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36 METRIC RELATIONSHIPS IN A NEW GEOMETRICAL CONFIGURATION 

By Arda AYDIN Üsküdar American College - İstanbul 

Ahmet ERÇIKDI Ankara Science High School-Ankara 

In this article we worked in a new geometric configuration inspired by Dan Sitaru’s work 

“METRIC RELATIONSHIPS IN ŞAHIN’S TRIANGLE”-www.ssmrmh.ro. We define a similar 

triangle ourselves and found metric relationships in this triangle.  

THEOREM 

Let ∆𝑨𝑩𝑪 be an acute triangle and 𝑿 ∈ 𝑰𝒏𝒕(∆𝑨𝑩𝑪) such that 𝑿𝑹 ⊥ 𝑩𝑪;  𝑿𝑸 ⊥ 𝑨𝑪;   

𝑿𝑷 ⊥ 𝑨𝑩; |𝑿𝑹| = 𝒉𝒂;  |𝑿𝑸| = 𝒉𝒃;  |𝑿𝑷| = 𝒉𝒄 (such in figure).  

Notations:  

𝑭 = 𝒂𝒓𝒆𝒂 𝒐𝒇 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏𝒂𝒍 ∆𝑨𝑩𝑪  

𝒎𝒂, 𝒎𝒃, 𝒎𝒄 = 𝒎𝒆𝒅𝒊𝒂𝒏𝒔 𝒊𝒏 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏𝒂𝒍 ∆𝑨𝑩𝑪  

𝜶, 𝜷, 𝝑 = 𝒂𝒏𝒈𝒍𝒆𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏𝒂𝒍 ∆𝑨𝑩𝑪  

𝒂, 𝒃, 𝒄 = 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒐𝒓𝒊𝒈𝒊𝒏𝒂𝒍 ∆𝑨𝑩𝑪  

𝒂′, 𝒃′, 𝒄′ = 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 ∆𝑷𝑸𝑹 

𝑹∗, 𝑹 =  𝒄𝒊𝒓𝒄𝒖𝒎𝒓𝒂𝒅𝒊𝒊 𝒐𝒇 ∆𝑷𝑸𝑹 𝒂𝒏𝒅 ∆𝑨𝑩𝑪 

 

In these conditions: 

       𝟏. 𝒂′ =
𝒂. 𝒎𝒂

𝑹
, 𝒃′ =

𝒃. 𝒎𝒃

𝑹
, 𝒄′ =

𝒄. 𝒎𝒄

𝑹
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𝑃𝑟𝑜𝑜𝑓: (𝑎′)2 =
4𝐹2

𝑏2 +
4𝐹2

𝑏2 +
4𝐹2𝑐𝑜𝑠𝛼

2𝑏𝑐
=

8𝐹2𝑐2+8𝐹2𝑏2+8𝐹2(𝑏2+𝑐2−𝑎2)

2𝑏2𝑐2 =
4𝐹2(2𝑏2+2𝑐2−𝑎2)

𝑏2𝑐2 =

𝐹2(𝑚𝑎)2

𝑏2𝑐2 =
𝑎2(𝑚𝑎)2

𝑅2  

𝟐. 𝑨𝒓𝒆𝒂(∆𝑿𝑷𝑸) = 𝑭. (𝜶 )  

𝑃𝑟𝑜𝑜𝑓: 
1

2
ℎ𝑐ℎ𝑏 𝑠𝑖𝑛 𝑠𝑖𝑛 180 − 𝛼 =  

1

2
ℎ𝑐ℎ𝑏 𝑠𝑖𝑛 𝑠𝑖𝑛 𝛼 =

1

2
ℎ𝑐ℎ𝑏

ℎ𝑏

𝑐
=

4𝐹3

𝑏2𝑐2 = 𝐹(𝛼 ) 

𝟑. 𝑨𝒓𝒆𝒂(∆𝑿𝑸𝑹) = 𝑭. (𝜷 ) 

𝑃𝑟𝑜𝑜𝑓: It’s found similary to 2. 

𝟒. 𝑨𝒓𝒆𝒂(∆𝑿𝑹𝑷) = 𝑭. (𝝑 ) 

𝑃𝑟𝑜𝑜𝑓: It’s found similary to 2. 

𝟓. 𝑨𝒓𝒆𝒂(∆𝑷𝑸𝑹) = 𝑭. (𝜶 + 𝜷 + 𝝑 ) 

𝑃𝑟𝑜𝑜𝑓: Equations 2,3,4 are found by adding them side by side. 

