36

1
sin(x+y—2z)sin(x—y+z)sin(—x+y+2z) = ig

(1
— 1 — — _ 1
Fsin(-x+y+2) =+ |rsin(—x+y+z)=i§
1 1
2 =+ 1
<3Sln(x y+Z) 6 | Sin(x_y-{_z):ii
1 1 _
L6sm(x+y z)=1+ te ksm(x+y—z)=i1
( 1
|—x+y+z=(— 1)"‘arcsm( 3>+m1t (D

1
| x_)’+Z=(—1)"arcsin(ii>+nn' (2) ,mn,p €7
k x+y—z=(—1Parcsin(x1)+m (3)

By adding (1); (2):

—

2z = (—1)™arcsin (i

W =

) + (—1)™arcsin (i —) (m+n)m

N

1
zZ= 2 ((—1)"1 arcsin (i

W =

) + (—=1)™arcsin (i

N =

) +(m+ n)n)
By adding (1); (3):

2y = (—1)™arcsin (

OJlH

) + (—1)Parcsin(+1) + (m+ p)n

y = ; (( 1)™ arcsin (

By adding (2); (3):

wlr—t

) + (—1)? arcsin(+1) + (m + p)n)

2x = (—1)" arcsm( ;) + (—1)Parcsin(+1) + (n+ p)w

X = ; (( 1)™ arcsin ( ;) + (=1DParcsin(+1) + (n + p)n)
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SP.597 Let a, b, c, d be positive real numbers with > a > )’ i Prove that:

z a+b+c—d 4 rab + ac + ad + bc + bd + cd
( abc + abd + acd + bcd )

<
a*+ b* + c¢* + abed ~ 3
Proposed by Huseyin Yigit Emekci — Izmir — Turkey
Solution by proposer
Note that by majorization (4,0, 0) > (2,1, 1). Hence, by Muirhead’s inequality

a*+ b* +c* > abc(a+ b+ c)

Using this we obtain

Z a+b+c—-d a+b+c—d
<
a* + b* + c* + abcd ~ abc(a+ b + ¢) + abcd

=—abc‘112a[2d(a+b+c—d)]

_2(ab+ac+ad+bc+bd+cd)—Za2
B abcdy a

On the other hand, note that from Power Mean and Maclaurin’s inequalities

P-M
Zaz g < a)? al«ld&>\/ab+ac+ad+bc+bd+cd

- 4 4 6

Implies that Y, a? > 2(ab + ac + ad + bc + bd) / 3. Then

Z a+b+c—-d <2(ab+ac+ad+bc+bd+cd)—Zaz<
a* + b* + c* + abcd ~ abcd ) a -

<4(ab+ac+ad+bc+bd+cd)
- 3abcd ). a

Finally, we need to show

4(ab + ac + ad + bc + bd + cd) 4(ab+ac+ad+bc+bd+cd)

> _
3abcd ) a -3 abc + abd + acd + bcd
which is equivalent to Y, a > ), i, which was our problem condition. Equality holds for

a=b=c=d=1.
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SP.598 Let x,y,z be positive real numbers. Prove that :

x> +9xy? y3+9yz? z3 + 9zx? - 12xyz(x +y + z)
z3 +x?y  x3+4+y?z  y3+zix x3y +y3z + z3x
Proposed by Huseyin Yigit Emekci-Turkiye
Solution 1 by Soumava Chakraborty-Kolkata-India

x% +9xy? y>+9yz® 73 +9zx*

z3+x2y  x3+y?z  y3+z2x

y z4 9x2y? 9y?2z2 9z2x?2

3 3y T 23 3, T o3 3, T 3 3 3 3, T o3 3

z°x+x°y x°y+y°’z y°z+z2°x zZ°x+x°y x°y+y°’z y°’z+1Z°x

Bergs>trom (chc xZ)Z 9(chc XY)Z

B 2chc x3y 22cycx3y

_ (chc xz)z + 9(chc xY)Z

4 4

X

2 3Zeye ¥y + 12xy2(Seye x)

2 chc x3y B chc x3y
@Zx4+1lzx2y2—6xyz Zx —6Zx3y§0
cyc cyc cyc cyc ()

Now,if P(1,1,1) =0and1+ A+ B+ C+ D = 0,then :

P(x,y,z) =z:x4+AZ:x2y2 + Bxyz Zx +C2x3y+szy3 >0

cyc cyc cyc cyc cyc
holds iff : 3(1 + A) > C2 + CD + D? - (1) and in our case,
with reference to the LHS of (x),say F(x,y,z),we have : F(1,1,1) = 0 and
A=11,B=—-6,C=—-6andD = 0;and so,3(1 + A) — (C% + CD + D?)
=3(1+11) — (—6)% = 0 - via (1), we see that (x) is true

x> +9xy?  y*+9yz? 7% +9zx? 12xyz(x +y +z)
“z3+ax%y  x34y2z 0 yd3+zix T x3y +y3z + z3x

"="iff x =y =z (QED)

Vxyz>0,
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Solution 2 by proposer

Note that left hand side of the inequality is

P Gy . A N S Y. 4
- Liz3 + x%y 3 +x2y  Liz3x+ x3y z3x + x3y

cyc cyc cyc cyc

Using Cauchy — Schwarz, we obtain

LHS = Z x* 92 x%y? - (x%2 +y2 +2%)2 + 9(xy + yz + zx)*
 Luz3x + x3y zx +x3y ~ 2(x3y + y3z + z3x)

cyc cyc

_xt oyt 4zt +11(x%y? + y?2? + 2%x%) + 18xyz(x + y + 2)
B 2(x3y + y3z + z3x)

On the other hand, the right hand side of the inequality is

3(x3y +y3z+23x) + 12xyz(x +y + 2)

