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1501.If a,b,c > 0,a>® + b3 + ¢3 =3 and A > 0 with n € N, then :

3n+2

Zb2+l A+1

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

A-G A-G A-G
Firstly, a® + 2b3 > 3ab? b3+ 2¢® > 3bc? and c® + 2a® > 3ca?

.°.3Za3ZBZabZ:ZabZSZaS*(l)

cyc cyc cyc cyc
. 3n+2 3n+3 (as)n+1 Holder (chc a )n+1
ow, =
Z b2+ A ab? + Aa ab? + Aa 3n- I(chc ab? + Ay a)

cyc cyc cyc

3
via (1) a3 n Holder 1

> (chc ) -.-3=Z:a3 ozer— Za :ZaSB =
3013 ca® + 31) 9

cyc cyc cyc

Vabc>0|a®+b3+c3=3
30-1(3 1 32) b2+A A+l e |@®+b% +c

andA>0withn e N,”=" iffa=b=c=1(QED)

1502.Ifa,b,c > 0,a+ b + c = abc,A = 0 then:
1 1 1 3

<
A+ab+ A+bc+ A+ca A+3

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

1 1
Leta——,b—; c=;thena+b+c=abcor
1+1+1—1 +yz+ —1(1)
"y z_xy or,xy+yz+zx =

1 1
A+ab ! A+bc /1+ca za+ab =

RIH
‘<IH
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ley+1 2 ( Axy+1)

3 1 Bergitrom 3 1 1+1+ 1)2 @
~21 2 Axy+1 = A2 AA(xy+yz+zx)+3
3 19 1( 9 )_1 34 3
A A2+3 2 A+3) 22+3 1+3

Equality holds fora=b =c =3

1503.If a,b,c > 0,a+ b+ c=2and A > 1, then:

b+c
a2+/1_
cyc

Proposed by Marin Chirciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have:

b+c b+c _Z b+ c
cyc Py mJ(az +D2-a) &2i-alla- D7+ @-1)]

Z—>(a+b+c)f=2ﬁ
cyc

as desired. Equality holds iff a = 2,b = ¢ = 0 and permutation.

v

1504. If a, b, c > 0 then:

a+b 3
<_
Za5+b5+8_5

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

We will show a® + b® + 8 > 5(a + b) (1)

Proof: we need to show a® + b> + 8 > 5(a + b) or

4 RMM-INEQUALITIES MARATHON 1501-1600
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+ b)®
(“16) +8>5(a+b) (CBS) or

(a + b)> + 128 > 80(a + b)or

a+b=t>0
t>—-80t+128 >

(t—2)2(t3+4t> + 12t +32) > 0trueast >0

a+b @ a+b 1 3
—_—_— < = _ = —
Za5+b5+8_ 5(a+ b) ZS 5

Equality holds fora=b =c

1505.If x,y,z,n > 0 and A > 0 then:
zxz + n? - 6n
y+4dz  1+1

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

x2 4+ n? x2 n?2 Bergstrom
= >
Zy+lz Zy+lz+2y+lz -

X x)? 1+1+1)2
2T D T oo D

Q2 a2 9 Am_Gm. (X x)? ) 9 _6n
“TCoG+D T TG+ C Coa+0) " To@+1) A+1

Equality holds forx =y =z = n.
1506. If a > —1,b > —1 and a? + b? > 5, then prove that :
al+b3>7

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

a>-1,b>-1>(a+1)(b+1)>0>a+b+ab+1>0
2>ab>-a-b-1-a*+b?>5=(a+b)?>5+2ab>5-2a—-2b—-2
= (a+b)?+2(a+b)-3>20=>(a+b-1)(a+b+3)>0=>[a+b>1]
-1 (+a=-1,b>-1=>a+b>-2=>a+b<£-3)
[Case1]b > 2 andvia (1),a>1-b=a® > (1-b)3 =1-3b+ 3b% - b3
=>a3+b3—723b2—3b—6=3(b—2)(b+1)bé20=>a3+b327

[Case2]b<2and ~a?+b?>5:-4>b2>5-a?=>a’®>1=[a>1]

(va=-1>a<+-1)
Now,a? +b*?>5=a%2>5—-b?=a>+5—-b?2
3
(+a>1>0and5—-b%>4—-b%>0)=a®>(5-b?)2

3 ? 3 7
=>a®?+b3>(5-b%)2+b3>7|< (5-b%)2>7-Db3,
which is trivially true if b > {7 and so, we now focus on the scenario when :
32 ?
b < Y7 and then : (5 — b%)2 > 7 — b?® & (5 — b2)3 > (7 — b3)?2
& 8(2b® — 15b* — 14b3 + 75b%2 — 76) < 0
o (b-2)(b+1)((2b—-3)2(4(b+2)2+5)+44(2—-b) +27) < 0 > true -
1-<b < 2 . a3+ b3 > 7 and combining both cases, a® + b3 > 7
Va>-1b>-1|a?+b%>5,
"="iff(@a=2,b=—-1)or (a=—-1,b=2) (QED)
1507.If x,y,z > 0O and x? + y*> — 2z%> + 2xy + yz + zx <
0, then prove that

xt+yt yt+zt Y+ xt 273
4 + 4 + 4 =
z X y 8

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Wehave x2 + y2 — 222 + 2xy+yz+zx=(x+y—2z)(x+y+ 2z),thenz>x + y.

F-I_y‘*

x4+y4_|_y4+z4_|_z4+x4_x4+y4 z* (1 1) 25524<1 1) y* xt

7 . v~ £ '256 T 256 Ty Tt A

AM-GM 4 4 4
- x* + 1 1 255(x + 1 1
= Z\/ 4 ( ) + —( 2 (— + ) +2

256 \x*  y* 256 xt |yt
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4
AMéGM , 2x2y2 2 255(2/xy) 2 12 = 273
= %0256 x%?" " 256 x%y? - 8

z
Equality holds iff x =y = >

1508. If a,b,c > 0 and ab + bc + ca < 3abc then prove that:

a? + b? b2 + ¢ cz + a?
< V2
\/a+b +\/b+c +jc+a +3<V2(Na+b+Vb+c++c+a)

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By CBS inequality, we have

— b%2+c* 2bc b2 + c? 2bc
\/_Z b+C_ZJ(1+1)<b+c b+c>zz<\/b+c +\/b+c)

cyc cyc cyc

_Z b2+cz+z 2 ]ergenz b2+c2_|_3 2.3
B b+c 1 + 1 = b+c ) (1 1)
cyc cyc+l p C cyc cyc C

_z b2+c2_|_3 3abc z b2+c2
N b+c ab +bc+ca” b+c

cyc cyc
as desired. Equality holds iffa=b=c = 1.
1509. Leta,b,c = 0,ab + bc + ca > 0. Prove that:

b+ c N c+a N a+b <3 a+b+c
ab + ac+ 2bc bc+ ba+ 2ca ca+cb+2ab — 2 ab + bc + ca

Proposed by Phan Ngoc Chau-Vietnam

7 RMM-INEQUALITIES MARATHON 1501-1600
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

2(ab + be +ca) ). bre =Y (b+e+ alb+ o)
a crea ab + ac + 2bc €T ab + ac + 2bc

cyc cyc

CBS

<2 =

- Z”Z <ab+bc ac+bc> ZZ“+Z(a+c a+b)
cyc cyc cyc cyc

—zz +Z< ca+ab)—zz +z =3(a+b+c)

B @ c+b b+c/ @ a=2a <
cyc cyc cyc cyc

as desired. Equality holds iff (a = b = ¢ > 0) and
(a =0,b,c > 0) and permutation.
1510.If x,y,z > 0,x +y+ z = 1,then:
g 2
l_[(x+2y) S§+32xy
cyc cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

2 wxtytz=1
l_[(x+2y)S§+32xy2 &

cyc cyc

3
3<22x2y+42xy2+9xyz>s 2<Zx> +9z:xy2

cyc cyc cyc cyc

&3 22x2y+42xy2+9xyz <

cyc cyc

2 Zx3 +3<2xyz+2x2y+2xy2> +9z:xy2

cyc cyc cyc cyc
A-G A-G
o2 Z x3+3 Z xy? > 15xyz - true - Z x® > 3xyzand Z xy? > 3xyz
cyc cyc cyc cyc

2
l_[(x+2y)S§+32xy2 Vx,y,z>0|x+y+z=1,

cyc cyc

8 | RMM-INEQUALITIES MARATHON 1501-1600
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"= iffx=y=z=% (QED)
1511. If a,b > 0 and ab(a* + b*) > 2, then prove that :
a® +b°>>2
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
We shall prove that : (a® + b5)6 > 2a°b®(a* + b*)> - (1)

Chebyshev 1
and v a®*+b> > = (a + b)(a* + b%)

1
o (a®+ b5)6 > —(a5 + bs)(a +b)>(a* + b*)®
Holder 1 1

~ 5 5 45> 515 45
Z 3516 .(a+b)>(a+b)>(a* + b*) 2a°b®(a* + b*)

& (a+b)1° > 1024a°b®  (a +b)? > 4ab — truevia A — G - (1) is true

6 ab(a*+b*) 2 2
= (a® + b%) > 64 = a® + b5 > 2

Va,b>0|ab(a* +b*) >2"=" iffa=b =1 (QED)
1512. If a,b > 0 and ab = 4, then prove that :
1 1 2
+ ==
Va3 +1 vb3+1 3
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1 1 1
Letx = —,y = and then : xy—Zandt—x+y e 2, /xy = Zf
1
V@ +1 Vo1 [
—+1 J—+1

_ X. \/E\/E n y. \/;\/— Bergstrom
Jx(x+ D Vx2—x+1 (Jyly+1).y2—-y+1 =

=>t>1- (1) and now,

9 | RMM-INEQUALITIES MARATHON 1501-1600



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
(x + y)? 3 t?
24yl tx+y a2 +yi—(x+y)+2 JE2-2xy+t 2 —2xy—t+2
i 2t2 ? 2 ?
>-—o5t*-8t+3>0
Jee+2t—-1)(2t2 -2t+3) 3

o t-1)GB +5t2+5(t—1)+2) >0 - true ~ t > 1 via (1)

&
I

1,1
Vi +1 Vb +1

2
2§Va,b>0|ab=4,”=” iff a = b = 2 (QED)
1513.1f x,y > 0, 3* + 3Y = 6 then:
(2x%* +y)(2y* + x) + 9xy < 18

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
3* +3Y AM-GM xt+y

3*+3Y=6o0r =30rv3*yY < 3o0r 32z <3or

2
x+y
<lorx+y<2 (1)
AM-GM x+ v)? (1)
4x*y? = 4xy.(xy) < 4xy( 4y) =xy(x + y)? < 4xy (2)
(€))
¥4y =x+y)a+y?—ay) < 2(x* + ¥ —xy) (3)
(2)&(3)

2x2+y)(2y* + x) + 9xy = 4x2y2 + 2(x3 + y3) + 10xy <
< 4xy + 4(x2 + y2 - xy) + 6xy =
())& AM-GM 2(x + 2 (1 22
=4(x +y)* + 2xy < 4-22+(Ty)g 16+7:13
Equality holds for x=y=1.

1514.If a,b,c > 0 then prove that :
2 2
(Va2 + b2 +/b? + ¢?).Y/a® + 2b3 + 3 Sx/f(i/a3+b3 + /b3 + ¢3 )

Proposed by Pavlos Trifon-Greece

Solution by Soumava Chakraborty-Kolkata-India

1 1

a® +b3\3  [a?®+b?\2
Power — Mean inequality = ( > > = < > )

10 RMM-INEQUALITIES MARATHON 1501-1600
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1 1
a?+b2 [a®+Db3\3 o b2 +c¢Z2 (b3 +c3)\3
= > < > and similarly, > < >

2+b2 b2+ 2
= ja +\/ c).i/(af‘+b3)+(b3+c3)

2 2

1 1
a® + b3\3 b3 + ¢3\3
< (x+y).Y2x3 + 2y3 x=< > >,y=< > >>

? 5 2, 2 2 ?
<Vad+b3 +Yb3+c3 =23 (x2+y2) o 42 +y2)3 > 23 +y3)(x+y)3
? x
o2 +13 > +D(t+1)3 (t = ;)

? ?
ot -3t5+3t* -2 +3t2-3t+1>0< (2 +t+ 1)(t— 1)* > 0 > true

2 2
+ (Va2 +b2 +\/b2+c2).i/a3+2b3+c3s\/i(i/a3+b3 +3/b3 +¢3 )

Vab,c>0"="iffa=b =c(QED)

1515. Leta,b,c = 0,a + b + ¢ = 2. Find the minimum value of

P=ya?+b%+7c++b*+c2+7a++/c?+a?+7b.
Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
We will prove that the minimum of P is 2\/§, achieved at
a=b= g and when one of a, b, c is 0 and the othersare1.Letp:=a+ b +c =2,

q = ab + bc + ca, r:= abc. By Holder's inequality, we have

3

2
(a+1)3
\/ b? 247 L) = Z 1 = 125,
Z Tt ia b2+ c?+7a @+ 1)
cyc cyc cyc

(a+1)® 544 -221q + q* — 4q° + (768 — 123q + 10q*)r + 3217
b2 +c2+7a 224 — 84q — 10q%2 — 2q3 + (313 — 27q)r — 12 '

cyc

11 | RMM-INEQUALITIES MARATHON 1501-1600
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224 — 84q — 10q% — 2¢3 + (313 — 27q)r — r? 2
544 — 221q + q* — 4q3 + (768 — 123q + 10g?*)r + 32r?

