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In any A ABC the following relationship holds :

Proposed by Dang Ngoc Minh-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

Lets = sin and ¢ = cos D—C and then : % <14 |1-2F
eS—Slnzan C = COS 2 an en-b+c_ R

. A A
8Rsin_ cos ? |R(1—4sc+4s2) 2s—c? L
T—gc— 1< S < /1 — 4sc + 4s2 and its's

R c -
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trivially true when : 2s < c and when : 2s > ¢, then (x) &

=4

2s —¢)? »? ?
g — 4sc3 + 4s%c? > 4s? — 4sc + c?

2 <1-4sc+4s? o c?

? ?
ec—s—c?(c—s)=>0¢< (c—s)(1—c?) >0 - true
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“ C = COS = .sin—>sand 1 > cos
2 a 2

2a 2r
bTc <1+ ’1 R v AABC," =" iff A ABC is isosceles with b = ¢ (QED)

Solution 2 by Tapas Das-India
Leta=y+2zb=z+x,c=x+Yythen:

2s=a+b+c=2(x+y+z)ors=x+y+z

F = Js(s —a)(s—b)(s—c) = nyz(x+y + z)
r § _ 4AF? 4xyz

R~ ¢~ sabc x+y)(y+2)(z+x)
4F

2a _ 2(y+2) 1_y+z—2x
b+c = 2x+y+z = 2x+ty+z

We need to show:
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2a <1+ 11 2r 2a 1< |1 2r
b+c ™ R or b+c - R

y+z—2x< 1 4xyz
2x+y+z~ x+y)y+2)(z+x)

y+z—2x\° squaring 4xyz
(2x+y+z> B x+yY)y+2)(z+x)

(y+z—2x)2—(2x+y+z)2< 4xyz
(2x +y + 2)? T (x+y)y+2)(z+x)

8x(y+2) < 4xyz
2x+y+2)?2~ (x+y)y+2)(z+x)

y+2)>2%(x+y)(z+x)=>yzQ_x+y +z)?

LHS=@y+2*x+y)(z+x)=W+2)>*x*+x(y+2z)+yz) =
=(y+2)2x?+x(y +2)3 + yz(y + 2)?
RHS=yz2x+y+2z)? =yz (4x2 +yz(y + 2)% + 4x(y + z)) =
= 4x’yz + yz(y + z)® + 4xyz(y + z)

LHS—RHS= (y+2)*x*+x(y+2)3—4x*yz — 4xyz(y + z) =
=x2((y+ 22 -4y2) +x(y + 2)(y + 2)® — 4yz) =
=x2(y—-2)?*+x(y+2)(y—-2)?*=(y—-2)*x(x+y+2z) =>0.
SoLHS—RHS>00rLHS>=RH.S
y+2)>2%(x+y)(z+x)=>yzQ_x+y+2z)?

Equality holds fory=zor b =c.