RHS =
x3y+ydz+z3x

Hence we need to show that

xt + y* + 2% + 11(x%y* + y?2® + z°x%) + 18xyz(x + y + 2) -
2(x3y + y3z + z3x) -

- 33y +y3z+ 23x) + 12xyz(x + y + 2)

- x3y+y3z + z3x
or

xt+ y*+ 2t + 11(x%y?% + y?2% + z%x%?) + 18xyz(x + y + z) >

>6(x3y +y3z+2z3x) + 24xyz(x + y + 2)

or
x*+yt+ 2t +11(x%y? + Y222 + 22x2) 2 6[x3y + y3z+ Z3x +xyz(x +y + 2)] (1)
On the other hand, this inequality is equivalent to
%chc(xz —y2 —2xy+4yz—2x2z)*>0 (2)

which is true. The equality holds for x =y = z.
Remark. The equivalence of inequalities (1) and (2) have been obtained in the book

“Algebraic Inequalities: Old and New Methods”. One may refer to it.
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SP.599 We consider the function f: D - R

x+§ 1
flx) = xf *t arcsin (?) dt
X

where D is the maximal domain of the function.
a. Find the domain D
b. Show that the function f(x) is even

c. Calculate lim f(x)
X——00

Proposed by Vasile Mircea Popa — Romania
Solution by proposer

a. The domain D

We consider the function:

g(t) = tarcsin (%)

In order to determine the maximal domain of this function, we impose the following
conditions:
t2-1 and;<1

We obtain:

t € (—oo,—1] U [1, )
We also notice that the function g(t) is even, because g(—t) = g(t).
We have to decide now the range of variation of the variable x (so the domain of the
function f(x).)
Fort € [1,0) we must have x € [1,0).
Fort € (—,—1] we must have x € (—o0, —1]
So the maximal domain of the function f(x) is:

D = (—o,—1] U [1, )

b. We prove that the function f(x) is even
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Because the function g(t) is even, for any x € [1, ) we can write:

x+;g(t)dt= - gt)ydt =— _(H%)g(t)dt
x (x43

—(x+> -x
x

So:

() i
F—x) = (=) f Y g® dt = (—x) (— j *g() dt>=f(x)

So the function f(x) is even.
c. We calculate the limit required in the statement of the problem

We calculate lim f(x)
XxX——00
Because the function f(x) is even, we have:
lim f(x) = lim f(x)
X—>—00 X— 00

We can write using the mean value theorem:

3 . (1 1
*x 1 3 arcsin(=) 3 arcsin(=
f xtarcsin(;)dt: (X+;—x> (C) _ 2. (c)

X

1 x 1
c c
where x < c <x+%
When x — o0, we have ¢ — oo,
So:
arcsin (%)
lim f(x) =1lim 3 - i =3
X—00 CcC—>00 -
c

SP.600 Let a, b, c,d, e, f, g be real numbers such that

a>b>c>d>e>f>ganda+b+c+d+e+f+g=0.

Prove that:
a?+b>+c2+d*+e*+f>+g*=>2(ab+bc+cd+de+ef+fg+ga)

Proposed by Vasile Cirtoaje — Romania
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Solution by proposer

Write the inequality in the homogeneous form E(a, b, c,d, e, f,g) = 0, where
E(a,b,c,d,e,f,g) =a* +b*>+c?> +d? +e* + f*> + g% —

(a+b+c+d+e+f+g)>
—2(ab+ bc+cd +de+ef + fg+ga) +

7
Let
_a+b _f+g
T=T YT
Since
E(a,b,c,d,e,f,g) —E(x,x,c,d, e, f,g) = (a®> + b* —2x?) + 2(x* —ab) + 2(x — b)c +
+2(x—a)g
a—b)? (a-b)?
=( > ) +( > ) +(a—b)c—(a—b)g=(a—b)*+(a—-b)(c—g)=0
and

E(a,b,c,d,e f,g)—E(a,b,c,deyy)=(f-g?*+(f-g)la—e) =0,

we have
E(a,b,c,d,e f,g) = E(x,x,c,d,ey,y).
So, it suffices to show that

E(x,x,c,d,ey,y) = 0.

We have
7E(x,x,c,d,e,y,y) = 7(2x* + ¢? + d? + €* + 2y?) —
—14(x®> + cx + cd + de + ey + y* + xy) +
+R2x+c+d+e+2y)? =4x* —2(5¢—2d —2e+3y)x+ A,
where

A=7(c*+d*+e*+2y)+(c+d+e+2y)?—14(cd + de + ey + y?)
=8(c? +d? +e?) —12cd + 2ce — 12de + 4y* + 4cy + 4dy — 10ey.

Therefore,

5c—2d—2e+3y2 5c—2d—2e+3y2
) +a-( )

7E(x,x,c,d,e,y,y) = (Zx - 2 2
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5¢c—2d—2e+3y\* 7(y—c+2d—2e)?
=(2x— > ) + 2 = 0.
The equality occursfora=b:=x,f =g:=y,2x+c+d+e+2y =0,

4x —5c+2d+2e—3y=0and y—c+2d —2e = 0,i.e. for
(a,b,c,d,e f,g) = (x,x,—y,—x —y,—x,¥,y). From
X=2x=>2-y=>—-x—y=>-—x2=Yy =Yy, wegety = —x, hence the equality occurs for

(a,b,c,d,e f,g) = (x,x,x,0,—x, —x, —x) with x > 0.

UNDERGRADUATE PROBLEMS

00
8 1

Proposed by Daniel Sitaru -Romania

UP.586If A € M1 (R); B € M1,(R);A-B =, _)thenfind B - A.