& f(r)=32+22q-52q*> —2q% + (29 + 111q — 20¢*)r — 691 > 0.
2

p 4 2q
We have q < 3 and pq = 9r,then q < 3’ r< ?,and

2
f'(r)=29+111q — 20q* — 138r > 29 + 111q — 20q*% — 138.%’ > 0,

so f is increasing, and if ¢ < 1, we have
f(r)=f(0)=32+22q-52q9*> -2q® = (1—-q)(32 + 54q + 2¢%) > 0.

p4q—p®) 8(g-1)

9 9 ,and

4
If1<q< 3’ we have by Schur’s inequality, r >

(g—-1) (g — q) (163 + 89q) > 0.

) > f(s(" - ”) =2

9 ) 9
which completes the proof.

1516. Leta,b,c = 0,ab + bc + ca = 1. Maximize the following expression :

1 1 1
P =
a+2ab+3+b+2bc+3+c+2ca+3

Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We will prove that the maximum value of P is g .We have :

16 1 16
pelb oy 116
21 a+2ab+3 7 21

cyc

212(1: +2bc+3)(c+2ca+3) < 161_[(a+ 2ab + 3)

cyc cyc
121 70 64
© a+ b+ c+ 3(ab? + bc? + ca?) + Tabc + ?abc(a +b+c)+ ?(abc)Z
>4. (1)

12 RMM-INEQUALITIES MARATHON 1501-1600
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By AM — GM inequality, we have

16ab? + a(2 — ¢)? > 8ab(2 — ¢).
Adding this inequality with its similar ones, we obtain
16(ab? + bc? + ca?) + 4(a + b + ¢) + (ac? + ba? + cb?) + 24abc > 20

< 15(ab? + bc? + ca?) + (a+ b+ c)(ab + bc + ca) +4(a+ b + ¢) + 21abc > 20

21
@a+b+c+3(ab2+bc2+ca2)+?abc24.

So the inequality (1) is true and the proof is complete.

16 1 1 1
The maximum value of P is 51 achieved at (a,b,c) € {(Z,E, 0) , (0, 2,5) , (E’ 0, 2)}

1517.If a, b, c > 0 then:

an+1bnc + C2n+1a bn+1cna + a2n+1b cn+1anb + b2n+1 C

bn+1(an+1 + Cn+1) + cn+1(an+1 + bn+1) + an+1(bn+1 + cn+1) = 3

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

Walter Janous inequality: a,b,c and x,y,z be positive real numbers then

X z
— (b b)>.3(ab+b 1
y+z( +c)+z+x(c+a)+x+y(a+ ) > /3(ab + bc + ca) (1)

an+1bnc + C2n+1a b_n i
a*t1ptc + ¢?tlg 1 anticntl 1 T gn
b i(gntl + cntl)  pntl (gntl 4 entl)  pnil 1 1

an+lcn+1 an+1 + CTI,+1
1
e
g S i A KO
1

o b**1c"a + a*"*1h s " at
Similarly I (gntl 1 pril) =7 1 <—+ —) and

13 RMM-INEQUALITIES MARATHON 1501-1600
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1
c*tla™p + b2+l ¢ a1 (b" a”)
1 1

an+1(pntl  cntl) = o + bn

+

bn+1 Cn+1

an+1bnc + c2n+1a bn+1cna + a2n+1b Cn+1anb + b2n+1 c
bn+1(an+1 + cn+1) + Cn+1(an+1 + bn+1) + an+1(bn+1 + Cn+1) =

1 1
B pn+l b* c" cntl c" a® an+1 b* a™
S S vt Rl s el v R e e RS D
an+1 + cn+1 an+1 + bn+1 bn+1 + cn+1

bn cn ct an b an\ \ AM-GM
= |3 (c—nﬁ)+(ﬁ-b—n)+(c—n-ﬁ) =
1

- Jof (2. (c 2y () s
c* a*/ \a™® b/ \c"* b"

Equality holds fora=b =c
1518. If a, b, ¢ > 0 then:
a b c ab + bc + ca

+ + >2 -
b+c c+a a+b 2(a? + b? + ¢?)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

a N b N c _Z a _Z a? cBs (@a+b+c)?
b+c c+a a+b L.b+c ZLiab+ac = 2(ab+bc+ca)

2+b2+2
_a’+b*+c% +2(ab + bc + ca) W=x21x+1
B 2(ab + bc + ca) B 2

We need to show:
a2+b2+c2_
x_|_1>2 ab + bc + ca W—Rlz 1
2 - 2(a? + b? + c2) B 2x

x+2 4x-1
=
2 2x
x2-2x+1>0
(x —1)?2 > 0 true
Equality holds fora = b = c.

14 RMM-INEQUALITIES MARATHON 1501-1600
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1519. Leta,b,c = 0,ab + bc + ca + abc = 4. Prove that:

a N b N c -
Vva:?+8 Vb2+8 Vcz2+8

Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By CBS inequality, we have

a N b N c (a+ b + ¢)?
Vaz+8 Vb*+8 Vc2+8 ava®Z+8+bVbZ+8+cVcZ+8

So it suffices to prove that

avaz+8+byb2+8+cyc2+8<(a+b+c)>

. . ) ) a b c
ByAM—GMlnequalltyandtheknownldentltya+2+a+2+a+2
= 1, we have
afa*+8 6
GRS Yelargta) e
Za a-+8 < 2<a+2+a+2> aa+a_|_2 a +b“+c“+6
cyc cyc cyc

So it suffices to prove that 3
< ab + bc + ca,which is true by AM — GM inequality.

The proof is complete. Equality holds iffa = b =c = 1.
1520. If a,b,c > 0 and abc = 1, then prove that :
(a? + b2 +¢?)3 > 9(a® + b3 + ¢3)
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India
Assigningb+c=x,c+ta=ya+b=z>x+y—z=2c>0,

y+z—x=2a>0andz+x—-y=2b>0=>x+y>zy+z>x,2+x>Yy
= x,y,Z form sides of a triangle XYZ with semiperimeter, circumradius and inradius

= s,R,r (say); and then : abc = r?s - (1),2 a? =s? —8Rr—2r%? - (2) and

cyc

15 RMM-INEQUALITIES MARATHON 1501-1600
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bc=1
Z a3 =s3—12Rrs -» (3) - (a? + b? + c?)? > 9(a® + b3 + ¢?) RPN

cyc
3

via (1),(2) and (3)
Z a’ | > 9abc Z a3 o

cyc cyc

()
(s* — 8Rr — 2r?)? — 9r?s(s®> — 12Rrs) |> |0 and = P =
Gerretsen

(s — 16Rr + 5r?)3 + (24Rr — 30r2)(s2 — 16Rr + 5r2)2 > 0

~ in order to prove (x), it suffices to prove : LHS of (x) > P
& (192R?% — 516Rr + 237r2)s2| > |r(2560R3 — 7296R2r + 4296Rr? — 617r3)

S
(+#)

Gerretsen

192R? — 516Rr + 237r? > 0 and then : LHS of (xx) >
(192R? — 516Rr + 237r2)(16Rr — 5r2) > RHS of (xx)
? R ?
& 128t — 480t2 + 519t — 142 >0 (t = F) & (t—2)(128t%2 —224t+71) >0

Euler )
>true wt > 2= (xx)istrue
Gerretsen

192R? — 516Rr + 237r% < 0 and then : LHS of () >
(192R?% — 516Rr + 237r2)(4R? + 4Rr + 3r2) > RHS of (+)
?
& 192t* — 964t% + 1689t2 — 1224t + 332 > 0
Euler

?
& (t-2)((t—2)(192t> - 196t + 137) + 108) 2 0 > true v t > 2
= (*x) is true .. combining both cases, (x*) = (x) is true V AABC

~(@+b*+c®)2>9@@+b2+c3va,b,c> 0|abc =1,
"="iffa=b=c=1(QED)

1521. Leta,b,c = 0,ab + bc + ca > 0.Prove that:

1 N 1 N 1 <3(a2+b2+c2+ab+bc+ca)
ab + ac+4bc bc+ ba+4ca ca+chb+4ab ™ 4(ab + bc + ca)?

Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Multiplying the both sides of the inequality by 4(ab + bc +
ca), we get the equivalent inequality
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a(b +c) b(c+ a) c(a+b) - a? + b? + ¢?
ab + ac +4bc bc+ba+4ca ca+cb+4ab~ ab+ bc+ ca

We have
a(b + c) 3abc(b + c)
(ab+bc+ca)2ab+ac+4-bc_Z<a(b+c)_ab+ac+4bc
cyc cyc
AM-GM b+c

< 2(ab + bc + ca) — 3abcz

cyc

ab + ac + (b + ¢)?

9abc Shvr

=2(ab+ bc+ca) ———— < a®+b? +c?,
a+b+c

which completes the proof.
Equality holds iff a = b = ¢ & a = b,c = 0 and its permutation.

1522.If a,b,c > 0 and a + b + ¢ = 3, then prove that :

1 1 1 1 10
e’ =3

+ =
az+b2+c2~ 3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,c+a=y,a+b=z=>x+y—-—z2=2c>0,
y+z—x=2a>0andz+x—-y=2b>0=>x+y>zy+z>xz2+x>y
= x,y,Z form sides of a triangle XYZ with semiperimeter, circumradius and inradius

=s,R,r (say); and then : Z a=s- (1),abc =r?s - (2),
cyc
Z a? = s> — 8Rr — 2r? - (3),2 a’b? =r?((4R +r)? — 2s%2) - (4)
cyc cyc
. 1 1 1 1 10 a+b+c=3
2 2 Tty ©

Za Zazb2 zaz + za .a’b%c? > 30a’b?c? Zaz

cyc cyc cyc cyc cyc
via (1),(2),(3) and (4)
s (s? — 8Rr — 2r?)((4R + r)? — 2s?) + s?r? —
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O]
30r?(s? — 8Rr — 2r?) 0 and ~ P = —2s%(s? — 4R? — 4Rr — 3r%) +
Gerretsen

2(4R? + 8Rr — 15r?)(s? — 16Rr + 5r) > 0 .. in order to prove (),

it suffices to prove : LHS of (x) > P & 8r2(15R — 13r)(R— 2r) > 0

t ia Eul (x)ist Lili Ly ! > 10
— true via Euler = (¥) istrue . -+ —+—=+——-5-—5>—
a? b2 c¢2 a?+b%2+c2 3

\7’a,b,c>0|a+b+c=3,”=” iffa=b=c=1(QED)

1523. Leta,b,c > 0,a+ b + ¢ = 2. Prove that:

bc N ca N ab
V5a+4 +5b+4 5¢c+4

1
S_
2

Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Morocco

We will first prove the following lemma, that

1 3a? —8a + 16
< .

raris 32 W

squaring

(1)©32<(3a’-8a+16)V5a+4 &
0 < a(45a* — 204a® + 608a? — 640a + 256)
& 0 < al[(5a®? —16a +13)(3a —2)%? + 279a? — 420a + 204],
which is true since 5a? — 16a + 13,279a% — 420a + 204 > 0.

Using this lemma, we have

Z bc - Z 3a’bc — 8abc + 16bc _ 8(ab + bc + ca) —9abc
V5a+4 "~ 32 B 16 B
cyc cyc

_4(a+b+c)(ab + bc + ca) — 9abc SCS" (@a+b+c) 1

16 - 16 2

The proof is complete. Equality holds iff a = b = 1, ¢ = 0 and its permutation.
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1524. Leta,b,c = 0,

a+b+c=ab+ bc+ ca > 0then find the minimum value of :

_3a—b—c+3b—c—a+3c—a—b
~ b% 4+ 2 c? + a? a? + b?

Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letp:==a+b+cq:=ab+bc+car:=abc. Wehave3p=3q<p? =p
> 3. Also,

_ 4a—p _ chc(4‘a - p) [aZ(aZ + b% + CZ) + bZCZ]
L T @+ D@ 1 a)

cyc

_4Y a’.¥Y a* + 4abcy bc — p(Y a®)? — p Y b?*c? 3
- Y a?.y b%c? — a?b?c? N

_ 4(p® - 3pq +3r)(p? — 2q) + 4qr —p(p® — 2q)* — p(q* — 2pr) _
(p? — 2q)(q* — 2pr) — 12

127 3p° — 16p* + 19p° + p(14p — 20)r

a p* —2p3 —2p2(p — 2)r — 2 =f@).

2_
f is clearly incresing, then we have:If p >4 : P = f(r) = f(0) = 3”;% =

_ 3, =hp-1) 3
2 2(p-2) 2
By the fourth degree Schur’s inequality, we have

If3<p<4:

(p? — q)(4q — p?)
r >
> =

,then

P=f(r)> p(p—-1)(4—-p)\  24p>-36p? —252p+480
== 6 - 11p* — 74p3 +171p2 —128p — 16

3 (4—p)(p—3)(33p%—39p — 84) >3
=2t 2[(p-3)(p(p—3)(11p—8) + 24p + 16) + 32] ~ 2’
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3
So the maximum value of P is 2 achieved at
a=b=c=1&a=>b=2,c=0and permutations.

1525.1f x,y,z # km ,k € Z,cot? x + cot?’ y + cot? z < %then:

1 1 1 12
+ + >—
2+cos2x 2+cos2y 2+cos2z 5

Proposed by Nguyen Minh Tho-Vietnam
Solution by Tapas Das-India

Let cot?’x = a,cot’ y = b,cot? z = ¢ then

3
a+b+c=cot2x+cot2y+cotzzs7 (1)

1 —tan?x cot’x+1 a-1 3a+1
24cos2x=2+—"——F—=2+——-—-=2+ =
1+ tan2x cot?2x —1 a+1 a+1
Z 1 _ a+1
2+cos2x Zui3a+1
Lemma :
Vt>0t+1>47_49t
3t+1 50
Proof:

t+1 >4-7—4-9t
3t+1 50

50(t+1) > (3t+1)(47 —49¢)
50t + 50 > 92t — 147t* + 47
147t2 —42t+3 >0

3(7t —1)2 > 0 true

1,1 1 -y 1
2+cos2x 2+cos2y 2+cos2z Lu2+cos2x
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3
B a+1len;mu247—4961_141—49(a+b+c)(;)141_49><7_120
- Zu3a+1 T 50 50 = 50 "~ 50
_12
5
Equality holds fora=b=c=%
1526. Leta,b,c = 0,a+ b + c + abc = 4.Prove that:
ab bc ca 1
+ + <
4a+4b+c 4b+4c+a 4c+4a+b a+b+c

Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letp:=a+b+cq:=ab+ bc+ca,r:=abc.
AM_GM 3
then3 <p <4.

= 2 L
Wehave4=p+r < p+27,
We have
_ chc bc(4—p - 3b)(4‘p - 3C) _
"~ (4p-3a)(4p-3b)(4p —3c)

Z bc _ Z bc
4b+4c+a Li4p-3a
cyc cyc

B 16p% Y. bc — 12p Y. be(b + ¢) + 9 Y.(bc)?

64p3 —48p? ) a+ 36p ) bc — 27abc
_ 16p*q — 12p(pq — 3r) + 9(q* — 2pr) _

64p3 — 48p3 + 36pq — 27r

=3P 4p2q +9q% — 18p% + 72p é 1
= — =
16p3 +36pq+27p—108 ~ p

4p(p? — 9)q + 9pq? < 34p3® — 72p% +27p — 108 (1)

By Schur’s inequality, we have
<p3 +9r p*+9(4-p)

1= 4p 4p
9(p® —9p +36)* _
16p B

LHS 1) < (p* —9)(p®* — 9p + 36) +
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—3)(4 — p)(25p* + 175p> — 69p? — 207p + 972
=34p3—72p2+27p—108—(p )4~ p)(25p 16: p p )SRHS(D,

the last inequality is true because 3 < p < 4. So the proof is complete.
Equality holds iff (a=b =c=1)and (a = b = 2,c = 0) and its permutations.

1527.1f a,b,c > 0 and A < 4 then :

Zb+c> chc (6_A).chcalz)
a chc chc a

cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,c+a=y,a+b=z=2>x+y—z=2c>0,
y+z—x=2a>0andz+x—-y=2b>0=>x+y>zy+z>x,z2+x>y
= x,y,Z form sides of a triangle XYZ with semiperimeter, circumradius and inradius
= s,R r (say); and then : Z a=s- (1),abc =r?s - (2),
cyc
Zab=4Rr+r2 —>(3)§:a2 =s?2—8Rr-2r?- (4)
cyc cyc

chc chc ab
chc (6 )L) chc

)\.((chc az)z _ (chc ab) ) ‘e chc ab 124 4 ((chc az)z _ (chc ab)z)
(Zeye ab)(Zeye a?) Teye@® ~ (Teyeab)(Teye @?)
6 chc ab ; z b+c _ (chc a)(chc ab) — 3abc via (1),(2),(3) and (4)

: < &
Ycye a? a abc
cyc

s(4Rr +r?) — 3r?s ? 4((s — 8Rr — 2r%)%? — (4Rr +r?)?) + 6(4Rr + r?)?
r2s - (4Rr + r2)(s?2 — 8Rr — 2r2)

O]
< (4R +1)(2R —1r)(s%? — 8Rr — 2r?) — 2(s? — 8Rr — 2r?)? — (4Rr + r?)? 0

and - P = —2(s* —s?2(4R? + 20Rr — 2r?) + r(4R +1r)3) —
Double—Rouche
and
Gerretsen

r(10R — 11r)(s? — 4R? — 4Rr — 3r?) > 0, .. in order to prove (%),
? ? R
it suffices to prove : LHS of (x) > P © 123 — 22t2 — 11t + 14 >0 (t = ;)

Euler

?
e (t-2)(12t2+2t—7)>0->true-t > 2= (%)istrue
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b+c
Z > A chc + (6 —2). Zeye @b Vab,c>0andA <4,
e a chc chc

"=""iffa =b = c(QED)

1528.If a,b,c > 0 and A > O, then :

). . <
(A+1)a?2+2Ab%2+c2~ 2(A+1)

cyc cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

a AM- GM
(A+ 1)a? + Ab2 + c2 ZA Zab + 2ac

cyc cyc
1 1
= 2 (@ +b)bA + (AT a>Z(<c*+ a)(ak + b))

= 2(A+ 1)2 ~2(A + Dabc 1)abc Zab

cyc

o A(Z alb? — abcz ab) + (Z a’b3 — achab) 5 0

cyc cyc cyc cyc ()

a’h? Bergstrom
Now,z alb? = abcz P > abc Z ab|and ~A>0

cyc cyc cyc

a’b? Bergstrom
s A Z alb? — abcz ab | and also,z a’b3 = abcz o >

cyc cyc cyc cyc

abc (Z ab) = Z a’b3 — abcz ab > 0 = () is true

cyc cyc cyc

E : a 1 Z 1
< — >

cyc cyc

"="iffa=b = c(QED)
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1529.If x,y > 0,x + y = xy and n € N*, then :

1 1
> <
nx2+(m+2)y2 " 4(n+1)

cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India
x+y=xy=>x=y(x—1and - x>0.-.y(x—1)>0

= x > 1 and similarly,y > 1
1 1 AM-GM 1 1

: + < +
nx2 + (n+2)y? ny2+ (n+ 2)x2 n.2xy + 2y?  n.2xy + 2x2

Now

1 X 1 y 1 X y
=2xy'nx+y+2xy'ny+x=2xy' x T y
nx+x_1 ny+y_1
1 ( x—1 y_1 )]ensen 1 x-2|-y—1

n(x—1)+1+n(y—1)+1 E.n(¥—1)+1

. £(1) ' xy
/ f(t) n(t—1)+1Vt>1a“dV“EN \x+y_=xyl 21

" _ 2n = / B xy.n ﬂ—l +1
\=>f ®) = (n(t—1)+1)3<0:>f(t) is concave (2 )

_ p—2
~ p(np—2n+2)
? ?
enp-2)p-9-2p-9V20s(p-Dn(P-2)-2)20
O]
AM-GM
Now,p=xy=x+y = 2\/5:>\/522:>p24andp—222-'.LHSOf(*)
>(p-4)2n-2)=2(p—-4)(n—-1)=>0~-p=>4andn=>1(-n€eN")
1

is t <
= (x)is true Z nx?2+ (n+2)y?2~ 4(n+1)
cyc

vneN, =" iff x=y=2(QED)

- 2xy’

? 1 ?
= < - 2 _ — >
(p xy)_4(n+1)<:>np 6np+8n—-2p+8=>0

Vx,y>0|x+y=xyand

1530. If x,y,z > 0 and xy + yz + zx + xyz = 4 then prove that :

Vx + .y +vz>2V2

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Z((z +Y)2+2) - @+X)(2+y)2+2) =4 — (xy + yz + 2% + xy2)

cyc
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—0- —1 (m) d - 1 x>01 1
= ZZ+ =1->(m)an ? < E ' we can set : F
cyc
! ( > 0 and <1) +2 2 2 2 2a (1)
—_ -1 = = = — = -
2 d\a-randasg)x 1-2a "~ 1-2a 1
i—a
Similarl t: 1 _ 1 b d 1 _ 1 ) 1-vht£n0
micarly, we se 2 +y 2 an 2+z 2 C .. =
1 1 1 1 1

1 1
=-— ——b+=-—-c> b == i
2+x 21y 242 2 @tz btzmcmatbie=5-0)

2a 2b 2c
~(M)and (i) > x = bTec and analogously,y = —— and Z=

atb
and hence : \/_+\/_+\/_>2\/_(:>z\/:.

cyc

Assigningb+c=A,c+a=B,a+b=C=>A+B-C=2c>0,
B+C—A=2a>0andC+A-B=2b>0=>A4A4+B>C,B+C>A4,C+A>B
= A, B, C form sides of a triangle with semiperimeter, circumradius and inradius

= s,R,r(say)yieldingZZazZAzZs:Zaz s

cyc cyc

cyc

=>a=s—A,b=s—B,c=s—C-'-(LHSof(*))Z= /
cyc

s—A (s—B)(s—C) s(s®+4Rr+r?)
_ +2 ~ —3+
A BC 4Rrs

cyc

sin%cosB i 4

2 2 (a, B, Y — angles of triangle with sides A, B and C)
cyc
s + 4Rr + r? B+ —
= 3+ Z (2 cos Y B Y)
4R 2
cyc
-y s + 4Rr + r?
( 0 < cos <1and analogs) = -3+ Z(cos B+ cosy)
2 4Rr
cyc
s? + 4Rr + r? 2(R+7r) ? s?+ 12Rr +9r? »
= —3+—— >4 >
4Rr R 4Rr
?
& s2 —16Rr + 512 + 4r?

Gerretsen
>0 - true ~ s —16Rr+5r2+4r2 > 4r?>0
(%) is true :-ﬁ+ﬁ+ﬁ> 2V2V x,y,z > 0| xy + yz + zx + xyz = 4 (QED)
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1 1 1
1531. If x,y,z > 0 and 1 + o) + i 1 then:
xyz > 8

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
1 1 1

+ + =1
x+1 y+1 z+1

+DE+D+x+DE+ D+ @+ Dy +1) 1
x+Dy+1D(z+1) B

3+2)x+)yz 3
1+Xx+Yxy+xyz

3+22x+2yz=1+2x+2xy+xyz
—2+xyz=Zx

AM-GM xyz=a3>0
—2+xyz > 3} xyzor —2+a®> = 3a

a?—-3a-2>00r(a—2)a+1)2%>0

as (a + 1)? > 0 so satisfy the inequality (a—2) >0
a=?2

3xyz >2o0rxyz>8

Equality holdsforx =y =2z = 2.
1532.Ifa,b,c > 0,a + b + ¢ = 3 then:

3abc + 9V aZb2c? — 273/ abc + 27

ab + bc + ca < 2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

) AM-6M a+b+c 3 a+b+c=3
Sincea,b,c > 0soabc >0andabc < (T) = 1,0<abc<1
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(a+ b + ¢)?
#2 ab + bc + ca

ab+bc+ca<3(as a+b+c=3)1)
3abc + 93V a2b?c? — 273/ abc + 27
ab + bc + ca <

4
3 (2 3abc + 93V a2b%c? — 273/ abc + 27

4
abc=x3
12 < 3x34+9x%2—-27x+27

x4+3x2-9x+5>0
(x—12%2(x+5)=>0
trueas0 < x3=abc<1

Equality holds fora=b =c = 1.