𝟔.
𝑹𝒂′𝒃′𝒄′

𝑹∗𝒂𝒃𝒄
= 𝜶 + 𝜷 + 𝝑 ) 

𝑃𝑟𝑜𝑜𝑓: 𝐴𝑟𝑒𝑎(∆𝑃𝑄𝑅) =
𝑎′𝑏′𝑐 ′

4𝑅∗ = 𝐹. (𝛼 + 𝛽 + 𝜗 ) =
𝑎𝑏𝑐

4𝑅
(𝛼 + 𝛽 + 𝜗 ) 

⇒  
𝑅𝑎′𝑏′𝑐 ′

𝑅∗𝑎𝑏𝑐
= 𝛼 + 𝛽 + 𝜗 )  

𝟕.
𝒎𝒂𝒎𝒃𝒎𝒄

𝑹∗𝑹𝟐
= 𝜶 + 𝜷 + 𝝑 ) 

𝑃𝑟𝑜𝑜𝑓: In the equation, replace 𝑎′, 𝑏′, 𝑐 ′with the equations 1 and the equality is found. 

𝑅𝑎′𝑏′𝑐 ′

𝑅∗𝑎𝑏𝑐
= 𝛼 + 𝛽 + 𝜗 ) ⇒

𝑅𝑎𝑏𝑐𝑚𝑎𝑚𝑏𝑚𝑐

𝑅∗𝑎𝑏𝑐𝑅3
= 𝛼 + 𝛽 + 𝜗 ) ⇒ 

⇒
𝑚𝑎𝑚𝑏𝑚𝑐

𝑅∗𝑅2
= 𝛼 + 𝛽 + 𝜗 ) 

8. 𝑨𝒓𝒆𝒂(∆𝑷𝑸𝑹) =
𝟒𝑭𝟑.(𝒂𝟐+𝒃𝟐+𝒄𝟐)

𝒂𝟐𝒃𝟐𝒄𝟐  

𝑃𝑟𝑜𝑜𝑓: It is used that 𝛼 + 𝛽 + 𝜗 ) =
(𝑎2+𝑏2+𝑐2)

4𝑅2  and 𝑅 =
𝑎𝑏𝑐

4𝐹
 and equality is found. 

9. 𝑨𝒓𝒆𝒂(∆𝑷𝑸𝑹) =  
𝑭.(𝒎𝒂

𝟐+𝒎𝒃
𝟐+𝒎𝒄

𝟐)

𝟑𝑹𝟐  

𝑃𝑟𝑜𝑜𝑓: It is used that 3(𝑎2 + 𝑏2 + 𝑐2) = 4(𝑚𝑎
2 + 𝑚𝑏

2 + 𝑚𝑐
2) and equality is found. 
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10. 𝑨𝒓𝒆𝒂(∆𝑷𝑸𝑹) =  
𝟏𝟔𝑭𝟑 .(𝒎𝒂

𝟐+𝒎𝒃
𝟐+𝒎𝒄

𝟐)

𝟑𝒂𝟐𝒃𝟐𝒄𝟐  

𝑃𝑟𝑜𝑜𝑓: It is found by writing 𝑅 =
𝑎𝑏𝑐

4𝐹
 in equation 9. 

11. 𝑨𝒓𝒆𝒂(∆𝑷𝑸𝑹) = (𝟑 − 𝜶 − 𝜷 − 𝝑 )𝑭 

𝑃𝑟𝑜𝑜𝑓: It is found by writing 𝛼 + 𝛽 + 𝜗 ) = (3 − 𝛼 − 𝛽 − 𝜗 ) in equation 5. 

12. 𝑨𝒓𝒆𝒂(𝑨𝑸𝑩𝑹𝑪𝑷) = 𝟑𝑭 

𝑃𝑟𝑜𝑜𝑓: 𝐴𝑟𝑒𝑎(𝐴𝑄𝐵𝑅𝐶𝑃) = 𝐴𝑟𝑒𝑎(𝐴𝑃𝐵𝑋) + 𝐴𝑟𝑒𝑎(𝐵𝑅𝐶𝑋) + 𝐴𝑟𝑒𝑎(𝐶𝑄𝐴𝑋) =
𝑎ℎ𝑎+𝑏ℎ𝑏+𝑐ℎ𝑐

2
= 3𝐹 

13. 𝑨𝒓𝒆𝒂(∆𝑷𝑸𝑹) = 𝟐. 𝑹𝟐𝒔𝒊𝒏𝜶𝒔𝒊𝒏𝜷𝒔𝒊𝒏𝝑(𝜶 + 𝜷 + 𝝑 ) 

𝑃𝑟𝑜𝑜𝑓:  It is used that 𝐹 = 2𝑅2𝑠𝑖𝑛𝛼𝑠𝑖𝑛𝛽𝑠𝑖𝑛𝜗 and equality is found. 