Solution by proposer

(A-B)2=(A-B)(A-B)=(g (1))(3 (1)):(3 (1))=A-B

(A-B)?’=A-B (1)
By (1):
(A-B)?’=A-B=>B-(A-B)?’=B-(A-B)>
>B-(A-B)?-A=B-(A-B)-A

B-(A-B)-(A-B)-A=B-(A-B)-A

(B-A)-(BA)-(BA)=(B-4) - (B-A)
(B-A®=(B-4)* (2)

rank (B-A) >rank(A- (B-A) -B) =

(€))
= rank (AB)? = rank (A- B) = rank (0 0) =1
8 1
A E Mz'l(R),B E M1,2(R) = B 'A E MI,I(R)
rank (B-A) >1

B-AEMM(]R)}:>(B'A):1:>det(B'A)¢0=>(E|)(B-A)‘1

By (2):
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(B-4®=(B-A)*=>B-A* (B-A'=B-* B -

(B-A)?*=(B-A)>B-4)?* (B-A)1'=B-4)-B-A)1'=>B-4A=(1)
UP.587 Let a, b, c be positive real numbers such that at most one of them is

less than ab + bc + ca = 3. Prove that:

abc(a+ b + ¢)3 < 27.

Proposed by Vasile Cirtoaje — Romania

Solution 1 by Luis Diaz — Barrero — Spain
F(a,b,c) = abc(a+ b+ c)?
under the constraint ab + bc + ca = 3,a, b, c > 0, and assume that at most one of a, b, ¢
is less than 1. Since at most one of a, b, c is less than 1, at least two of them are > 1.
Without loss of generality, assume a > 1, b > 1. From the constraint, 3 = ab + bc +
ca > ab we get ab < 3. Because a,b > 1, it follows that
1<ac<33, 1<bh<3.

Next, write the constraint as ab + c(a + b) = 3. Using ab > 1 (since a, b > 1), we obtain

3=ab+c(a+b)=>1+c(a+b) hencec(a+ b) <2.Sincea,b>1,wehavea+ b >
2 and therefore ¢ < ﬁ <1.Thus0<c<1.

Consequently, every point (a, b, ¢) in the domain satisfies

1<ac<33 1<b<3, 0<c<1l
Hence the domain is contained in the bounded set [1,3] x [1,3] x (0, 1]. Since F is
continuous, it is bounded above on this set, so F is bounded above on the given domain.
Consider the closed box K = [1,3] x [1,3] x [0, 1] and the closed set
S ={(a,b,c) € K| ab + bc + ca = 3}. Then S is closed in K, hence compact. Our actual
domainis D = {(a, b,c) € S|c > 0}, which is a relatively open subset of S. Since F is
continuous on S, it attains its maximum on S at some point (a,, by, cy) € S.If ¢, = 0,
then from ab + bc + ca = 3 we get agby = 3 and

F(ao, bo, Co) = aob()CO(aO + bo + C0)3 =0.
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But on D we have ¢ > 0,so F > 0 there; hence the maximum of F on S cannot occur at a

point with ¢ = 0. Therefore the maximum on S is attained at some point (a,, by, ¢y) € D,
with ¢y > 0. Thus F attains its maximum on the domain D.
We now find the critical points of F under the constraint ab + bc + ca = 3 witha, b, c >
0. To do that we consider the Lagrangian

L(a,b,c,2) = abc(a+ b + ¢)3 — A(ab + bc + ca — 3).

Taking partial derivatives and setting them to zero, we obtain

aL
£=bc(a+b+c)3+3abc(a+b+c)2—A(b+c)=0,

aL
%=ac(a+b+c)3+3abc(a+b+c)2—A(a+c)=0,

aL
%=ab(a+b+c)3+3abc(a+b+c)2—A(a+b)=0,

together with the constraint ab + bc + ca = 3. Subtracting the first two equations gives
bc(a+b+c)®—acla+b+c)®*—Ab+c—a—-c)=0¢c
schb-a)a+b+c)®—-2A2b—-a)=0.

If b # a, we can divide by (b — a) and obtain

cla+b+c)d =41
Likewise, if b # c and ¢ # awe obtaina(a+ b+ c)® =2, andb(a+ b + ¢)3 = 2,
respectively. Thus, if a, b, c are not all equal, we would get a = b = ¢, a contradiction.
Therefore any interior critical point must satisfy a = b = c. Imposing the constraint
ab + bc + ca = 3 witha = b = c gives a = 1 (since a > 0).
Hence the only critical point in D is

(a,b,c) = (1,1,1).
At this point, F(1,1,1) = 27. Finally, we can now conclude the following:
- The function F is bounded above on the domain D and attains its maximum there.
- Any interior maximizer must be a critical point of the Lagrangian, hence must satisfy
a=b=c=1.

Therefore the maximum of F on the domain
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{(a,b,c) € R3:a,b,c > 0,ab + bc + ca = 3,at most onof a,b,c < 1}

is max F = 27, attained uniquely ata = b = ¢ = 1. Equality holdswhena=b=c =1,
and this completes the proof.

