ON A CLASS OF POLYNOMIAL IDENTITIES

Dang Ngoc Minh

dangngocminh1811@gmail.com

We first consider a small and nice problem:

Problem 1: [Dang Ngoc Minh] Let three complex numbers X,y,z satisfy:

2 2 2 . :
X +y +z + xy + yz + zx = 0, then we have identity:

2 3
3(x9+y9+zg—(x+y+z)9) =(x6+y6+z6+(x+y+z)6)

We can prove this problem by using the Girard—Newton identities. However, it is a
consequence of another identity that I will present below:

*Let x,, ..., x, be variables, denote for k£ > 1 by py(x,, ..., x,) the k-th power sum:

n
k k k k
pk(xl, X ppeen xn) =), x =x +x, t.tx
i=1
and for £ > 0 denote by e,(x,, ..., x,) the elementary symmetric polynomial (that
is, the sum of all distinct products of & distinct variables), so

eo(xl, X ppeee xn) =1
el(xl, X ppeee xn) =X, + X, +..+ x
n

ez(xl,xz,...,xn) = 'Z' xixj
1<i<j<n

en(xl, X ppeee xn) =X X, X


https://en.wikipedia.org/wiki/Elementary_symmetric_polynomial

ek(xl, X oo xn) =0fork >n

k
_ pH(=e)

and N2 = ei —e; , k = 3. The following identities hold

22 kT k

e¢9—65=—N5+N2N3
—e =N -NN —*NN +IN°
€€ € = Vg 24 27733 6 2

— 1
ele6 — e7 = N7 + > N2N5 + N3N4

_ _ 1 _3 _ 1 Y
e1e7_es_N8 2N2N6 4N3N5 2N4N4+24N2

_ 2 2 10
ee —e = N9+ 9N2N7+ 3N3N6+ 9N4N5

— _ 2 _4 _ L _3 L
e1e9_e10_N10 —N_N N_N 7N4N6 7N5N5+70N2

__ 3 6 14 21
ee —e = N11+34N2N9+17N3N8+17N4N7+17N5N6

: 2 2 2
*For three variables (n=3), N2 =x tx, tx, +xx, +xx +xx

ko k. k k k
x1+x2+x3+(—1) (x1+x2+x3)
k

and N L= , for k = 3, we obtain the following more

compact identities:

N5=N2N3

_ L _ 1y
N =NN, +5NN ——=N,



-1 —Lly?
N7— 2N2N5+N3N4— 2N2 N3+N3N4

- L 3 L _lyt= SRR VLIS Vo) VRSN B VA
N,=5NN + NN +-NN —--N =NN"+5N"+5NN"——+N,

_2 2 0y N = Ly3
Ng— 9N2N7+ 3N3N6+ : N4N5— 3N3 + 2N2N3N4

— 2 4 5 3 _Llyc= 2 2y 2 2_1y°
NlO_ 7N2N8+ 7N3N7+ 7N4N6+ 7N5N5 70N2 —N4N3 —i—N2 N3 —|—N2N4 20N2

Nll

3 6 14 21 _ 3 2 2 1 4
NN, +-NN +-NN +-7NN =NN+2N NN +NN " —-NN

Some problems can be proved using the above identities

Problem 2: If x+y+z=0 then prove that:

5, 5, 5 3,3,3 7,7, 7
(x+y+z )2_x+y+z X +y +z
5 3 ) 7

Problem 3: If x+y+z=0 then prove that:

16(x3 + y3 + 23)(x5 + y5 + ZS) + 15(x4 + y4 + 24)2 = 30(9(8 + y8 + 28)

Problem 4: If x+y+z=0 then prove that:

3 +y +2) + A +y +2) = 126+ + 2D)

Problem S: For x,y,z are complex numbers, such that:

2 2 2
X +y +z + xy + yz + zx = 0, prove that:

5 2
(x2+y2+22) +(x5+y5+zs) =0



Problem 6: For x,y,z are real numbers, prove that:
6(x5 + y5 + ZS) — 5(x3 + y3 + 23)(x2 + yz + zz)