4 1 5
1533.Ifa,b > O,§+ﬁ—zthen.
4a+b =10

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

5 4+1_ 64 +1_ 43 +(1)3RAD>ON (4+1)°% 53
4 a? b?® 16a? b®2 (4a)? b2 ~ (4a+b)? (4a+b)?
5 53
[
4~ (4a+ b)?

(4a + b)? > 100
4a+ b > 10

Equality holds fora = b = 2.

1534.If a,b,c > 0,ab + bc + ca = 3 then:

bc N ca N ab <3\/§
at+17 \Jb4+7 ct+7" 4

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Tapas Das-India

AM—-GM
a*+7=(a*+1)+6 > 2a*+6=2(a*+3)=

abtbtca=s 2(a®*+ab+bc+ca)=2(a+b)la+c) (1)

bc(é) bc 1 b CAM<GM1(b+C)
a*+7 -~ [2(a+b)la+c) 2 a+b'a+c ~ 2y2\a+b a+c

S,_l_[ca<1(c+a)d
tmitary: b*+7  2y2\b+c b+a an

ab < 1 ( a N b )
ct+7 2y2\c+a c+b

Using above result we get:

’a4+7 x]b4+7 /c4+7—

S2\1/E<<a+b a+c> (b+c b+a) (c+a+cib)>=

grouping the terms 1 b a c a b c
B 22 (a+b+a+b>+(a+c+a+c)+(c+b+c+b) B

1 (a+b+a+c+b+C)_ 3 _3\/5
~2v2\a+b a+c b+c) 292 4

Equality holds fora =b =c = 1.
1535.If a, b,c > 0 then:

b® b7 ¢’ a®

—+— + + 5
2 ¢ |, a? b2

+ + 23‘\/
a* +b* bt + c4 ct + a4

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

Walter Janous inequaliy: x,y,z; A,B,C > 0 then:
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X VA
X B+0 +Lx(c+A) iy (4+B) 2 3UB+BC+CA) (1)

1 (a’c? + b°c3)

b 1 ., 6.3
a* + b* a* + b* a* + b*
X a*b*

= (0_4) TN aim@
- 14 L1 b4 b* at | x+y

a

1 1 1 b%c? adc? b3a?

b6 b7 C7 6 7
€Y

c2+ a2+ b2+b cz+c(2) S
a*+b* br+ct ttat Liat+ bt O

AM-GM
J3><3 A2B2(2 =33\/AB =

>./3(AB+BC+CA) =

bZ 3 3,2 b3 2
=33j< ¢} akc “):sm

a* "~ b* " *
Equality holds for a=b=c=1.

1536. For a,b,c = 0 prove that :
18

1
z a® + 3abc + b3 — S(chca b + Y¢ycab?)

cyc

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

When exactly one variable = 0; WLOG we may assume a = 0,and then
LHS > RHS 1+1> 18 (b +c)?(b? —bc+ 2)>18 b2c?
S —+—=>— - —
= b3 ' 3 = 5(bZc + bc?) ¢ cre)=g-be
AM-GM 18
- true ~ (b+c)?(b?2 —bc+c?) > 4b%*c? > —.b%*c? and now we
focus on the scenario when : a,b,c > 0 and assigningb+c=x,c+a=y,
at+tb=z=>x+y-z2=2c>0,y+z—x=2a>0andz+x—-y=2b>0=
x,y,Z form sides of a triangle XYZ with semiperimeter, circumradius & inradius
=s Rr (say);Z a = s,abc = rzs,z ab = 4Rr + rz,z a3 = s3 — 12Rrs,

cyc cyc
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Z a3b3 = (4Rr + r?)3 — 12Rr3s? and with m = s3 — 12Rrs, LHS =

cyc

(Zeye a3)2 + Xy @b + 12abce ¥y a® + 27a*b?c?

3abc(2cyC a3)2 + (chc a3)(2cyc a3b3) + 18a2b2c? Ycye @3 + 3abc Yy a®b3 + 26a3b3c3
m? + (4Rr + r?)3 — 12Rr3s? + 12r?sm + 27r*s? ?

= > RHS
(3r2sm + 18r4s2)m + (m + 3r2s)((4Rr + r2)3 — 12Rr3s?) + 26r°s3 —

18
R — 16r)s6 — r(120R? — 498Rr + 111r2)s*
5(s(4Rr + r2) — 3r2s) = (5 6r)s r(120 98Rr + r’)s* +

r2(432R3 — 3948R?r + 1605Rr? — 189r3)s? +

r3(3776R* + 1808R3r — 60R?r? — 133Rr3 — 16r*)|>|0and = P =
)
(5R — 10r)(s? — 16Rr + 5r%)3 — 6rs?(s* — s?(4R? + 20Rr — 2r?) + r(4R +1r)3) +

Gerretsen
and
Double—Rouche

r(96R? — 177Rr + 51r?)(s? — 16Rr + 5r?)? > 0 - to prove (%),
it suffices to prove : LHS of (x) > P & (48R3 — 204R?r — 96Rr? + 57r3)s?

? Gerretsen

> r(320R* — 2320R3r — 564R?%r2 + 173Rr3 + 41r*) ~r3s? > 16Rr*-5r°
(+%)

~ LHS of (%) > 4(12R3 — 51R?r — 24Rr? + 14r3) + 16Rr* — 5r° > RHS of (x%)
& 4(12R3 — 51R?r — 24Rr? + 14r®)s? + 3r*(R — 2r)
Euler

?
> 4r(80R* — 580R3r — 141R?r? + 40Rr3 + 10r*) and - 3r*(R—-2r) > 0
= to prove (xx), it suffices to prove : (12R3 — 51R?r — 24Rr? + 14r3)s?

r(80R4 — 580R3r — 141R?r? + 40Rr3 + 10r*)
€Y)

Gerretsen

12R3 — 51R?r — 24Rr? + 14r3 > 0 and then : LHSof (1) >
?
(12R3 — 51R?r — 24Rr? + 14r3)(16Rr — 5r%) > RHS of (1)
? R
© 28tY - 743+ 3t2 + 76t —20 >0 (tz;) =

Euler

?
(t—2) ((t —2)(28t2 + 38t + 43) + 96) >0-true =t > 2= (1)istrue

Rouche
?

12R3 — 51R?r — 24Rr? + 14r3 < 0 and then : LHS of (1) >
(12R? — 51R?r — 24Rr? + 14r1?) (2R2 + 10Rr — r? + 2(R — 2r).y/R? — 2Rr) >

?
RHS of (1) & 2(R — 2r)(12R* — 7R3r — 9R2r2 — 28Rr3 + 6r?) >
2(R — 2r).+/R? — 2Rr. (—(12R3 — 51R%r — 24Rr2 + 14r3)) N

?
(12R* — 7R3r — 9R?r2 — 28Rr3 + 6r%)?% >
(R? — 2Rr)(12R3 — 51R?r — 24Rr? + 14r3)?
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& 134417 — 4640t5 + 720t5 + 7037t* — 612t3 — 864t% + 56t + 36 > 0 and

Euler . .
«t* > 16 - it suffices to prove :

336t — 1160t° + 180t° + 1759t* — 153t3 — 216t + 14t + 13 5 Oand - Q =

)
Euler
336(t—2)7 + 3544(t—2)% + 14484(t — 2)°> +28039(t—2)* > 0

- in order to prove (2), it suffices to prove : LHS of (2) >Q

?

& 23679t — 139200t + 268462t — 168931 (> |0 &
)

1 ?
—((118395t —175062)(5t—11)%2 + 66127 — 24-865) > 0 - true

125
66127 7
) and when : t > ,LHS of (¢) =

24865 ~ 24865’

1
32 ((4-7358t —65289)(4t— 9)% + 53978t — 117383) > 0= (2) = (1) is true
1

. combining all cases, (1) = (xx) = (x) is true V A XYZ .. Z = T 3abc 1 b3

cyc

viela

18
=
S(chc a?b + Yy abz)

Vab,c=>0"="iffa=b=c>0(QED)
1537.1f x,y,z > 0,xy + yz + zx = 1 then:

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

n

Xy + yz + Zzx AM-GM 2 xy+yz+zx=1 1 1
Xy ryzTzx AN (xyz)3 or (xyz)3 < 3 0T XYz <— (1

3 - 3V3
sz (Z ) >\/3(xy+yz+zx) e V3 (2)

x"\/x xH 1 /x (D X1 [y Chebyshev
e R L
yz xXyz 1
3V3
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> 3\/5'_ z ne1) Zf T zx)n+1 (2\/}) 2
= V3o (V)" (D R) = W(ﬁ(ﬂ ZW Ok

Equality holds for X=y=2z=

il =

1538. Leta,b,c = 0,a+ b + ¢ = 3. Prove that:

J6a+6b+ (a—b)%2++/6b+6¢c+(b—c)++6c+6a+(c—a)?=>6V3
Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Letx=b+cy=c+az=a+b. Wehavex+y+2z=06.

The desired inequality is equivalent to

J6x+ (y—2)2++6y+(z—x)2++/6z+(x—y)2>6V3

squaring
= Z JI6y + (z — x)2][6z + (x — ¥)2] = 3(xy + yz + zx).

cyc

By CBS inequality, we have

Z\/[6y + (z —x)?][6z+ (x — y)?] = 2[6\/ﬁ+ (x—y)(x—z)] SS(xy+yz+ zZX)

cyc cyc
e x+y+2)(Jxy + . Jyz +Vzx) + x* + y* + 2% > 4(xy + yz + zx)
which is true by summing the two following true inequalities.

(x+y)Jxy + (y +2)/yz+ (z + x)Vzx = 2xy + 2yz + 2zx.

9xyz
x2+y2+22 + [xyz(Nx + [y +Vz) 2 x2 + y? + 2% + +;,+ > 2(xy + yz + zx)

The proof is complete. Equality holds iff

a=b=c=1&a=>b=0,c= 3 and its permutation.
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1539. Leta,b,c = 0,ab + bc + ca > 0. Prove that:

7a?* + 6ab + 7b? N 7b% + 6bc + 7c? . 7¢® + 6ca + 7a? - 90(ab + bc + ca)
a? + b? b2 + c? c2 + a? ~ (a+b+c)?

Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

The desired inequality can be rewritten as follows
(a+b)? (b+c)? (c+a)? 30(ab + bc + ca)

a2+ b2  b%Z+c%2 ¢+ a? ~ (a+b+c)?
WLOG,we assume thata+ b +c = 1.
2
1
Letp:=a+b+c,q:=ab+bc+cas%=§,r:= abc.

By CBS inequality, we have

2
2
(bbzic)z Z(bZ +c?)(Sa+4)* > Z(b +0)(5a+4) | =4(4+59)?

cyc cyc cyc
So it suffices to prove that
4(4 + 5q)*
50 Ycyc(bc)? +40 Y., a(b? + c?) + 32, a?
(4 + 59)*
< 25(q% — 2pr) + 20(pq — 31) + 16(p% — 2q) —
The last inequality is true for 15q — 2 < 0. Otherwise, it is equivalent to
48 — 224q + 255q* — 375q% + 110(15q — 2)r > 0.
From the known identity
0<(a—b)%(b—-c)*(c—a)*=-27r*+209pq — 2p*)r + p*q* — 4¢°
It follows

+4 = 30q

> 15q — 2,

_ =207 +9pq —2J(P* -3¢q)° _—-2+99-2y(1-3¢)°
- 27 B 27 '
So it suffices to prove that

110(15q - 2) (-2 + 99 — 2,/(1 - 3q)3)

48 — 224q + 255q% — 375¢% + >
o (1-3¢)(1736 — 61209 + 3375¢%) > 220(15q — 2)/(1 — 3¢)?

Squaring
~

© 27(1-39)%*(8-259)*(1632 — 80q + 675q%) > 0,
which is true and the proof is complete.