Solution 2 by proposer

Assume thata > b > 1 > c. Denoting x = {/a, y = Vb and z = ¥/c, we need to show that

3
—=>x}+y3+ 23
xyz

forx >y >1=>2z>0suchthatx3y3 + y323 + z3x3 = 3. From
3 =x3y3 = y323 + 23x3 > 3y323,
we get yz < 1. For fixed x, assume that z is a function of y and write the desired

inequality as F(y) = 0, where

3
_ 23 _ 3.3
F(y) Xz x> —y3 — 2z

By differentiating the equality constraint, we get
2(+3 3
—y4(x® + z°)
2(.3 3y, 2(.3 3y _ r_
ze(x° + z' + x°+z°)=0, 2 =—————.
(x° +y°)z' + y*( ) )

Therefore,

3 \xyz? z)2 xy?*z B xz*(x3 + y3) xy’z

We will show that F'(y) > 0, that is

y3(xyzt+1) x3+y3 y3(xyz* + 1) - x3+y3
z3(xy*z+1) — x3+ 23’ z3(xy*z +1) “x3+ 23 ’
y3 _ z3 y3 _ Z3 1 1

z3(xy*z+ 1) = x3+2z3 zZ(xy*z+1) = x3 + z%
The last inequality reduce to x> > y*z*, which is true because x > 1 and yz < 1. Since
F'(y) = 0, F(y) is increasing and has the minimum value when y is minimum, hence
when y = 1. So, it suffices to consider the case y = 1, when we need to show that
x3 + 23 + x32% = 3 implies

3>xz(x3+23+1).
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Indeed, we have

3—xz(x3+23+1)=3—xz(4—x323) =x*z* —4xz+3 =
= (xz—1)?(x?2z*> + 2xz + 3) > 0.
The equality occurswhena = b =c = 1.

UP.588 If a = 0 then:

a x axZ ax3 2 a x2 3
15 —dx-| —dx-| —dx| <a’° j —dx
([ e [ [Frax) <[ Z)
Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

Via the Integral form of CBS inequality:

a a a 2
x x? x3
0

0 0

30

3
51 ([ a2 a?

" =" iff a = 0 (QED)
Solution 2 by proposer

By CBS — integral form:

([5) ~([2-3ae) 2 ([r0)([ ) @) =o [
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(ff2) <a-fi%a (2)

([ %) = x—dx) ( de)-(f(e%fdx>=%’ e

([ %) = ([ ) = ([on) (G2 0r) - 5[ 20

By multiplying (1); (2); (3):
ay axz ax3 2 axZ 3
- . —_ . —_ < a° -
15<f0 exdx .]; exdx _]; exdx> <a <J; erdx>

Equality holds for a = 0.
UP.589 If X,Y,Z € M,(C) are matrices such that:

X=2Y+2Z
X2 =4Y + 4Z then: X2024 = 22024 .y 4 2024 . 22023 . 7
X3 =8Y + 127

Proposed by Daniel Sitaru — Romania

Solution by proposer

{X=2Y+Z {—4—X=—8Y—4-Z
X2 =4Y +4Z X2 =4Y +4Z

X2 —-4X=4Y +47Z-8Y —4Z
X2—-4Xx=-4y (1)

{XZ =4Y +4Z _ {—SXZ =—-12Y — 127
X3 =8Y +12Z X3 =8Y +12Z

X3 -3X2=8Y +12Z —12Y —12Z
X3 —3X?=-4Y (2)
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By (1); (2): X3 —3X?2=X%?—-4X, X3 -4X*+4X=0, (3)

By multiplying (3) with x™2:
X" —4x" +4x"1 =0, (4)
We will prove by mathematical induction:
P(n): X" =2"Y +n-2"1Z
Forn =1:X = 2Y + Z (true by hypothesis)
Pn):X"=2"Y +n-2"1.Z (suppose true)
Pn+1):X""1=2"1y + (n+1)-2"-Z (toprove)

By (4):

Xn+1 = 4X" — 4xn—1 Pgl)

=42"Y+n-2"1.2)—4Q2"lY+ (n—-1)-2"2.2) =
= 2m2Y . 2m1Z —2mHly 4 (n—1)2" - Z =
=2"ly2-1)+2"-Z2n-n+1) =2"y+n-2".-Z
P(n)->P(n+1)
Forn = 2024 in P(n): X?024 = 22024y 4 2024 -22%023 . 7
UP.590If A, B € M,(R); A- B = B - A then:

det(A*+ B*+ AB(A? + AB + B)) 2 0
Proposed by Daniel Sitaru — Romania

Solution by proposer

Let’s consider the equation z°> = 1 for complex numbers. The roots are:

2k | 2km
zk=cosT+lsmT;keO,4

2°-1=0=>Z-1)(EZ*+22+22+z+1) =0

zy = 1 hence z4, z,, 23, 4 are solutions for the equation:
' +23+72°+z+1=0
2+ 283 +22+z+1=(2-2)(z2—-2))(z2—23)(z—2z,) (1)
2w 2w 4 4n

Zy =c0S— +isin—;z, = cos— + isin—
1 5 5’72 5 5
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6m 6m 8 8r

Z:; =Cco0S— +isin—;z, = cos— + i sin—
3 5 5 74 5 5

6m 6m (4

Z3 = cos?+isin?=cos(n+§)+isin(n+g) =

_ L ( 4-11') o ( 411)_
= cos5 lsm5 =—cos|m 5 isin(m 5 )=
4 4

=Ccos— —isin— =12z,
5 5 z

8t | | 8m 2 L 2
z4=cos?+ls1n?=cos(2n— )+lsm(2n——)=
_ 2m | 2m
= cos = ls1n5 =7
Z3=2Z3;Z4 =71
By (1):
2+ 23 +22+z2+1=(2-2))(2—-2))(z2—2,)(z—Z3)
(A—z,B)(A—7zB) = A> —z,AB — z,BA + z,Z,B? =
= AZ - (Zl + Z_l)AB + le_le (2)
__( 21'l'+. . 21‘[)( 2 | . Zn)_
z1Z1 = | cos = isin = cos = isin =)=
2 2

_ 2 s 2 _
=cos“—+sin“—=1
5 5

b= 21t+__ 21'l'+ 2t 211'_2 2w
Zq zl—coss lsm5 cos5 lSln5— coss—

=2(2coszg—1)=2-<2-<\/§:1> —1>:

