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If a,b,c > 0 and a? + b? + ¢? = 3 then prove that :
al? + b'? + c1? + (abc)?(a3®b3 + b3c3 + c3a3) > 6
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

AM—GM ?
Z a'? + (abc)? Z a3b3 > z a'? + 3(abc)* > 6 =

cyc cyc cyc
6 6
6 ?
739" Zaz @2432x6+729x2y2zzaz Zx (a? =x,b* =y, c? =12)
cyc cyc () cyc

Assigningy+z=Xz+x=Y,x+y=2Z=>X+Y—-Z=2z>0,
Y+Z-X=2x>0andZ+X-Y=2y>0=>X+Y>ZY+Z>XZ+X>Y
= X, Y,Z form sides of atriangle with semiperimeter, circumradius and inradius

=s,R,r(say)yieldingZZx=ZX=25=>Zx=s=>x=s—X,y=s—Y,

cyc cyc cyc

Zz=s—17:Xyz= rzs,ny = 4Rr + rz,z x3y3 = (4Rr + r?)3 — 12Rr3s?,
cyc cyc

Zx3 =s3 - 12Rrs = Z x% = (s® — 12Rrs)? — 2((4Rr + r?)3 — 12Rr3s?)

cyc cyc

and so, (+) & 243 ((s® — 12Rrs)? — 2((4Rr + r?) — 12Rr’s?)) + 729r*s? — 25
? Gerretsen
> 0and - 241(s? —16Rr + 5r?)3 > 0 - in order to prove (*x),it
(%)
?
suffices to prove : LHS of (xx) > 241(s? — 16Rr + 5r?)3 © (5736R — 3615r)s* —
r(16(9381R? — 7595Rr + 1084r?) + 8Rr + 2r?)s? +

?
r?(128(7469R3 — 7413R?r + 2214Rr? — 239r3) + 96R?r — 24Rr? — 19r3) = 0

(exx)
Gerretsen

and - (5736R — 3615r)(s> — 16Rr + 5r2)> > 0 . in order to prove (x*x),
?
it suffices to prove : LHS of (x**) > (5736R — 3615r)(s?> — 16Rr + 5r?)?
?

& (8364R% — 12882Rr + 4701r2)s?| >

r(32(4003R3 — 6988R?r + 3425Rr? — 467r3) + 8R?r + 8Rr? + 3r?)
Gerretsen

and indeed, (8364R? — 12882Rr + 4701r2)s?2 >
?
(8364R%* — 12882Rr + 4701r2)(16Rr — 5r2) > RHS of (x**x*)
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? R
& 286413 —12162t% + 15009t — 4282 > 0 (t = ;)

Euler

o (t—2)((t—2)(2864t—706) +729) = 0 > true w t = 2 = (xxxx) = (x5
= (xx) = (x) is true - a'? + b'? + ¢1? + (abc)?(a®b3 + b3c3 + c3a®) > 6
Vab,c>0|a?2+b2+c2=3"=" iffa=b=c=1(QED)