=x+y+ Z)Z[(x + vy + z)3 —5(x+y+ 2)(xy + yz + zx) + 15xyz]

Problem 7: [Lame] For x,y,z are real numbers, prove that:

(xtytz)’ - (x"+y'+z)) = T(xty)(x+2)(yt2)[(x*y +2* +xy txztyz) +xyz(x ty+2)]

Problem 8: [Candido] For x,y are real numbers, prove that:

2
2 +y + P = Y+ (x + )]

Problem 9: Show that the following rational function reduces to a polynomial:

(x+y+2) (x7+y7+z7) - (x3+y3+23) (x5+y5+zs)
x+y)(y+2)(z+x)

Proof:
x+y+ z)(x7 + y7 + 27) — (x3 + y3 + 23)(x5 + y5 + ZS)
7 3 5

=pp,—p,p. =0, (7N, +p ) — BN, +p )ON, +p )
3

= 7p,N, = 3N,p; = 5p, Ny

B 1,2 B B 3

= 7p1(2 N2 N3 + N3N4) 3N3p5 Sp1 N2N3

=N [7p (AN’ +N)—=3p —5p°N

o 3[ pl(Z 2 4) Py by 2]

=— (x + V(@ + 2)(z + 9()[7}91(%N22 + N4) — 3p. — 5P13N2]



The proof is complete.

Problem 10: [Ramanujan]. For a,b,c,d are real numbers such that: ad=bc,

prove that:

64[(a+b+c)*+(b+c+d)*+H(a-d)*-(c+d+a)’~(d+at+b)’~(b-c)°]
[(atb+c)'+(bt+c+d)'*+(a-d)'*-(c+d+a) - (d+at+b)'*-(b-c) '] =

45[(a+b+c)*+(bt+c+d)*+(a-d)*~(ct+d+a)’~(d+a+b)*-(b-c)*]’

Proof:Let:a1=a+b+c,a2=—b—c—d, a3=—a+d

b1=—c—d—a,b2=d+a+b,b3=—b+c

_i n n 'l’l_ Tl_ Tl_ n
Fn—n(a1+0L2+a3 b1 b2 b3)
a1+a2+a3=b1+b2+b3=0
Because ad=bc then F2 = 6(bc —ad) =0

2
We need to show: 3F8 = 4F6F10

. . _i n n n _ _ _ n
Again, let: N =--(a, +a,+a,+ (-a —a,—a))

_L n n n _ _ _ n
Mn—n(b1+b2+b3+( b1 b2 b3))

F =N —M
n n n

) 2 2
w1tha1+a2+a3—b1+b2+b3— 0 then N2 = 2N4andM2 = 2M

easy to see that: F2 = 0 then N2 = M2 and N4 = M4

4



N W = BIVICENS VN A2 _ 1.3
F =N —M = (NN +5N —<N)— (MM, +5M" ——+M>)

12 2
F6_2(N3 M3)

_ . _ 2 i 2 i Z_L 4 . 2 L 2 i Z_L 4
Fo=N,—M = (NN +5N"+5NN"—5N) — (MM +5M"+MM" — M)

2 2
Fo=N,N, =M

B _ B 2 2.2 2 1 .5 2 2.2 2 1,5
F,=N,—M, = (N4N3 +N, N, + NN, 20NZ) (M4M3 +tM, M, +MM, 20MZ)

3.2 2 2
Flo=7N, Ny —M)

2

1 2 2.3, 2 2 2 2 2.2 2
4F6F10:4.7(N3 _M3 )TNZ (Ns _M3)23N2 (Ns _Ma) :3F8

The proof is complete.

Similarly, we can prove the other similar equalities
2 ...

F 3F ;= F c (Hirschhorn)

FF, = 2F5F6 (Chamberland)

3F6F7 = 2F3F10 (Chamberland)
2
F3F11 + 2F7 = 3F5F9 (Chamberland)

2
9F6F14 + 11F10 = 18F8F12 (Chamberland)
F F_=2F F

5 8 6 7

2F5F10 = 3F7F8
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