:2.<2.M_1>:2.<6+2\/§_1>

16 8

, 25-2 _V5-1
8 2

By (2):

(A-2z,B)(A—~7;B) = A2 =""4B + B (3)

(A—2,B)(A—2z;B) = A> — z,BA — Z,AB + z,Z,B* =
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= A? — (z, + z;)AB + z,Z,B*> (4)

__( 4-1l'+_ . 411)( 4t 411)_
z,Z, = | cos = isin = cos = isin =)=
—cosz4—n+sin24—n—1
= S 5 =
= 4-1l'+_ . 41t+ 4T 411'_
Z, zz—cos5 lsm5 c055 lsm5 =
— 4-11'_2 ( n)_ 2 T
= cos5— cos(m z) = coss—
_ V5+1  V5+1
4 2
By (4):
(A—2,B)(A~7;B) = A2 + 22 AB + B (5)
By (3); (5):

(A—2,B)(A—7B)(A—2;B)(A—7Z;B) =

= <AZ + B? —\/§_1AB> <A2 + B? +\/§2+1AB> =
= (A®> + B>)? + AB(A* + B?) ( 52+ : _\/gz_ 1) (s 11‘(\@+ 1)AZBZ =

2 4
= (A% + B%) + AB(A% + B?) 57 ZAZB2 = A*+ B* + 24%B?> + A3B + AB3 — A?B? =

= A* + A3B + A’B? + AB® + B* = A* + B* + AB(A? + AB + B?)

A*+ B* + AB(A* + AB + B?) =
= (A —2,B)(A—-7,B)(A—z;B)(A — 2;B)
det(A* + B* + AB(A? + AB + B?)) =
= det((A — z;B)(A — z;B)(A — z,B)(A — 73B)) =
= det(4 — z,B) - det(A — z,B) - det(4 — z,B) det(4 — z,B) =
= det(A — z,B) - det(A — z,B) - det(A — z,B) - det(A — z,B) =
= |det(4 — z,B)|* - |det(A — z,B)|* > 0
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Q= lim o5 Z\/ k+1

Proposed by Daniel Sitaru — Romania

UP.591 Find:

Solution 1 by Jose Luis Diaz — Barrero — Spain

For 0 < k < n — 1 we use the identity

()= (s
\/ k+1 \[7

=0

Therefore,
Thus the sum becomes

We now observe that for all k,

n—k n—k
7, = M, and therefore /— <n.

k+1

Hence,

Consequently,

Since

\/ﬁ(z)n—>0 as n — oo,

3

the squeeze theorem implies that the limit exists and its value is
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_111'1?03112\/ k 1

Solution 2 by proposer
n-1 n-1
- 1
@G0 22+ G
k=0 k=0
1 n-1 n-1
XY )
k=0 k=0

1
=-2"-D+-@"-1)=2"-1
@' - D+52" -1

n—-1 m
n
0<> J() (et =2
k=0
18 o= 2n 1
O<§Z\/(k)(k+1)s—n
Osrltl—glo3 Z\/ k+1 <11L'?o

UP.592 Solve for real numbers:

cos’ x + cos’y +cos?z=1

cosx+cosy+cosz=1
cos3x+cosd3y+cos3z=1

Proposed by Daniel Sitaru — Romania

Solution by proposer

cyc cyc

2
Zcosx=1:><zcosx> =1=
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2coszx+22cosxcosy= 1=>1= ZZcosxcosy= 1

cyc cyc cyc

Ycyc€Osxcosy =0 (1)

1-1-1=0= Zcosx Zcoszx —2cos3x=0

cyc cyc cyc
Zcos3x+Zcosx(coszy+coszz) —2cos3x= 0
cyc cyc cyc

Yeyc€osx (cos? +cos?z) =0 (2)
By(1);(2)and1-0—-0=0
Zcosx-Zcosxcosy—Zcosx(coszy+ cos?z) =0

cyc cyc cyc

Zcoszxcosy+2cosxcoszy+ 3cosxcosycosz—

cyc cyc

—Zcosxcoszy—2cosxcoszz=0, 3cosxcosycosz=0

cyc cyc

{cosx+cosy+cosz =1

cosy=0 orjcosy=1 or jcosy=20
cosxcosycosz=0 y Yy Yy

cosx=0 cosx=0 cosx=1
=
cosz=1 cosz=20 cosz=0

Solution: x = i§+2k1t;k ELy= i§+2mn;me Z, Z=2nm;n €’

and permutations.

UP.593 For b > a, prove that:

fb(x+ 1)3 —3x

ex’

b3 +1
dx <b—-—a+In

a® +1
with equality if and only if a = b.

Proposed by Huseyin Yigit Emekci — Izmir — Turkey
Solution by proposer

Observe that for a = b, we have the equality case LHS = RHS = 0. On the other hand,

n
by definition e* = lim (1 + z) and Bernoulli Inequality (*)

n—-oo
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n Bernoulli

e=lm(1+>) £ 1+x
we can derive the well — known inequality e* > x + 1 for x > —1 easily as above.
However, for x < —1 define f(x) = e* — x — 1.