14. 𝑨𝒓𝒆𝒂(∆𝑷𝑸𝑹) = (𝟐 +𝒄𝒐𝒔 𝒄𝒐𝒔 𝜶 𝒄𝒐𝒔 𝒄𝒐𝒔 𝜷 𝒄𝒐𝒔 𝒄𝒐𝒔 𝝑 )𝑭 

𝑃𝑟𝑜𝑜𝑓: It is used that 𝛼 + 𝛽 + 𝜗 = 180 ⇒  𝛼 + 𝛽 + 𝜗 = 2 +𝑐𝑜𝑠 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝑐𝑜𝑠 𝛽 

𝑐𝑜𝑠 𝑐𝑜𝑠 𝜗  and equality is found. 

15. 𝑨𝒓𝒆𝒂(∆𝑷𝑸𝑹) ≥
√𝟑𝑭𝟐

𝑹𝟐  

𝑃𝑟𝑜𝑜𝑓: 𝐴𝑟𝑒𝑎(∆𝑃𝑄𝑅) = 𝐹. (𝛼 + 𝛽 + 𝜗 ) = 𝐹.
(𝑎2+𝑏2+𝑐2)

4𝑅2  

It used to 𝑎2 + 𝑏2 + 𝑐2 ≥ 4√3𝐹 and equality is found. 

16.   |𝑿𝑲|𝟐 + |𝑿𝑳|𝟐 + |𝑿𝑴|𝟐 ≥
𝟒𝑭𝟐

𝟗𝑹𝟐 

17.    (|𝑨𝑿| + |𝑩𝑿| + |𝑪𝑿|)𝟐 ≥
𝟏𝟔𝑭𝟐

𝟗𝑹𝟐 + 𝟖(|𝑿𝑴||𝑿𝑳| + |𝑿𝑴||𝑿𝑲| + |𝑿𝑲||𝑿𝑳|) 

18. 𝑨𝒓𝒆𝒂(∆𝑷𝑸𝑹) =
𝑭𝒎𝒂𝒎𝒃𝒎𝒄

𝑹∗𝑹𝟐  

𝟏𝟗. 
𝒂𝒂′

𝑹𝟏
+

𝒃𝒃′

𝑹𝟐
+

𝒄𝒄′

𝑹𝟑
=

𝒎𝒂𝒎𝒃𝒎𝒄

𝑹∗  

𝟐𝟎. 𝒔𝒊𝒏 𝒔𝒊𝒏 (𝑹𝑷𝑸)  =
𝑹𝟐𝒔𝒊𝒏𝒔𝒊𝒏 𝝑 (𝜶 +𝜷 +𝝑 )

𝒎𝒂𝒎𝒃
 

21.(𝑹𝑸𝑷)  =
𝑹𝟐𝒔𝒊𝒏𝒔𝒊𝒏 𝜷 (𝜶 +𝜷 +𝝑 )

𝒎𝒂𝒎𝒄
 

22. 𝒔𝒊𝒏 𝒔𝒊𝒏 (𝑷𝑹𝑸)  =
𝑹𝟐𝒔𝒊𝒏𝒔𝒊𝒏 𝜶 (𝜶 +𝜷 +𝝑 )

𝒎𝒃𝒎𝒄
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23. 𝒔𝒊𝒏 𝒔𝒊𝒏 (𝑹𝑷𝑸)  =
𝒔𝒊𝒏𝒔𝒊𝒏 𝝑 (𝒂𝟐+𝒃𝟐+𝒄𝟐)

𝟒𝒎𝒂𝒎𝒃
 

24. 𝒔𝒊𝒏 𝒔𝒊𝒏 (𝑹𝑸𝑷)  =
𝒔𝒊𝒏𝒔𝒊𝒏 𝜷 (𝒂𝟐+𝒃𝟐+𝒄𝟐)

