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If a,b,c,d > 0,then prove that :

abc + bcd + cda + dab
a+b+c+d

< %. Y@a+b)a+c)(a+d)(b+c)(b+d)(c+d)

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

3(a+b+c+d) =
AM-GM

=(a+b)+(a+c)+(a+d)+(b+c)+(b+d)+(c+d) =
> 6. i/(a+b)(a+c)(a+d)(b+c)(b+d)(c+d)

>(a+b+c+ d).l.i/(a+b)(a+ Ola+d)(b+c)(b+d)(c+d) >
4

%.\/(a +b)(a+c)a+d)(b+c)(b+d)(c+d)

= %.\[((a +b)(b+c)(c+ d)). ((a +c)(a+d)(b+ d))
(abc + bed + cda + dab) (abc + bed + cda + dab)
+(c2(a+b) +b2(c+d)) |\ [+(a2(b+d) +d%(a+0))
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Reverse cps AbC + bed + cda + dab + J(cz (a+Db) +b%(c+ d)). (az(b +d) + d%2(a + c))

>

> 7 >

> abc + bed + cda + dab
& \/(cz(a +b) + b2(c+d)).(a?(b + d) + d?(a + c))abc + bed + cda + dab
()
Reverse CBS
ac + bd > ab + cd and then : LHS of () >

ca.\/(a+b)(b+d)+bd.\/(c+d)(a+c)

Reverse CBS
=ca/(b+a)(b+d)+bd.(c+d)(c+a) =

ca.(b +Vad) + bd. (c + Vad) > abc + bed + cda + dab

? ? AM-GM a + d
< Vad. (ca+bd) = ad(b+ ¢) © ca + bd éxmd. (b+c)and = Vvad < 2

®
?
- in order to prove (1), it suffices to prove : 2(ac+bd) > (a + d)(b+¢)
?

=ab+ac+bd+cd<:>ac+bdéab+cd—>true:>@:> (%) is true
Reverse CBS

ab + cd > ac + bd and then : LHS of () >
cd../(a+b)(a+c)+ab.\/(b+d)(c+d)
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Reverse CBS
=cd.\/(a+b)(a+c)+ab.\/(d+b)(d+c) =

cd. (a + Vbc) + ab. (d + Vbc) > abc + bed + cda + dab

? ? AM-GM b + ¢C
<=>\/E.(ab+cd)2bc(a+d)@ab+cd§x/ﬁ.(a+d)and':\/ﬁ < >

@
- in order to prove (2), it suffices to prove : 2(ab + cd ) >Mb+c)(a+d)

=ab+ac+bd+cd@ab+cd'2ac+bd—>true=>@=> (%) is true
. combining both cases, (+) is true V a,b, c,d > 0 and so,

abc +bcd + cda+dab 1
< =
a+tbtcrd <—.Y@+b)a+c)(a+d)(b+c)(b+d)(c+d)

Vab,cd>0"="iffa=b=c=d(QED)