f'(x) = e* — 1 = 0 = critical pointisx = 0

Implies that x = 0 is a global minimum. Thus, the inequality is true. Hence, we have

e*’ > x3 + 1. Then

fb(x+1)3—3xdx<Jb(x+1)3—3x
- x3+1

e’

a a

Then, proceeding and solving the integral gives

bix+1)3-3x bix+1)3-3x b b 352
f 3 dxsf 3 dxzf 1dx+f ————dx
a e a x> +1 a x> t+1

b +1
=b—a+ln(b3+1)—ln(a3+1)=b—a+ln<3 >
a’+1

as desired. Equality holds just for a = b.
References. We have referred to a not well-known inequality theorem in (*). Here is the
Bernoulli’s inequality:
For any real number x = —1,7r > 1, we have
1+x)">1+rx
with equality if and only if r = 1.
UP.594 Solve the system
Ifx—2y+z+2 = k%, with3<k<11
x% +y% + z% = 109659
—x* + y* + z* = 80929
L 3<x<y<z xyze€eN.
Proposed by Said Attaoui — Oran — Algeria

Solution by proposer

We are given the system
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Ifx—2y+z+2 =k? with3<k<11

{ x% +y% + 2% = 109659
| —x* + y* + 2% = 80929
k 3<x<y<z xyz€eN,

Subtracting the third equation from the second eliminates y? + z>
x% + x* = 109659 — 80929 = 28730
Trying integer values x > 3, we find
x=13>132+13% =169 + 28561 = 28730
Thus, x = 13 is the unique solution for x. Substituting into the second equation gives
y? + 22 = 109659 — 169 = 109490
From the first equation
13-2y+z+2=k?*=>z=2y—15+k?

Substituting into the equation y? + zZ = 109490 gives

y* + (2y — 15 + k?)? = 109490 = 5y? + 4(k? — 15)y + (k?* — 15)%? = 109490
This is quadratic in y with integer coefficients, valid for k € {4,5,6,7,8,9,10}. For
example,

- Fork =9, thisyields y =121,z = 308

- Fork=10,wegety =113,z =311
In both cases, we verify

x%* + y* + 2% = 109659, —x*+92+22=80929, x—2y+z+2=K?
and that 3 < x < y < z. Hence, they are valid solutions.
Finally,
(x,y,z) = (13,113,311) and (x,y,z) = (13,121,308)

As conclusion, the system uniquely determines x = 13, as it is the only positive integer
satisfying the equation x* + x? = 28730. Once x is fixed, the system reduces to a
Diophantine equation in y and z, constrained by:

y? +2%>=109490 and z=2y—15+k? forke {4,5,..,10}.
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For each admissible integer k, this leads to a quadratic in y with integer coefficients. In

several cases — such as k = 9 and k = 10 - this discriminant is a perfect square, yielding
integer solutions for y, and hence z.

This proves not only that solutions exist, but also that multiple distinct integer triples of
the form (13, y, z) satisfy the entire system under the given constraints. Thus, the system
admits multiple valid solutions, all with x = 13 and with different pairs (y, z) determined

by suitable values of k between 4 and 10.

UP.595 We consider the function u: R — R, periodic with period 2. For the

period [0, 27r] we have: u(x) = 0ifx € [Og) ;u(x) = —cos(x) ifx €

—,—) ;u(x) =0ifx € [37” Zn). Prove the equality:

f°° u(x) p 14 +ez+1 . (1)
X=—— arctan | —
o 1+x2 4e  2e e

Proposed by Vasile Mircea Popa — Romania

Solution by proposer

Let us denote:

szooo ux) dx

1+ x2
The function u(x) satisfies Dirichlet’s conditions. Also, the function is even.

We expand the function in the Fourier series:

ulx) =4, + z A, cos(nx)
n=1

where:

1

21 1 2w
Ay = —f ulx)dx; A, = —f u(x) cos(nx) dx
21 ), ),

Calculating these integrals, we obtain:
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A, =i;A1 = —%;An =ﬁ- [cos (nz—”) + cos(?’nTn)] forn>2

But:

cos (3:—”) = COosS (nz—”) foranyn > 2

Result:
nm nm nm
NETEL . IERET s
Where
—1 cos (M) 1 cos (M)
e Rt T
We have:

B,=0ifn=3,57.;B,%0ifn=246,..;
C,=0ifn=3,57.;C,#0ifn=246,..;

So:
1 1
u(x) = p—— Ecos(x) + [B, cos(2x) + B4 cos(4x) + B, cos(6x) + Bgcos(8x) +--- | +
+[C, cos(2x) + C4 cos(4x) + C, cos(6x) + Cg cos(8x) + -+ |

1 1 1 1 1 1
u(x) = — —=cos(x) + [— cos(2x) — —cos(4x) + — cos(6x) — — cos(8x) + ] +
T 2 y[A 3n 5n 7T

1 1 1 1
+ [— Ecos(Zx) + = cos(4x) — ﬁcos(6x) + gcos(Bx) + ]

We now use the following relationship:

foo cos(mx)
0 1+x2

dx = ge‘"', wherem > 0

This relation is Laplace’s integral and is well known.
It is easily proved for example using the properties of the Laplace transform.

We obtained the value of the integral I:

I_17t i _1+<1T£’ 2 11T_4+11T_6 11r_8+ )+
“n2 22° 2% "372°% Ts5m2® T 7n2€
1n 1n 1n 1=n
T ,-2 " ,4 T ,-6 - ,-8
( 372¢ "5m2¢ " 7m2€ Tomz€ )
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T 1 1 1
2[]=1——e-1 (—2__ -4, - ,-6__,-8 )
2e +le 3e +5e 7e + +

1 1 1 1
+<—§e‘2 +§e‘4 —78_6 +§e‘8 + )

We will now use the power series development of the following functions
1 1 1
arctan(x) =x —§x3 +Ex5 - ;x7 +--where-1<x<1
2_1 4,1 6_ 1.8
xarctan(x) = x —3X o —oxt + ~~where—-1<x<1