1
Equality holds iff (q =3 Sa=b= c) and
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8
(q =5 ©Sa=b= 2c> and its permutations.
1540. Leta,b,c = 0,ab + bc + ca > 0. Prove that:

Va2 + 14ab + b% +/b? + 14bc + ¢ + /2 + 14ca + a? > 12 -

ab + bc + ca
a+b+c

Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Firstly, we have

12bc 12bc
\/b2+14bc+c2—(b+c)= >
Jab+ 02 —3b—-0c)2+(b+c) 2b+o)+(b+c)
B 4bc
b+ C(
4bc
= b2+14bc+c2=>b+c+ (and analogs),

b+c
with equality for b = ¢ > 0 or bc = 0.

Using this result, it suffices to prove that
2ab 2bc 2ca - 6(ab + bc + ca)

a+b+b+c+c+a_ a+b+c
Multiplying the last inequality by a + b + ¢, we get the equivalent form

1
2 2 2 >
a“+b*+c +2abc(a+b+b+c+c+a)_2(ab+bc+ca). (1)

By CBS and Schur inequalities, we have

LHS 1) = a* + b* + c¢* + 2abc.

at+b+c+

- > .
2(a+b+c)_2(ab+bc+ca)

So the proof is complete. Equality holds iff a = b = c and
a =b > 0,c = 0 and its permutations.

1541. Leta,b,c = 0,ab + bc + ca + abc = 4.Prove that :

a+bc b+ca c+ ab
-+ + >
b+ c c+a a+b

Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

The desired inequality is equivalent to

1+1+1
b+c c+a a+b

(a+b+c+ab+bc+ca)( )26+a+b+c.
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3

2
Letp:==a+b+cq:=ab+bc+car:= abc.Wehave4=q+r£%+§—7,thenp
> 3.

By CBS inequality, we have

2 ?
1,1 1 [Zeyela+ 2] (p +6)* S P+6
b+c c+a a+b” Y, (b+c)a+2)? (pq—3r)+8q+8p  p+q

o p?-2p+12 > 5q.

sIf p>4: Wehave5q<20=p*-2p+12—-(p—4)(p+2) <p?-2p+12.

Schur

(f3<p<4: Wehavedpq < p3+9r=p3+9(4—q) then

3 —_ —
SPPH36) gy #TDE-PEHE)

< =
Y=o 4p +9

<p?-2p+12

Equality holdsifa=b=c=1&a =b = 2,c = 0 and permutations.
1542. Leta,b,c > 0,a+ b + ¢ = 3. Prove that:

1 N 1 N 1 >7—abc
a’lb+2 b%c+2 cta+2" 6

Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
p?

Letp=a+b+c=3, q==ab+bc+ca, r:= abcsﬁz 1.
The desired inequality is equivalent to
16 +8r — 7r3 +r* > 4(1 — r)(a®?b + b*c + c?a) + 2r(4 — r)(ab? + bc? + ca?). (1)
WLOG, we assume that b = mid(a, b, c). By AM — GM inequality, we have
ab? + bc? + ca? = b(c + a)? —abc + a(b—c¢)(b — a)

- 1<2b+(c+a)+(c+a)
—2 3

3
> —abc+0

then ab? + bc? + ca? < 4 — r. Similarly, we get a’b + b?>c + c’a < 4 —r.

sIf 2 — 67 + r2 > 0,we have
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RHS 1) = 4(1 — r)(a®b + b?c + c*a) + 2r(4 — r)[pq — 3r — (a*b + b*c + c*a)]

=2(2—-6r+1r?)(a*b + b*>c+ c*a)+ 6r(4—1r)q—61(4—T)
+9
P r—6r(4—r)

Schur
< 22-6r+r® )4—-r)+6r(4—r).
r(1—1r)(60 —r — 21?%)

P=332 —36r + 61r% — 1373
= > =16 +8r—7r3 +r* - >

T

<1
216 +8r—7r3+1rt= LHS(yy. If 2 — 6r + 1? < 0, we have

RHS 1) = 4(1 — r)[pq — 3r — (ab? + bc? + ca®)| + 2r(4 — r)(ab* + bc?* + ca?)
=1 -7).4pq—2@2 - 6r +1r?*)(a’b + b*c + c?a) —12r(1 —7r)

Schur
< A-n@3+9r)-22-6r+r’)(4-r)—12r(1—-r)
p=3
2 11+ 22r —17r% + 213

=16 +8r—-7r3+r* -1 -r)[(1—-1r)(5— 4r + 41?) + 3r3]

r<i1

16 + 8r — 7r® + r* = LHSy).

Equality holdsiff (@a=b=c=1)and (a=2,b=1,c
= 0) and its cyclic permutations.

<
pry
<

1543. Leta,b,c > 0,a+ b + ¢ = 1.Prove that:

ava?+4b+ b\b%?+4c+cVc2+4a>1

Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

a\a?+4b + b\ b%? +4c+ c+\/c? +4a >

> a\/a? + 4b(a + b) + b\/b? + 4c(b + ¢) + ¢ /c? + 4a(c + a)

=al(a+2b)+b(b+2c)+clc+2a)=(a+b+c)*=1.

Equality holds iff abc = 0anda+ b + c = 1.
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1544. Let a, b, c be real numbers witha + b + ¢ = 3. Prove that:

a—1 N b—1 N c—1 =0
b2+bc+c%2 c: +ca+a? a?+ab+ b2~

Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

32 Za—b—c_
b2+bc+c2 b2 + bc+c%
cyc cyc

_Z( a—b c—a )_

B b2 + bc+c?2 b2+ bc+c?)

cyc
_Z< b-c b-c )_ (a+b+c)b—c)? >0
B c2+ca+a? a’+ab+b%2) Li(a?+ab+b?)(c2+ca+a?)”
cyc cyc

Equaliy holds iffa=b =c = 1.

1545. Given real numbers a, b, ¢ satisfying a + b + ¢ = 3. Prove that:

vaz+b2+3+yb%+c2+3++/c2+a?+3=+5(a?+b?+c%+6)
Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
We assume that a = max{a, b, c}.
Wehavea>1and b + c < 2.
LetA:=b*+c*+3,B:=c*+a?+3,C:=a’®+b*+3.
After squaring, the desired inequality is equivalent to

2VA(VB +VC) + 2VBC = 3(a® + b + ¢ + 7)

2\/,4(3 + C+ 2VBC) + 2VBC = 3(a® + b + c2 + 7).

Now, we will prove that
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VBC =/(a® +b2+3)(a?+c2+3)=>a®+3+

b? + c¢% + bc
3 :

After squaring, the inequality becomes
(3a2+9 —b%2 —c2—4bc)(b—-c)? > 0.

which is true since

a=3-b—c

3a24+9—-b%>—c2—4bc = 36-18(b+c)+2(b*+c*+ bc) >

3(b+c)? 3
236—18(b+c)+%=E(2—b—c)(10—b—c)+620.

Therefore, it suffices to prove that

+15

2 4 2 2 4 .2y _
2(b% + ¢ +bc)>2a2+7(b + c¢%) — 2bc

2 A(B+C+2a%2+6
j<++a++ 3 3

& 12(b% 4+ ¢? + 3)(12a? + 36 + 5b% + 5¢% + 2bc) > (3a? + 45 + 7b? + 7¢? — 2bc)?

Since b? + ¢? = (b + ¢)? — 2bc
= a? — 6a + 9 — 2bc, then the last inequality is equivalent to

12(a? — 6a + 12 — 2bc)(17a? — 30a + 81 — 8bc) > (10a? — 42a + 108 — 16bc)?

& f(bc) = 104a* — 744a3 + 1656a® — 1080a — (184a? + 48a — 360)bc — 64(bc)?
> 0. f is concave and since

CS(b+c)2:(3—a)2
4 4

bc=(@a—-b)a—c)+alb+c—a)=a(3—2a),

3 —a)?

So it suffices to prove thatf<( 2 > > 0 and f(a(3 — 2a)) = 0. We have

3 - a)?
f(%) = 54a* — 432a3 + 1188a® — 1296a + 486 = 54(a — 1)*2(3 — a)?> = 0.

f(a(3 — 2a)) = 216a* — 432a® + 216a% = 216a*(a — 1)? > 0.

Equality holds fora=b=c=1&a =3,b = c =0 and its permutation.
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1546. Leta,b,c = 0,ab + bc + ca > 0. Prove that:

2c2+20a+Zcb—ab+2a2+2ab+2ac—bc+2b2+2bc+2ba—ca
a’ + b? b2 + c? c? + a?

5
>
-2
Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

WLOG we assume thata+ b+ c=1.Letp:=a+b+c=1,q:=ab+ bc+ca,r

:= abc.
Z 2a? + 2ab + 2ac — bc _N'2a-bc Yy (2a-— bc)[a?(a? + b? + ¢?) + b?c?]
b? + c2 B bz +¢c2 (a? + b2)(b? + c2)(c? + a?)
cyc cyc

_ 2%ye a®. ¥y a* +2abc Y, bc — abc Y, a* — ¥ (bc)?
chc a? -chc(bc)z — (abc)?

2(1 3q+3r)(1—2q) +2qr —r(1—2q) — (¢3 — 3qr + 3r2) / ; 15
(1-2q)(q*> —2r) —12 T2
& f(r) =4—20q +9q* + 28q3 + (40 — 70q9)r + 9r% > 0.
Since 3q < p? = 1,then 40 — 70q > 0,and
1
If g < e have : f(r) > f(0) = (1 —4q)(4 —4q — 7q*) = 0.
1 1
If 2 <q< 3’ , by the fourth degree Schur’s inequality, we have
@* —)(q-p*)\ _(“4q-1DA-39)(29-679-4q°)

Equality holds iff a = b = ¢ & a = b,c = 0 and its permutation.
1547. Leta,b,c = 0,ab + bc + ca + abc = 4.Prove that :

a+b+b+c c+a
ab+2 bc+2 ca+2"

—(a+b+c)

Proposed by Phan Ngoc Chau-Vietnam
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letp:=a+b+cq:=ab+bc+car:=abc. Wehave4=q+r
3

2
p p
< —4— >
=3 +27,thenp > 3,and

a+b Yeyc(a + b)(bc + 2)(ca + 2) B
Zab+2_ (ab +2)(bc+2)(ca+2)

cyc

2% a*(b + ¢) + 12abc + 2abc Y. bc + 8%y a B
B 8 +4 Y, bc + 2abc Y,y a + (abc)? B

_ 2pq + 61 +2qr+8p q=;—r 16p + 2(7 — p)r — 2r?
 8+4q+2pr+r2 24+ 2(p-2)r+r?

A}~

2p
3
e r2p —-p-21+(p+3)r]=0.

If p>4wehave2p? —p—-21+(p+3)r=2p>—p-21=p-4)R2p+7)+7
> 0.

If 3 < p < 4,by Schur’s inequality, we have p3 + 9r > 4pq = 4p(4 — 1),

16p — p3
>
thenr > 419 ,and

+3)(16p — p?
2p2—p—21+(p+3)r22p2—p—21+(p 421()+I; p):

(p —3)(63 + 36p + 2p? — p3) -

0
4p+9 =

Equality holds iff (a = b = ¢ = 1) and (ab = 4,c¢ = 0) and its permutation.

1548.If a, b, c > 0 and a* + b* + ¢* = 3 then:

a_l_b_i_c<1
2+a 2+b 2+c

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India
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3= gt 4 bt 4_a“ b* c4RAD>ON(a+b+c)4
=a*+ +c _F+F+F = T

3*>(a+b+c)or(a+b+c)<3 (1)

a+b+c_za_z(1 2)_
24+a 2+b 2+c¢c Li2+4+a 2+al

1 Bergstrom 1+1+ 1)2 (D
=3-2 E 3—-2
2+a

9
X <3-2x——=1
6+(a+b+c) 6+3

Equality holds fora =b =c = 1.
1549.1f a, b,c > 0, a®? + b? + c¢? = 3 then:

ab N bc N ca -1
24+ab 2+ bc 2+4+ca

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

ab+bc+ca_ ab_(lz)_
24+ab 2+bc 2+ca L.2+ab 2+ab/

2+ ab - 3_2X6+ab+bc+ca_

1 Bergstrom (1 +1+ 1)2
=3-2 Z <

A+1+D* ataecs, 9 _

<3-2X =
6 + a? + b% + c? 9

Equality holds fora =b =c = 1.
1550. If x € [0, g] ,then prove that :

. 4 4 )
smxs—x——zx
n T[

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

sinx 4x 4 1|
+5—-VxEe (0,—] and then :
1| 1| 2

Let f(x) =
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sinx cosx 4 x2 —2)sinx + 2xcosx
f'(x) =— +—Zandf”(x)=—( )

3
it
and now, let F(x) = (x* —2)sinx + 2xcosx Vx € [0, E] and then :

Y n
F'(x) =x>cosx>0VxE€ [O'E] = F(x)is T on [O'E] = F(x) > F(0) =0,
- - n
=" iffx=0= (x? —2)sinx+2xcosx>0Vx€ (O’E]

£ <ovre(0] - rwision 03] = ()

4 4 £ . T
=gt 0+ =0=f (x)>0Vxe(0 2]=>f(x)lsT0n (05]
f) <f(3) 2+ L S S e(0,7]

= =—+—.—-——=0> — —— —
= 2/ 2 w x = m? 114_ x4 ‘2
= sinx < — x——x VxE€E ( —] and * sin(0) = = (0) — —; (0)?
1 "2 p p
4 . T
smx<nx——x2\7’x€[ ]”—” lffx=00rx=E(QED)

1551. Leta,b,c = 0,ab + bc+ca > 0and a+ b + ¢ = 2. Prove that:
avbc+b+c byca+c+a cJab+a+b

+ +
Va + vVbc Vb + VJca Ve +Vab
> 2(ab + bc + ca — Vabc)

Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
By CBS inequality, we have
4(bc+b+c)=(a+b+c)*(bc+b+c)=[(b+c—a)’+4a(b+c)](bc+b+c)

> [(b + ¢ — a)Vbc + 2+a(b + c)]z.

