
 
If 𝒂, 𝒃, 𝒄 > 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝟑 then: 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝒂𝒃𝒄(√𝒂 + √𝒃 + √𝒄) 

Proposed by Gheorghe Crăciun-Romania 

Solution by Tapas Das-India 

𝑳𝒆𝒎𝒎𝒂:  

𝑰𝒇 𝒂, 𝒃, 𝒄 > 𝟎 & 𝒂 + 𝒃 + 𝒄 = 𝟑 𝒕𝒉𝒆𝒏 √𝒂 + √𝒃 + √𝒄 ≥ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂  

𝑷𝒓𝒐𝒐𝒇:  

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 =
𝟏

𝟐
((𝒂 + 𝒃 + 𝒄)𝟐 − (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)) = 

=
𝟏

𝟐
(𝟑𝟐 − (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)) =

𝟏

𝟐
(𝟗 − (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐))  

𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘:  

√𝒂 + √𝒃 + √𝒄 ≥
𝟏

𝟐
(𝟗 − (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)) 

 𝟐(√𝒂 + √𝒃 + √𝒄) + (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ≥ 𝟗 𝒐𝒓, ∑(√𝒂 + √𝒂 + 𝒂𝟐) ≥ 𝟗  

∑(√𝒂 + √𝒂 + 𝒂𝟐) ≥
𝑨𝑴−𝑮𝑴

 ∑ 𝟑𝒂 = 𝟑(𝒂 + 𝒃 + 𝒄) = 𝟑 × 𝟑 = 𝟗  

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂𝒃𝒄
= ∑

𝒂

𝒃𝒄
= ∑

(√𝒂)
𝟐

𝒃𝒄
≥

𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎 (√𝒂 + √𝒃 + √𝒄)
𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
≥

𝑳𝒆𝒎𝒎𝒂
 

≥
(√𝒂 + √𝒃 + √𝒄)

𝟐

(√𝒂 + √𝒃 + √𝒄)
= (√𝒂 + √𝒃 + √𝒄)  

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝒂𝒃𝒄(√𝒂 + √𝒃 + √𝒄) 

Equality  holds for  a=b=c=1. 

 

 