5

arctan(x) __ 1 1

1-2x24+ 1% _1x6 4 .  where—-1<x<1
x 3 5 7
We have:
1 1 1
-1 1y _ -2 —4 -6 _g
elarctan(e ) =e?2—-e*+-e%—=e8+..
(e™) 3 5 7
arctan(e™1) 1 1 1
—————=1—-se?+_-et—-et+
el 3 5 7
We obtained:
s arctan(e 1)
2l=—-se'+etarctan(e™) + ——5—
2 e
Or:

[ = 1t+e2+1 . (1)
=~ e 5 arctan (-

UP.596If x > 0,y > 0,z > 0 prove that there exists u > 0 such as

sinxsiny +sinysinz +sinzsinx sinu

Xy +7yz+ zx u
Proposed by Cristian Miu — Romania
Solution by proposer

It is easy to prove that:

. (sinxsiny sinysinz sinzsin x) Y. sinxsiny
min , , <
xy yz zx 2 Xy
sinxsiny sinysinz sinzsinx
< max( ) )
xy yz zx

Now using Cauchy theorem for f: [x — y,x + y] > R
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f(t) =costand g:[x —y,x + y] - R; g(t) = t? we obtain that there exist

c1 € (x—y,x+y)suchas

cos(x+y)—cos(x—y) —sinc; sinxsiny sinc,
= L d =
x+y)?2—(x—1y)? 2¢, xy c,
In the same way

sinysinz sincy sinzsinx sincg
= and =

yz c2 zx c3

Now

sinc; sinc, sin c3> < Y. sinxsiny < max (sin c1 sinc, sin c3)

min( , ,
C1 C2 C3 XXy

J )

Cq1 /] C3
sint . . .
Buta — —is continuous so that exists u > 0 such as

. Y. sinxsiny
sinu =————
xxy

UP.597 Find the following limit:

n
1
L= 1111_)1130 (ﬁ -lim (Z (Z) sin(k + 1)x>>
x-o=
n

k=0

Proposed by Marian Ursarescu and Florica Anastase — Romania

Solution 1 by Jose Luis Diaz — Barrero — Spain

We will use a complex representation. Indeed, consider

n n

> (R)eser = (<o

Taking imaginary parts, we get

NgE

() sin((k + D)x) = T(e*(1 + €)™,

w
Il

0

LT T\ N T . T . T . T
and L = lim ZinT (e‘ﬁ (1 + e’ﬂ) ) Sincee + e'n = e'mn (e_’ﬂ + e’ﬁ) =

n—->oo

LT T\ T
2 cos (l) e'z, then (1 + eli) = 2" cos™ (1) e'z = 2" cos™ (1) i, and therefore
2n 2n 2n

2—1nT (ei% (1 + ei%)n> = cos™ (%) T (iei%).
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LI
Since ie'n = i(cosf + isin E) = —sin= + i cos, its imaginary partis cos (E)
n n n n n
Thus

L= 1111_)210 cos™ (%) cos (%)

2

Since, cos (S) — 1 when n - , and cos (i) =1- ezt o(n=2), then

2

In (cos" (%1)) =nln (1 - % + o(n‘2)> -0,

and

cos™ (%) - 1.

Therefore L = 1, and we are done.

Solution 2 by proposers

Letbe 1 = Xx-o (Z) cos(k+1)xandS; = Yi_, (Z) sin(k + 1)x
Using the identity

i (1,:) zZ1l =z(1+2)"

k=1

for z = cos x + isin x, we get:
S, +iS, = (cosx +isinx)(cosx+isinx+1)" (1)
Butcosx +isinx+1=2 coszg + 2isin§cos§ =2 cosg(cosg + isin;—c), then (1)
becomes:
S, +is, =2" cos”%(cos"zix + isin"zix) (2)

By develop and identifying in (2), to obtain:

%)

2 2
k=0

( - X n+2
i 1= Z (1,:) cos(k+ 1)x = 2" cos™=cos X

X n+2
(1,:) sin(k + 1) x = 2™ cos™ =sin

2 2 X

R-
Il

,_
g
Il
P

0

Therefore,
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L= lim (2—111 lim (i (3 ) sinCic + 1)x>> =

k=0

=1

n+2 . T  n+2m
x)) = lim cos"z—sm .

~ i (1 li (z" nX G
= 11m p 1m COS ZSln am n n 2

n—->oo n—oo

UP.598 Find the following limit:

n

1 X

L=1lim|—-lim ) 3% Lsin® — ], x e R
x>0\ X x—)ook_1 3

Proposed by Marian Ursarescu and Florica Anastase — Romania
Solution 1 by Jose Luis Diaz — Barrero — Spain

To compute the limit we use the well-known identity

3sint —sin(3t)
2 :

3s1n(—k) sm( o 1)

Putting t = 31,‘ we have sin3 (3_xk) = Z or
3k-1gin (3xk) :iksm (3xk) 3:1 sin (%)

k-1
after multiplication by 3%, Let us denote a,, = 3Tsm( ) then the preceding

sin3t =

expression equals a1 — a;, and the sum in the statement telescopes.