Then 2Vbc + b + ¢ = (b + ¢ — a)Vbc + 2va(b + ¢)
=2(vVa+Vbc)(b+¢) — (a+ b+ c)Vbc

avbc+ b+ c Vbc _ Va
ﬁz \/_+\/_ _Cyca<b+c—\/a+—\/ﬁ>—zczycbc—\/m.;m.

So it suffices to prove that
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Va
;;; :ZEit;—;7i;z <2 s ;;; \/zi(\/i;'+ \/Eai)(\/z;'F \/Zii;)

< 2(vVa+Vbc)(vVb + Vea) (Ve + Vab)
< 0 < +vVabc + 2abc,
Equality holds iff a = b = 1, ¢ = 0 and its permutation.

1552. If a,b,c > 0, then prove that :

1 3[/(a? + bc)%2(b2 + ca)?(c? + ab)?
abVab + bevbe + cavea < = \/( ) )*( ) + abc

-2 abc
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,c+a=y,a+b=z=2>x+y—z=2c>0,
y+z—x=2a>0andz+x-y=2b>0=>x+y>zy+z>x2+x>y
= x,y,Z form sides of a triangle XYZ with semiperimeter, circumradius and inradius

=s,R,r (say); then : Z a=s- (1),abc =r?s - (2),
cyc
Z ab = 4Rr +r? - (3),2 a3 = s3—12Rrs - (4)

cyc cyc

AM-GM Z be(b + ¢)

We have : abVab + bcvbce + cavca—abc < 2 abc

cyc
_ (Zeye a)(Zeyc ab) — 5abe 2 1 3|(a? + bc)2(b? + ca)?(c? + ab)?
B 2 -2 abc

1 *[(abc Y eyc a3 + Yeycadb3 + ZaLZchZ)2 via (1),(2),(3) and (4)
=_. =
2
?
r?s(s(4Rr + r?) — 5r?s)3 < (r?s(s® — 12Rrs) + (4Rr + r?)3 — 12Rr3s? + 2r*s?)?
& s8 — (48Rr — 4r?)s® + r(64R3 + 864R?*r — 264Rr? + 70r3)s* —

abc

?
r2(3072R* + 2048R3r + 384R?r? — 4r*)s? + r2(4R + r)60 and - P =
()

(s? — 16Rr + 5r?)* + 8r(2R — 2r)(s? — 16Rr + 5r?)3 +
8r(8R3 + 12R?r — 39Rr? + 20r3)(s? — 16Rr + 5r?)? —
16r%(64R* — 280R3r + 420R?*r? — 260Rr? + 56r*)(s? — 4R? — 4Rr — 3r?)
?

Gerretsen ?
> 0 - in order to prove (*), it suffices to prove : LHS of (x) > P
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? R

& 224t° — 1408t* + 33163 — 3619t% + 1820t — 332> 0 (t = ;)

Euler

o (t—2)2 ((t — 2)(22412 — 64t + 244) + 105) >0-true vt > 2

1 3|(a®? + bc)?(b? + ca)?(c? + ab)?
= (%) is true :-Zab\/cmsi.\[(a *( ca)*(c* + ab)
cyc
Vab,c>0"="iffa=b=c(QED)
1553.If x +z—yz =1andy — 3z + xz = 1, then prove that :

abe + abc

6 -2V5<x?+y?<6+2V5
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Easy to see thatif : z = 0,then : x =y = 1 and then :
6 —2V5 < x% +y2 = 2 < 6 + 2V5 and we now focus on : z # 0 and then :

1)
x#1y#1landx+z—-yz=1=>z(1—-y) =1—xandalso,y—3z+xz=1

2 1- 1—x
:z(x—3)(=)1—yand(1)+(2)=> y_
x—3 1-y

CBS
>x2+y?2=22x+y)—4 < 2{/5(x2+y%)—4
()
>t2-2V5.t+4<0 (t=\/x2+y2)

2v/5+20-16

5 = Jx2+y2<V5+1

>x2+y2<6+2V5- (i)
2v/5-+20-16

> =>Jx2+y2>V5-1>x2+y2>6-2V5

- (ii) ~ (i) and (ii) = 6 — 2V5 < x% + y2 < 6 + 2V/5, equalities occur when :

5++5
5

>4x—x2-3=y?-2y+1

Now, (¥) > t <

Also,(x) >t >

x =2y = when:5y?—-10y+4 =0= when:y = and so,

/ 10 — 2\/3\
X=——
equality for : 6 — 25 < x2 + y2 occurs when : 5 and
5-+5
y= 5

10 + 25
xX=———
equality for : x% + y2 < 6 + 2V/5 occurs when : 5 ED
q y y 5++5 (QED)
y= 5
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1554.If a,b,c > 0,abc = 1 then:

(a+b)b+c)(ct+a)=(a+1)(b+1)(c+1)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

AM-GM abc=1

ab+bc+ca = 33Yazb2c2 "= 3(1)
ab + bc + ca
fEl(Z)

We need to show:
(a+b)(b+c)(c+a)=(a+1)(b+1)(c+1)
(a+b+c)(ab+ bc+ca)—abc=>1+ (a+b+c)+ (ab+ bc + ca) + abc

(a+b+c)ab+bc+ca)>1+(a+b+c)+ (ab+ bc + ca) + 2abc
bc=1
(a+b+c)(ab+bc+ca)a£ 1+(a+b+c)+ (ab+ bc+ca) +2
(a+b+c)ab+bc+ca—1)=>3+ (ab + bc + ca)
2

m@abﬁ%”)zu ab
3(2ab)<2ab—¥>23+2ab
%(Zab) 23+Zab,

2 let ¥ ab=x2
—x3 > 3+x2o0r,2x3—V3x2-3V3=>0
V3

€Y

(x —V3)(2x? + V3x + 3) > 0 true as x* =Zab >3

N W

Equality holds fora=b =c=1.
1555. If a,b, c € R then prove that :

(a3 + b3 + ¢ — 3abc)? < (a? + b? + ¢?)3
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

(a® + b3 + ¢ — 3abc)? < (a®? + b? + ¢?)3

3 2 2
@<2a2> 2(2 a) (Z az—zab> e x3 > (x+2y)(x —y)?
cyc cyc cyc cyc
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az,y=2ab>®yz<32a2—22ab>20
2

= x3 — 3xy? + 2y3 <x=

cyc cyc cyc cyc

o (Z ab> (Z a?+ ) (a- b)2> >0 - true

cyc cyc cyc

~(a®+b3+c3-3abc)? < (a® +b%? +c?)3vab,ceR,
"="iffa=b=c=0(QED)
1556. If a,b € [0; 2] then prove that :

8+6(a+b)+ (a+b)?
4+2(a+b)+ab

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

8+6(a+b)+ (a+b)?
4+2(a+b)+ab

<3©4—-(a+b)2+3ab>0

()
o4—a?—-b* +ab >0

[Case 1]la>bandthen~ a<2 Ab>0:(4—a*)—b>+ab=b(a—b) =0
= (%) is true

[Case2]b>aandthen b<2Aa>0:-(4-b?)—a’+ab=>a(b—a)=0

8+6(atb)+(a+b? b € [0: 2]
4+2(@+b)+ap_ OIS
" =" iff (a=2,b = 0) or (b = 2,a = 0) (QED)

1557.If a,b,c,u,v,w > 0, then :

= (x) is true -

(a? + 2u?)(b? + 2v?)(c? 4+ 2w?) > 3(avw + buw + cuv)?
Proposed by D.M. Bdtinetu-Giurgiu, Dan Ndanuti-Romania
Solution by Soumava Chakraborty-Kolkata-India

Due to Arkady Alt,if x,y,z, T > 0,then :
3
2+ THY?*+TH(Z*+T?) > Z'T4' (xy + yz + zx)?,
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1
with equalityiff x=y=z=—- (1
q y y N (1)
(a® + 2u?)(b? + 2v?)(c? + 2w?) =

3 (2a?viw? + 4u?viw?)(2b%u?w? + 4u?viw?)(2c?u?v? + 4u?viw?)
B 8(uvw)*

(2 +TH(y? + TH)(2% + T?)

8(UVW)4 (x = \/2 avw,y = \/E buw} 7 = \/i cuV’T — Zuvw) >

2
Arkady Alt %.T“. (xy + yz + zx)? % (2uvw)*. (V2.avw + V2. buw + V2. cuv)
> =
- 8(uvw)* 8(uvw)*

~ (a? 4 2u?)(b? + 2v?)(c? + 2w?) > 3(avw + buw + cuv)? Va,b,c,u,v,w > 0,

1
"n_mn iff avw = buw = cuv = E (QED)

1558.If a,b,c,s,t, u > 0, then :

3
(a? +s?)(b% +t3)(c? + u?) > 2 (atu + bsu + cst)?

Proposed by D.M. Bdtinetu-Giurgiu, Dan Nanuti-Romania
Solution by Soumava Chakraborty-Kolkata-India
Due to Arkady Alt,if x,y,z, T > 0, then :
3
X2+ THY?*+T?H(Z%2+T?) > Z'T4' (xy + yz + zx)?,
1

with equality iff x =y=z=—-(1

quality y 7z (1)

(a? +s2)(b? +t2)(c? + u?) =

(a?t?u? + s2t?u?)(b?s?u? + s2t?u?)(c2s%t? + s?t2u?)
B (stu)? B

P+ T2+ TH)(E+T?)
B (stu)*

(x = atu,y = bsu,z = cst, T = stu) >

Arkady Alt %.T“. (xy + yz + zx)? % (stu)*. (atu + bsu + cst)?
> =
- (stu)* (stu)*
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3
(@ +s*)(b%2+t2)(c?2 +u?) > Z(atu + bsu+cst)?vVa,b,c,s,t,u>0,

n n

1
=" iff atu = bsu = cst = — (QED
NG (QED)

1559.If a,b,c > 0, a + b + ¢ = 3 then:

a+b+c+1>8(a N b N C)
bc ca ab 3\b+c c+a a+b

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Letx=ab+bc+ca,y=abc

AM-GM (a +b+ C) a+b+c 3

theny = abc < 3 1(1)

AM-GM 2 2
x=ab+bc+ca = 3(abc)3 =3y3 (2)

(2) 2
x—3y > 3y3—3y—3y3(1 y)>0asfrom(1),0<y<1(3)

2x —y—9=2(ab + bc + ca) — abc — 3% =
2(ab + bc + ca) —abc— (a+ b +c)? = —(a? + b*> + c®> + abc) < 0 (4)

a’?+b*+c*=(a+b+c)*>—2(ab+ bc+ca )a+b+c S9_ 2x (5)

a+b+c 3

a b ¢ a? + b? + ¢? 9 —2x 9-2x+y
—t—t— 1=+ 1= +1=""T""7
bc ca ab abc

8( a N b N c )_8(a+b+c)(a2+b2+c2)+3abc_
3\b+c c+a a+b/ 3(a+b+c)ab+bc+ca)—abc

(5)&a+b+c=383(9—2x) +3y 72-16x+y
B 3 3x—y  3x-y

We need to show,
9—2x+y>72—16x+y
y - 3x-y
(9-2x+y)(3x—y) =72y —16xy + y*
2x2 —7xy+3y2—9x+27y <0
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(x-3y)2x—y)—9(x-3y) <0
(x—3y)2x—y—9)<O0trueby (3) &(4)

