Recursive Families of Tangent Circles in a Unit Square

Mariia Kovalenko

Abstract
This paper investigates recursive families of tangent circles inscribed

within the unit square and constrained by semicircles and quarter circles.
Beginning with a square of unit side length, we construct successive circles

tangent to combinations of the square’s sides, the semicircles of radius P and

previously inscribed circles. Using analytic geometry, we derive explicit
algebraic relations for the centers and radii of these circles and establish
recursive formulas governing their behavior. Several closed-form
expressions are obtained for initial cases, revealing regular patterns in both
the placement and the radii of the circles.
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1 Construction 1

C

D

It is known that the side of the square has length 1. Thus, the
coordinates of its vertices are: A (0,0); D (1,0); B (0,1); C (1,1). In this
example, two semicircles are inscribed, each with diameter equal to the side
of the square.

Therefore their radii are % and their centers are K (O, %) and M (1, %)

The circle with radius L is tangent to both semicircles and to one side of the
square.

Note that any further inscribed circles will be tangent to the side of the
square, one of the semicircles, and the previously inscribed circle.

e Computation of the initial radii for the first seven circles

The first inscribed circle has centre L = G, ro) and radius 1. It is tangent

to the bottom side y = 0, to the circle centred at K (and by symmetry to
the one at M).

Hence dist(L,K) =1, + %

2 2
So following the coordinates: \/G — 0) + (ro - %) =15+ %



Squaring and simplify: G)Z + (To — %)2 = (7”0 + %)2 =71 = %

Thus, the radius of the circle with center L equals to %.

™

Let the following inscribed circle have centre = (a, ;) and radius ;.
[t is known:

1) It sits on the base AD, so its centre is at height r; above y = 0.

2) Itis tangent to the left semicircle (center K = (0, %), radius %), SO
distance FK =17, + %

3) Itis tangent to the previous circle (center L, radius ry), so

distance FL =1; +§.
@074 (23 = 2
(a=3) +(n=3) =(n+3)

Solving : (a, ;) = G,%) Therefore the radius would be equal to 1—18.

In equations:

Using the same method for the next five radii of consequent circles we

get the following results:

1 1 1 1 1 1 1
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e Exploring a general formula

1) Each little circle in the chain rests on the bottom side AD (y= 0), so its
centre has coordinates (x,y) = (x,,1,), Wherer, is its radius (and
hence y-coordinate), and 0 < x,, < 1.

2) Every small circle must be tangent externally to the left semicircle (of

radius %, centre L = (0, %)).

Thus the distance between centers =1, + %



2
In coordinates: \/(xn —-0)% + (rn — %) =1, + % =

2 2
H(n=g) =(n+g)
X+ =\ + =

2 2
x,2 = 217,
Therefore:
Xy° Xiii1
rn:% (1):)rn+1 :nT

Assume that the circle n and circle n + 1 are adjacent in the chain.
They are tangent externally, so if a circle n has a center (x,, 1), then

the circle n + 1 has a center (x;,41,+1)- Thus,

\/(xn+1 - xn)z + (Tn+1 - rn)z =Thy1 T T
(xn+1 - xn)z + (rn+1 - Tn)z = (rn+1 + rn)z
(xn+1 - xn)z = 4141

Using formula (1), we obtain

2 2
2 4xn+1 . xn
(xn+1 - xn) - 2 2
2 2 . 2
(xn+1 - xn) = Xn+1 Xn
Xn+1 — Xn = Xp41 " Xn
Xn

1+x,

= Xp4+1 =

3) The initial inscribed circle is n = 0 with x-coordinate at the midpoint%

1 1
Assume: z,, = —, thenz,,; = —.
Xn Xn+1

Therefore, after plugging in: z,,,; = ( xln ) = 1;xn = xi +1=12z2,+1.
1+xn n n

So, z, satisfies simple linear recurrence: z,,,; = z,, + 1 from which we

can ultimately getthat z,, = z,,_; + 1.