That s,

n
kZl 3¢ sin (Bxk) =0Qpy1 — A1 = 3;—nSin (:—n) - %sin X.

n—->oo n—->oo

Since lim ( ) 0, then lim 3" sm( ) 1111_)n010 (3 )sm( ) x, and we obtain

n

lim Y 3*1sin3 (

n—->oo

k=1

X x —sinx
3") 4

Thus, the outer limit is

L=lim— — =—1lim

1 x—sinx 1 sin x
x-0 X 4 4-x—>0( )
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. sinx -
on accout that lim — = 1, as it is well-known.

x—0

Solution 2 by proposers

X

Using the identity sin 3a = 3sina —4sin3afora € { 3: 1} we get:

3’32’ "

( . 3 i X 4si 3X

sinx = 3sin— — 4sin° —

3 3

X X x

{ SIn——351n§—4sm ?
- o ' 4 i
sin—— sm—— sin® —
\" 3n- 3n 3n

By multiplying with 1, 3,32, ..., 3"~ 1 and summing, it follows:

n
X 1 x
Z 3k-1gjn3 3% = 1(3" sinﬁ - sinx)
k=1
and then

X 1
- k-1 ~:..3 — '
7111_1)210 a 3% 1sin ETimir (x —sinx)

Therefore,
1 n
x
L =lim (— lim Y 3% 1sin —) =

x>0\ X noo 3k
k=1

i 1( )_11 1 sinx — 0
1m4— x — sinx le_{n( T )—

UP.599 Calculate the integral:

f arccot(x)
A/ —cos(x

In this problem we will consider that definition of the function arccot(x)

which has the image the interval (0, 7).
Proposed by Vasile Mircea Popa — Romania

Solution by proposer

Let us denote:
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arccot(x arctan(x
_ f _arccot(®) o f _arctan(x)

n+/3 — cos(x) A —cos(x

We have:

A+B=Ejn;dx=z-2-jn;dx=njn;dx
2 ) n\/3 = cos(x) 2 0 /3 - cos(x) 0 /3 — cos(x)
because the function to be integrated is even.
But:

3 arctan(x)

because the function to be integrate is odd.

We obtain:

n 1
A= nf ——dx
0 /3 —cos(x)

We consider the integral I:

T 1
[
0 /3 —cos(x)

We have:

3 — cos(x) = 2 + 2 sin? ( dx

2 \/_f /1+sm2

In the integral I we make the variable change u = sin (E)

We obtain:

We make the variable change t = u

We obtain:
V2 v o3 1
I= —f t4(1—-1t)2dt
4 J

We consider the integral J:
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1 3 1
]=f t4(1—t) 2dt
0

We will use the Euler’s Beta function:

We set the conditions:
Result:

We obtain:

e

)r(z) _r@ri)_r

1

B(p.q) = ]0 -1 (1 — 7 1de

Ny

Il

=
oS
=
N| =
N————

r(

H @) = ~VZvm

2w

4 4 4

sin ()

where I'(«@) is the Euler’s Gamma function.

Result:

el

We obtained the value of the integral A:

UP.600 If 0 < a < b then:

b
at+3 j sinh x - arcsinh x dx > b3

a

Proposed by Daniel Sitaru — Romania
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Solution 1 by Soumava Chakraborty-Kolkata-India

Forall x > 0,sinhx > x © P(x) = e?* — 1 — 2xe* % 0
()
Now,P'(x) = 2e*(e¥*—x—1) > 0= P(x)is T on [0, )

=>P(x)=>P(0)=0=sinhx>xvVx=>0

- ?
Also,Forall x > 0,coshx >/x?2+1 < Q(x) =coshx —/x2+1 > 0
(*%)

X Vi(l@ X X
Now, Q'(x) = sinh x — > x-— = Avxz+1-1
\/x2+21 VaZz +1 \/x2+1( )
X X

x20
= . > 0=>Q(x)isTon [0,
Va2+1 Va2 +1+1 ) 10,2)

©)
>Qx)=>Q0)=0=>coshx >/x2+1Vx=>0
? X X ?
Again, For all x > 0,arcsinhx > ——— © R(x) = arcsinhx ——— > 0
(x2+1)2 (x2 + 1)z (0
1 N 3x? _x‘*+4x2 x20

1
Now,R'(x) = — 3 ==
VEE+1l 24 1)7 (2+1)2 (a2 +1)2

® X
= R(x) is T on [0,0) = R(x) = R(0) = 0 = arcsinhx > ————= Vx>0

(x2+1)2
and now, let F(x) = sinh x.arcsinh x — x?> V x > 0 and then :
sinh x
F'(x) =

Vxz+1

X 2
F"(x) = (sinh x) [ arcsinh x — + coshx —/x%+1

+ (arcsinh x)(cosh x) — 2x and

via (2) and 3) via D
> 0 < sinhx > x> O> ~F(x)isTon[0,0)=>F(x)>F(0)=0

= F(x)is T on [0,0) = F(x) > F(0) = 0 - sinhx.arcsinhx > x*v x>0
b b

] ] ) 1 .. b-ad
and - 0<a<b.- fsmhx.arcsmhxdxzfx dx=§[x 1o = 3

a a
b

>a®+3 f sinh x . arcsinh x dx > b3

a

Solution 2 by proposer

Letbe f:[0,) - R; f(x) = sinhx — x

68 | 40-RMM SPRING EDITION 2026-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
f'(x) =coshx—1

ff(x) =0=>coshx—1=0=coshx=1
e —e™* 2
T—1=O:e"—2+e"‘=0:(\/e_x—\/e‘x) =0
JeXx—\Je*=02e*=e*3x=-x22x=0=>x=0
miglf(x)=f(0)=0=»f(x)20;(v)x20
X=
sinhx — x > 0 = sinhx > x = sinh? x > x?
1+sinh?x>1+4+x*=>cosh?x>1+x%2>

Vcoshzx > Vl +x2 = Vcoshx > /1 + a2

vcosh x
4
V14x2

By Cauchy — Schwarz’s inequality (integral form):

K e (= (R
0

([[eostix) ([ smmx) 2
(

sinhx - In(x+ 1+x2)>x2

=1 (1)

sinh x - arcsinh x > x?

b3_a3
3

b b
f (sinh x - arcsinh x) dx < f x?dx =
a

a

b
3 f (sinh x - arcsinh x) dx > b3 — a®
a

b
a3 + Sf (sinh x - arcsinh x) dx > b3
a

Equality holds for a = b.
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