Equality holds fora = b =c = 1.
1560. If a, b, c > 0 then:

a b

3 3 3
bt et T T ar o Thr o

s=(@a+b+c)

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

a N b N c _
(b+c)? (a+c)? (b+a)?
a3 b3 c3
(ab + ac)? + (bc + ab)? + (ac + bc)? -

at+b3+c3+

=a*+b3+c3+

A—G
=a3(1+—1 >+b3(1+—1 )+c3(1+—1 );
(ab + ac)? (bc + ab)? (ac+ bc)?2) —
> ad. 2 + b3. +c3.;=
- (ab + ac) (bc + ab) (ac + bc)

- “\b+c a+c a+b - '2(a+b+c)_a ¢

1
Equality holds for a=b=c = \/_f
1561. If a,b > 0 then prove that :
4(a*+b*) (a+b)? 1 1
5 > + — + "3 >4
a“+b 2 a b
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

4(a*+b*) (a+b)? 1 1 - 2(a*>+b%>? (a+b)? 1 1

— S — — Yt —>
a? + b2 2 a? b%Z2~ a?+b? 2 a2+b2_
(a+b)? 13 13 Radon (a+b)? (1+1)2 (a+b)? 8

> 2 _ J— N > = >

= (a+b) 2 Y@ ™ 2 T2 tarvr 2z ‘Tlarprs
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1
. = - —+-—==>4Vab>0,
2 (a + b)? a? + b2 2 +a2+b2_ a

AM_GM 5 \j(a + b)? 8 4(a*+b*) (a+b)? 1

" =" iff a = b = 2 (QED)

1562. If a,b > 0 and a? + b? < % then prove that :

1 .o,y 1 [ 11 , 2 2
21n(a+b)—§1n(2(a +b))—1. 2(¥+ﬁ).(a+b) <inZ-

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1

2In(a+b) —%m (2(a2 +b%)) —%. 2 (;+b—12).(a+ b)?

Bergstrom (a + b)z
1

(a+b)? 1 12 12 )
=In————=--. 2|5+ ]|.(a+h) < In——
V2aZz +2b2 4 a* b V2a? + 2b?
1 16 (a +b)?
— _ 2,'. < —_ =
e 2a2+2b2'(a+b) LHS <Inx—x- (1 <x 2a2+2b2>

2 2
(a +b)? cBs 2a? + 2b? a’+b®<3 2
= < = 2 2 < — i =
Now, x R ianl = zar otz v2(az+b2) < 3 and if f(x)

2 1—x 2
Inx—xVxe (0,5],then : f'(x) :T> 0=f(x)is T on (0,5]

¢ <f2 . <2 1 <1 2 2via@®
=) < (5)('x—§)=‘ nx-—x<lnz-3 =

1 1 1 1 2 2
_ = 2 2 _ = a4 2 < —
2In(a+b) 2ln(Z(a +b)) 1 2(a2+b2).(a+b) _ln3 3
2 1
Va,b>0|a2+b2sa,”z”iffazbzg(QED)
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1563. If a,b,c > 0and a + b + ¢ = V3 then prove that :
3

—2 Zab + 27a’b?c? —32(12 +6 Eab <2
cyc cyc cyc
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India
When exactly two variables = 0 and WLOG we may assumeb =c =0
(a = V3),then : LHS = —3a? < 0 < 2 and when exactly one variable = 0
& WLOG we may assume a = 0 (b,c > 0),LHS = —2b3¢3 — 3(b? + ¢?) + 6bc
= —2b3¢c3 — 3(b — ¢)? < 0 < 2 and we now consider : a,b,c > 0 and
assigningb+c=x,c+a=ya+b=z=>x+y—-z=2c>0,
y+z—x=2a>0andz+x-y=2b>0=>x+y>zy+z>x2+x>y

= x,y,z form sides of a triangle XYZ with semiperimeter, circumradius and inradius

= s,R,r (say); then : Z a=s- (1),abc =r?s - (2),2 ab =4Rr +r? - (3),

cyc cyc

3
Zaz=sz—8Rr—2r2—>(4)andso,2+2 Zab +32a2—6 Zab -

cyc cyc cyc cyc
6 3 4
+b+c=v3 2 3
27a2b%cz = — Za +2 Zab +— Zaz Za —
27 cyc cyc 9 cyc cyc
4
6 g2 2 L via (1),(2),(3) and (4)
9 Zab Za —27a*b“cc >0 S

cyc cyc

?
25% + 54(4Rr + r?)3 + 9s*(s? — 8Rr — 2r?) — 18(4Rr + r?)s* — 729rs2 > 0

O]
& 11s° — (144Rr + 36r?)s* — 729r*s? + 54r3(4R + r)3 Oand ~ P =
11(s? — 16Rr + 5r2)3 + (384Rr — 201r?)(s? — 16Rr + 5r?)? +
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Gerretsen

8r2(480R% — 624Rr + 57r%)(s? —16Rr + 5r2) > 0 - to prove (%), it

? ? R
suffices to prove : LHS of () > P © 1456t3 — 3228t% + 543t + 178 > 0 (t = ;)

Euler

& (t—2)(1456t2 — 316t —89) > 0 > true ~ t > 2 = () is true

3
n=2 <Zab> + 27a*b?c? —SZaZ +6<Zab> <2Vahb,c>0,

cyc cyc cyc

1
"="jiffa=b=c=— (QED
\/§(Q )

1564. If a,b,c > 0 and (a + b)? + 2c? > 2 then prove that :

2 a + b)?
5(a? + b? + ¢2) — (a+ b + V2c) —\[%+c220

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

a +b)? CBS
5(a2+b2+c2)—(a+b+\/ic)2—\/( > ) +c2 >

(a+b)2+2c2 5x

cz)—z((a+b)2+2c2)—\/ > =7—2x—

(a +b)?
5( o,

(x—(a+b)2+2c2)—J:<I >II x22:>;—120

(a + b)?

N &

NIR

+c2>0Vab,c>0

5(a2+b2+c2)—(a+b+\/§C)2—\/

with (@ +b)2+2c2>2,"="iffa=b Aa+b=v2c A (a+b)?+2c?=
=" =" iff (azbz%,c=\%) (QED)

1565.If xz+yz+2y=1and2xz+yz+x+ 3y =2

1
then prove that : 0 < xy(1 +z) < 7
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Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

2xz+yz+x+3y)—(xz+yz+2y)=2-1=xz+x+y=1
1 1 1 4y’ —4y+1
>x(1+z)=1-y=>xy(1+z)=y(1-y)=y—-y?—— e A A

4 4 4 4
1 (2y—1)?

Now,2(xz+yz+2y) =2xz+yz+x+3y=>y+yz=x=2y(1+z)=x
=>xy(1+z)=x2>0andso,0<xy(1+12z)< % whenever xz + yz + 2y = 1
and 2xz + yz + x + 3y = 2, =" for LH inequality iff x = 0
and " ="' for RH inequality iff y = % (QED)

1566.
Let be f: R, XR, - R}, then :

2
( x2 2+2>_< yz Z+2).<M+2>2£ Vx,y € R,
(v + f(xy) (y + f(x,9) v +x) 4

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Mirsadix Muzefferov-Azerbaijan
According to :

3
Vx,y,z,t >0 (x?+t2)(y?> +t3) (2> + t?) > Zt‘*(x +y+ z)?

formula (Arkady Alt)
x y f(x,y)
—_—=a, —:b' — =2, t2:2
y+fxy) x+ f(x,y) 3x+y
Then : (az+2)(b2+2)(c2+2)Zz.tl(a+b+c)2 =

:3< x .y f(x,y)>2:
y+flxy) x+flxy) x+y

4 < x2 s yZ fz (x' y) >2 Berg;trom
T \ay+af(ry) xy+yfry)  fanG&+y)) T

2
o (Grytfey) _3( Gry+p? \' 3, 27
- (xy + xf + yf) 4\(xy +xf+yf)) — 4 4
1567.1f a,b,c > 0,a + b + ¢ = 3abc then:

1 1 1

+ +
V3+a?2 V3+a? V3+a?

3
< —
2
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Proposed by Kostantinos Geronikolas-Greece
Solution by Tapas Das-India

a+ b+ c=3abc
1 1 1 12 12 12 Bery;trom 1+1+1)2 9

3=pctcatar " betcatap

ab + bc + ca =ab+bc+ca

3(ab+ bc+ca) >9orab+ bc+ca=>3(1)

Z 1 (1+b)(1+c)+(1+c)(1+a)+(1+a)(1+b)

a+1 1+a)@+b)(1+0)
3+2(a+b+c)+ (ab+ bc + ca)

=1+(a+b+c)+(ab+bc+ca)+abc

We will show:
Z 1 3 3+2(a+b+c)+ (ab + bc + ca) 3

_ < — <=
a+1_2Or1+(a+b+c)+(ab+bc+ca)+abc_2

6+4(a+b+c)+2(ab+bc+ca)<3+3(a+b+c)+3(ab+ bc + ca) + 3abc

3+(a+b+c)<(ab+ bc+ ca) + 3abc

a+b+c=3abc
ab + bc + ca > 3 true by (1)

1
Pherefore: Y 1<
erefore 1 2(2)
1 1 1 1 1 1 AM—-GM
+ + = + + <
V3+a?2 V3+a?2 V3+a? V2+1+a® V2+1+a? \/2+1+a2

1 1 33 3
=2+2a V2i2b \/2+Zc_ 2+2a_ 1+a = (22 2
Equality holds fora =b =c = 1.
1568. If a,b,c >0, abc =1 and A =0 then:

a3 3

>
vaz +2bc+ia VA+3

Proposed by Marin Chirciu-Romania
Solution by Mirsadix Muzefferov-Azerbaijan
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a3 (az)i RartAi_‘on
) =) >
\/a2+23bc+la Va2 + 2bc + 2a

3
(chc a?)? P (chc a?)?
1 = 1
(chc a? +2¥ycbc+ ¥ a)z (chc a? +2% .y a? + 1Y az)E
(1) |ab + bc + ac < a? + b? + ¢%| (true)
a>0, b>0, ¢c>0 abc=1
a+b+c<a®+b?*+c?

3
(Zc‘yc aZ)i chc a2 46 3(Hcyc a ) 3
(Zeye az)%(s + )z VB i- V3+i  B+a

Equality holds iff a=b=c=1

>

(true)

1569. If a,b,c > 0 and abc = 1, then prove that :

a b c
5+—+—+—-=>1+a)(1+b)(1+0¢)
b ¢ a

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

5+ +b+ >(1+a)(1+b)(1+c)

abc 1
<:>5+Z >1+abc+Za+Zab Z +3>za+2ab

cyc cyc cyc cyc cyc cyc

‘:’Z?”ZZ L “"g"::;)

ccyc cyc cyc

N Z x3y3 + 3x2y%22 > xyz (Z x2y + Z xy2> - true via 3" — degree Schur

cyc cyc cyc

a b c
with variables xy,yz,zx - 5 + b + p + a >14+a)(@1+b)(1+0¢)

Vab,c>0andabc=1," =" iffa=b=c=1(QED)
1570. If (1 + a’b)(1 + b%c)(1 + c%a) > 8 then prove that :
a’ +b%+c*2>3
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
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8<(1+a’b)(1+b%c)(1+c?a)=64<(1+a’*b)?(1+b%c)?(1+ c?a)?
CBS
< (1+a’b?)(1+a?).(1+b%*c®)(1 +b3). (1 +c?a®)(1 + c?)
=2< 1 +a?b2)(1+b2c2)(1+ c2a?)(1 + a?)(1 + b2)(1 + c2)

(chc az)z
AM;GM 6 + chc a’b? + chc a? < 6 + 3
o 6 o 6

(3] e e[z

= Z a? —3 . a? + b?% + ¢? > 3 whenever (1 + a?b)(1 + b%c)(1 + c%a) > 8,

cyc

+ Yoy @

"="iffa=b=c=1(QED)