𝟒𝒎𝒂𝒎𝒄
 

25. 𝒔𝒊𝒏 𝒔𝒊𝒏 (𝑷𝑹𝑸)  =
𝒔𝒊𝒏𝒔𝒊𝒏 𝜶 (𝒂𝟐+𝒃𝟐+𝒄𝟐)

𝟒𝒎𝒃𝒎𝒄
 

      26. (𝒂′ + 𝒃′ + 𝒄′)𝟐 ≤
𝟑

𝟒
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐 

      27.   (𝒂′ + 𝒃′ + 𝒄′)𝟐 ≤
𝟐𝟕(𝒂𝟐+𝒃𝟐+𝒄𝟐)

𝟒
 

      28.    (𝒂′ + 𝒃′ + 𝒄′)𝟐 ≤
𝟐𝟒𝟑𝑹𝟐

𝟒
 

      29.    
𝒔𝒊𝒏𝒔𝒊𝒏 𝑹𝑸𝑷 

𝒔𝒊𝒏𝒔𝒊𝒏 𝑹𝑷𝑸 
=

𝒔𝒊𝒏𝜷.𝒎𝒃

𝒔𝒊𝒏𝝑.𝒎𝒄
 

      30.    
𝒔𝒊𝒏𝒔𝒊𝒏 𝑹𝑸𝑷 

𝒔𝒊𝒏𝒔𝒊𝒏 𝑷𝑹𝑸 
=

𝒔𝒊𝒏𝜷.𝒎𝒃

𝒔𝒊𝒏𝜶.𝒎𝒂
 

      31.    
𝒔𝒊𝒏𝒔𝒊𝒏 𝑹𝑷𝑸 

𝒔𝒊𝒏𝒔𝒊𝒏 𝑷𝑹𝑸 
=

𝒔𝒊𝒏𝝑.𝒎𝒄

𝒔𝒊𝒏𝜶.𝒎𝒂
 

      32.    
𝒔𝒊𝒏𝒔𝒊𝒏 𝑹𝑷𝑸 

𝒔𝒊𝒏𝝑.𝒎𝒄
=

𝒔𝒊𝒏𝒔𝒊𝒏 𝑷𝑹𝑸 

𝒔𝒊𝒏𝜶.𝒎𝒂
=

𝒔𝒊𝒏𝒔𝒊𝒏 𝑹𝑸𝑷 

𝒔𝒊𝒏𝜷.𝒎𝒃
=

𝟏

𝑹∗ =
𝒂𝟐+𝒃𝟐+𝒄𝟐

𝟒𝒎𝒂𝒎𝒃𝒎𝒄
   

      33.    
𝒔𝒊𝒏𝒔𝒊𝒏 𝑹𝑷𝑸 

𝒔𝒊𝒏𝝑.𝒎𝒄
=

𝒔𝒊𝒏𝒔𝒊𝒏 𝑷𝑹𝑸 

𝒔𝒊𝒏𝜶.𝒎𝒂
=

𝒔𝒊𝒏𝒔𝒊𝒏 𝑹𝑸𝑷 

𝒔𝒊𝒏𝜷.𝒎𝒃
≤

𝟗𝑹𝟐

𝟒𝒎𝒂𝒎𝒃𝒎𝒄
 

      34. 
𝒔𝒊𝒏𝒔𝒊𝒏 𝑹𝑷𝑸 

𝒔𝒊𝒏𝝑.𝒎𝒄
=

𝒔𝒊𝒏𝒔𝒊𝒏 𝑷𝑹𝑸 

𝒔𝒊𝒏𝜶.𝒎𝒂
=

𝒔𝒊𝒏𝒔𝒊𝒏 𝑹𝑸𝑷 

𝒔𝒊𝒏𝜷.𝒎𝒃
≥

√𝟑𝑭

𝒎𝒂𝒎𝒃𝒎𝒄
 

      35.    𝑹∗ =
𝟒𝒎𝒂𝒎𝒃𝒎𝒄

𝒂𝟐+𝒃𝟐+𝒄𝟐  

      36.   𝑹∗ ≤
𝟑

𝟐
. 𝑹 

𝑹𝒆𝒇𝒆𝒓𝒆𝒏𝒄𝒆: 

𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 − “𝑴𝒆𝒕𝒓𝒊𝒄 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏𝒔𝒉𝒊𝒑𝒔 𝒊𝒏 Ș𝒂𝒉𝒊𝒏’𝒔 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆” − 𝒘𝒘𝒘. 𝒔𝒔𝒎𝒓𝒎𝒉. 𝒓𝒐 
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