Thus,ZO=x1=2; Z,=20+1=3; 2, =2, +1=4,=
0

Zn=Zo+n=2+n.



: : 1 1 .
As it was previously assumed that z,, = — then x,, = —, leading to
n n

1 1
x, = —when n = 0.So, x = —
n 24n - rom+l n+3

2

4) As shown earlier r;, = %, after plugging in x,, = P

1

Thus, we obtain the result: |r,, = 22?2

2 Construction 2
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It is known that the side of the square has length 1. Thus, the
coordinates of its vertices are: A (0,0); D (1,0); B (0,1); C (1,1). In this

example, semicircles are inscribed with diameters equal to the sides of the
. : 1
square. Therefore, the center of one semicircle is K (O, E)'

Another construction involves an inscribed quarter circle: the circle
with radius 1 centered at point A.
The circle with radius L is tangent to both semicircles, the quarter

circle, and one side of the square.



Note that any further inscribed circles will be tangent to the side of the

square, one of the semicircles, and the previously inscribed circle.

e Computation of the radius of the first inscribed circle

B C

K«

A D

FL is parallel to the side of the square and equals to y. AF is equal to r;.
Thus following Pythagorean theorem AKLF:

2 2

1 2 1 2
(§+r1) =y + (rl_f) = 21, =y° (2)

Furthermore ALFA:
y2+rf=(1-n)?

Using formula (2), we obtain

1
r =Z (3)

® Derivation of a General Formula

Lemma 1 The segment connecting the points of tangency of the common
tangent to two tangent circles can be calculated by the formula 2v7R,



where r and R the radii of the two circles

2VrR

Thus, we can implement this formula to our structure.

Let us consider a circle of radius r,, and let the next circle in the
construction have radius r;, ;. Using this formula, we obtain the following

relation:
1 1
2 E'rn+1+2\/r1'rn+1:2 E'Tn

Using formula (3) and (4) we obtain:

_GEZ-nr o (2o (V2-1)  (V2-1)
2 2 4 T vzt 2(3v2-2)




Then the general formula can be written in the following form:

o (v2-1)°
i 2(\/§+(n—3)(\/§—1))2

® Proof by induction of the formula

_ _ (V2-1)?
Consider P(n) = 22t (n—3)(Vo—1))2

B B (VZ2-1)2 _ (V2-1)?
Forn=2= P(2) = 2(/2+(2-3)(V2-1)2 2

Assume true forn > 2;¢ =2 — 1and B,, = V2 + (n — 3)c. Then:

r—CZ=> 21, = ¢ _c
n 2B,,2 n B2 By,

1+ 2rn=1+Bi=MWhereBn+1=Bn+c=\/7+(n—2)c.

n n

c2

™n _ 2Bp®  _ c? _ (\/E_l)z
(1+/2r)” (m)z 2Bpi1? 2(\/54.(11_2)(\/5_1))2

Bn

Then: 1,41 =

Hence by induction, claim true forn > 2:
(V2-1)°
2
2(VZ+(n-2)(V2-1))

Th+1 =

Thus, our conjecture regarding the general formula is confirmed, and we

may state the result as follows:

(v2-1)°
' 2(\/f+(n—3)(\/f—1))2




3 Construction 3
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[t is known that the side of the square has length 1. Thus, the
coordinates of its vertices are: A (0,0); D (1,0); B (0,1); C (1,1). In this
example, a semicircle is inscribed with diameter equal to the side of the

square. Therefore, its center is at K(O, i)

The circle with radius L is tangent to the semicircle and to one side of
the square. Note that any further inscribed circles will be tangent to the
side of the square, one of the semicircles, and the previously inscribed

circle.

e Counting the radius of the first inscribed semicircle with center L

AD is equal to 1, therefore AL = AD — r,,. Following Pythagorean
1 2 12 1
Theorem: (E+T°) =, t (1-1)% =3ry=1=r1ry= 3

Thus, the radius of the semicircle with center L equals to %



® Derivation of a General Formula

By applying the same method (marked with *), as in the construction,

2
we obtain the following 7, = (Z;g) :

Using formula (4) we get:
_6-v2' _(4-v2)  (5-v2)

2T Tz BT a2 T Ty 032

Examining the first four results, we are led to the conjecture that the
formula takes the following form:

B (n+ 1—\/5)2
T o+ D2 = 2)2

e Proof by induction of the formula

(12 (n+1-v2)
mT 2+ 1D2=2)2 2% +2n—1)
(n+1-v2)*
2(n?+2n-1)>2

(2+1-V2)? _ (3—V2)?
2(22+4-1)2 272

> 3

Consider P(n) =

Forn =2 = P(Q2) =

Therefore, follows the general formula.

Assume true forn > 1;
(n+1-+2)"
3Tn+1 _ , rnz ;= 2(n? +2n —1)2
TS e

2(n®+2n—1)2

(n+1—\/§)2 )
2(n*+2n-1)> _ (n+1-+v2)
(1+n+1—\/§>2 2(n2+3n—\/§)2

n:2+2n—-1




(n+1-2)? then 7. .. = (n+2—v2)?2
NI+l = Sz rant2)?

[f7, = 2(n2+42n-1)2
Let us verify whether our formulas agree. For this, the following equality
must hold:
2 2
(n+1-v2)"  (n+2-+2)
2(n2 + 3n—x/§)2 2(7’1,2 +4n + 2)2
n+1-v2 n+2-42
= =
n2+3n—+2 n*+4n+2
n3+4n? +2n+n?+4n+2 —V2n? — 4/2n - 2V2
=n3+2n%2 —V2n2 +3n2 +6n—-3V2n—-2v2+2

This is true: LS=RS (0=0)

Hence, by induction, the claim true forn > 1:

B (n-l—l—\/i)z

r. =
" 2(n%+2n-—1)2

4 Equivalence of the Radii in Two Constructions

As can be seen, the general formulas for Constructions 2 and 3 are very

similar. This raises the question of whether the radii of these two families

may in fact coincide.

We set
A(n) = (V2-1) 2
2(VZ+(n-3)(V2-1))
_ (n+1-v2)?

B(n) = 2(n? 4+ 2n —1)2



Proposition. There exist m, k € N, such that:
1. A(m) = B(k)
2.Viz1:Alm+1i)=B(k+1)

Proof:
Prove that B(1) = A(3)

h+1-v2)' | (2-v2)" (VZ-1)
2(n2+2n—1)2__ 8 B 4

n=1

B(1) =

(v2-1) _(2-1 (V2-1)

A(3) = / -
2(VZ+(n-3)(VZ- 1)) 2(v2)

2
n=3

Show that all subsequent terms also coincide. Here it is clear that k = 1
and m = 3.
Hence, we may set B(i) = A(i + 2),Vi > 1

B(i) = A(i +2) &

(+1-v2)* _ (VZ-1) o
2EA-DT (V24 (- D(VZ-1))
i+1-v2 V2-1

i2+2i—1=\/§+(i—1)(\/7—1)(:)

i2(V2—1)+2V2i—2i—V2+1=i?(V2-1)+i(2v2-2) V2 +1

This completes the proof.



5 Conclusion
This article investigates recursive constructions of tangent circles

within the unit square, constrained by semicircles and quarter circles.
Using analytic geometry, we derive explicit formulas for the centers and
radii of the inscribed circles and establish recursive relations describing
their behavior. Several initial cases are worked out in closed form,
allowing us to identify patterns and propose conjectures about the
general structure of these families of circles. We also show that, under
suitable conditions, different constructions may generate identical
sequences of radii. Overall, this work illustrates how elementary
geometric constraints can produce unexpectedly rich hierarchical
structures, emphasizing the interplay between symmetry, tangency, and

algebraic elimination in planar geometry.
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