1571.If a,b,c > 0, then prove that :

z VO +eh)(eta) +(c? +a))b+0 - 3+/3. (abc)%
J@a+b)(cta)+J/@+b)b+c) Vatb+c

cyc
Proposed by Zaza Mzhavanadze-Georgia

Solution 1 by Soumava Chakraborty-Kolkata-India

X Z
VA,B,C,x,y,z>0——(B +C') +L(C’ +A)+—(A"+B) >
y+z Z+x x+y

/3 Z A'B’ (via Walter Janous) - (1)
cyc

1 b2+c2_|_\/c2+a2
Z\/(bz+c2)(c+a)+\/(c2+a2)(b+c):Z\/a_-l-b' b+c ct+a

J@@+b)(c+a)++/(a+b)(b+c) cye \/%"'\/cl_k—a
c

X Z
= ® +C) 4= (C HA)+ (A 4B

cyc

1 1
,Z =
“Vaip?Y  Vbrc \/c+a \vm@ \]a2+b2 \]b2+c2
Cyc

az+b2 b2+c2 c2 + a? atb || b+c
a+b b+c’ c+a/
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6|1 2 1
AM;GM 3 3 Hcyc(bz + CZ) >3 8Hcyc(b +c) CesZaro 3. 6 1_8abc é 3\/§_ (abc)3
Hcyc(b +0) Hcyc(b +0) 8 va+b+c
’a +b+c? 1 ?
= 3 > (abc)é © Z a > 3.3Vabc - true via AM — GM
cyc

. z\/(b2 +c2)(c+a) +\/(c2 +a2)(b+c) - 3+/3. (abc)% v
i Ja@a+b)(c+a)+/(a+b)b+c)  Va+b+c

"="iffa =b = c (QED)

a,b,c >0,

cyc

Solution 2 by Mirsadix Muzefferov-Azerbaijan

V(e +a)2b? +2¢2) +/(c + @) 2b* + 2¢1) '
VZ(Jla+b)c+a) +{/@+b)b+o)
Jb+olc+a)Vb+c+ve+a) J(b+o)(c+a)

LHSl =

V2Va+b(Vb+c+vVc+a)  V2Va+bh
Analogously , we obtain for the others.
b + + b+ +b
LHS, > Vb +a)c a); LHS, 2\/( a)(c+ b)
V2Vc+b V2Jc+a

Zs:LHs Ybtolcta) Jbtalcta) Jb+a)ctb)
1 = \/iva+b \/E\/H__b \/E\/c-l-_a
(b+c)c+a)+(b+a)c+a)+ (b+a)c+b) (a®+b*+c?)+3(ab+ bc+ ac) %

V2/(a+ b)(c+ b)(c + a) Vv2/(a+b)(c+ b)(c+a)

(a+b)+(b+c)+(a+rc)
3

i/(a +b)(c+b)(c+a)<

> 3\/(a+ b)(c+b)(c+a) »
2(a+b+c)

3

3
(V@+b)c+b)c+ a))3 < <w> -

2V2a+b+c)Va+b+c
ﬁ
3v3

J@@a+b)(c+b)(c+a)<

1 - 3V3 )
Ja+b)(c+b)(ct+ta) 2V2a+b+c)Va+b+c

Let's use the expression (1) in (x)
(a? + b? + ¢) + 3(ab + bc + ac) 3\/§((a2 +b%+c?)+3(ab+ bc+ ac))
> > =
v2,/(a+b)(c + b)(c + a) 4a+b+c)Va+b+c

LHS
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1
3v3  (a?+b%+c?)+3(ab+ bc+ac) - 3V3(abc)3
Vatbtc 4a+tb+c) “Vatbtc

Equality holds for: a=b=c
1572.If a,b,c > 0, then prove that :

1.[a+b. ea+b + n2c eatc a+b+c
T[a‘l'b. eb _I_ 1-[b+C. ec 2 3e

cyc

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India
VA,B,C,x'y,z' >0,

xl !
V iz (B'+C) t oy y (C’ +A) + (A’ +B’) > /BZA’B’
cyc

matb @atb | p2c qa+c xyXY + 72X7Z
(via Walter Janous) — (1) and Z @b b 1 qbFc g Z

xyY + yzZ
cyc C
ﬁ+ 2 Xy,
(xzn“,yznb,z=1t",>_ y z
X=et,Y=e"Z=¢" X Z
cyc cyc Z x
- mror+ y'(c+A9+ (A +B)
Yy +z z' + x' x +y
X Y Z Xx Yy Zz\ vie® Xx Yy
PR
y z X y y X y  z
cyc
AM-GM a+b a+b + Tr2¢, @atc a+b+c
=" 3. [YxEvezz = 3.3 e Z e o 2 3€ 3
cyc '
Vab,c>0"="iffa=b =c(QED)

1573.If a,b,c > 0and 0 < A < 1then:

2 3
A
Za— > )L.—chca + (1 ——)Za
b Ycycab 3
cyc cyc

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

a? Yeye a® A Yeycab’
—>A —= oo >
Zb _lzcycab-l_(l B)Za(E) abc Z“—

cyc cyc cyc

)5
o) -
(S S -
=gl
(-l

o3 Z a’b* + abc (Z ab2> > 6a’b?c? + 2abc< 2b>

cyc cyc (* *)

Z a’b* > ab?.bc? + bc?. ca? + ca?. ab? = abc Z . LHS of (x%) >

cyc cyc

?
> 3abc <Z a2b> + abc (Z ab2> > 6a?b?c? + 2abc (Z a2b> =

cyc cyc cyc

? AM—GM
Z a’b + Z ab? > 6abc - true - z a’b + z ab?> > 6abc

cyc cyc cyc cyc

cyc A
Z > (1——>za‘v’a,b,c>0and0§lsl,
b Yeycab 3

cyc cyc

" ="iffa =b = c (QED)
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1574.1fa,b > 0, ab=1, A > 0 then:

a+/1+(b+/1)+ 124 > 242+ 1)
b? a? a+b

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

AM—-GM b= a+b=t
a+b > ZVaba=120rt > 2(1)

a+/1+(b+/1) 122 a®+b3+4(a?+b%) 122

b2 a? +a+b= a?b? +a+b=
(a+ b)2 —3ab(a+b) + A((a+ b)? —2ab) 122
= + =
a?b? a+b
ab=1ga+b=t >+ At? —3t—21 L12a t*+ At3 - 3t* - 22t + 12 4
B a 1 t t

We need to show:

t*+ A3 —3t2 -2t +12 1
: >2(42+1)

th+ A3 —3t2 -2t +121>8t21+2t

th+ 22 -3t2-102t—-2t+1221>0
&—-2)3+ A(t*-3)+ 22t—3)+t) >0trueast > 2

Equality holds for a=b=1.
1575.1f a,b,c > 0, abc = 1 then:

(a+2b)**2b (b + 2¢)P*2%¢, (¢ + 2a)*%2 > 19683

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

AM=GM _
(@+2b)+(b+20)+(c+2a)=3(@+b+c¢) > 3x3¥abc <" 9 (1)
Apply weighted GM > HM:

(a +2b)**2% (b + 2¢)P*2%¢. (¢ + 2a)°+%2 >
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(1 ,9\?
= (5) =32 = 19683

a+2b+b+2c+c+2a
a+2b b+ 2c

a+2b+b+2c+c+2a
((a +2b) + (b + 2¢) + (¢ + 2a)>

c+2a

Equality holds fora=b =c = 1.
1576.If a,b > 0 then:

a+b

4(a+b+1) ]T

a

(a-cll—l)b'($> =

" (a+b)?+4(a+b)+4

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

a+ b AM-6M a+b=x,ab=y
2 > +abor (a+b) > 2Vabor,(a+ b)?> > 4 ab or x? > 4y (1)

We consideraaj with associated weight b, and ﬁ with associated weight c.

Now we apply GM < AM:

a b a+b
( a )b( b >a< b'a+1+a'b+1 _
a+1/ \b+1) ~— a+b

1 1 a+b b
:<ab(a+1+b+1)> :< ab(a +b +2) )‘”:

a+b (a+b)(a+1)(b+ 1)

_ ( ab(a+ b+ 2) )“*” a+b=xab=y ( y(x +2) )x @

(a+b)(a+b+ab+1) x(1+x+y)
atb
N dto sh ( a )b( b >a< 4(a+b+1) 2
owwenee@toshoW \av1) \b+1) = (a+b)?+4(a+b)+4
X

a b b a g+b=x,ab=y 4_(x + 1) 2
< _—_ =
<a+1) '(b+1> - ll x2+4x+4l

x

_ (4 4(x+1)%_ X2 N2 ox N

‘< _(x+2)2> _<(x+2)2> _(x+2)
y(x + Z) * using (2) x x
<x(1+—x+y)> < 32
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y(x+2)
or <
x(1+x+y)~ x+2
or y(x?+4x+4)<x*(1+x+y)or 4y(x+1) <x*(1+x)

or (x+2)y(x+2) <x*(1+x+y)

or (1+ x)(x? — 4y) > 0 true by (1)
Equality holds for a=b=1

1577.1fa,b > 0, a + b = 2a®b? then:

1 1
?+ﬁ22

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

AM—-GM a+b22
a+b=2a’b?or (a+b) =2(ab)’ora+b < 2<( )>

4
a+ b)*
a+bS( 8) or(a+b)3>8o0ra+b=>2 (1)
1 1 a?+b* 2(a®?+ b?) cBs& a+b=2a?b* (a + b)? b(l)2
—_ _— = = > — >
aZ-I_b2 a?b? 2a2b? - a+b ath =

Equality holds fora=b = 1.
1578.If a,b,c > 0 and a + b + ¢ = 3, then prove that :
a b3 c3
+ +
3a—ab—-ac+ 2bc 3b—-—bc—ba+ 2ca 3c—ca—-cb+ 2ab
Proposed by Nguyen Hung Cuong-Vietnam

+ 3abc < 4

Solution by Soumava Chakraborty-Kolkata-India

al b3 c3
3a—ab—ac+2bc+3b—bc—ba+32ca+3c—ca—cb+2ab
b+c=3 a
3abc — 4 TP Z 3abc — 4
+3abc a(a+b+c)—ab—ac+2bc+ abce

cyc
—Za(a2+2bc_2bc)+3b 4= a-2abc. ) L 3abc-4
a? + 2bc e E= L4720 L gz 1 ape T e

cyc cyc cyc
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Bergstrom 9
= 3abc — 1 — 2abc.

< 3 + 3abc — 4 — 2abc. _
Loyea? +2Locbe (Zoea)’
3
_ 9 AM-GM 1 =
arbie 33abc—1—2abc.—=abc—1 < —. Za —1a+b;C 3
9 27
cyc
1 27—-1=0 a’ + b” +
— =0=>
27 3a—ab —ac+ 2bc  3b—bc—ba + 2ca

c3

3c—ca—cb+ 2ab
"="iffa=b=c=1(QED)

+3ach4Va,b,c>0|a+b+c=3,

1579.If a,b > 0 then:
b atb
(a+1>“ <b+1) - 1_I_4(a+b+1) 2
b ‘\ b - (a + b)?

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

a+b
/ \ a+b
b em-um | a+ b | _( a+b > _

a+1 b+1 < |
(b)'(b>_ a_l_b ab+ab
\a+1 b+1/ a+1 b+1
b a
a+b
_ a+b
"\ ab(a+b+2)
a+b+ab+1
_ ((@+b)A+a+b+ab)\*"’ arb=xab=y (x(1+x+y)\* )
B ab(a+ b + 2) B y(x+2) W
a+b
4(a+b+1)| 2 atb=xab=y 1_I_4(x+ 1)
(a + b)? - B

x2+4x+4% (x +2)? z x+2
:< x?2 >:< x2 > ( )()

AM-GM
(a+b) = 2Vabor,x=2y(a+b=xab=y)orx*=>4y(3)

We need to show :
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a+b

(a-l|)—1)a.<b-l|)—1)b g [1+%17

(x(l Fx+ y)>" s (x + 2)" xAt+x+y) x+2
X

y(x+2) - y(x+2) — «x
XA+x+y)>yx+2)lorx>+x3+x2y>y(x*+4x+4)

x3+x2>4xy+4y or x*(x+1) > 4y(x + 1) or x* > 4y true by (3)
Equality holds for a=b=1.

1580.If a, b,c > 0, a’b? + b?*c? + c?a? = abc then:
1 1

bZ — =27

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India

4 1 1
a’b? + b%*c? + c?a? = abc or,3(abc)3 < abc or,(abc)3 < 3 (1)

1 1 1
We need to show: _+ﬁ+_ 27
1 1
(a®b? + b%*c? + c*a?) ( +ﬁ+ ) > 27(a’b? + b*c? + c*a?)

1
(a?b? + b%*c? + c*a?) ( ) > 27abc (as (a®?b? + b*c? + c*a®) = abc)

bZ

(a?b? + b*c? + c*a?) (l+ l+ l) > (b + ¢ + a)? w3 9(abc)§ =
a?  b% %) -

2.1@ 2 1
= 27(abc)§? > 27(abc)3.(abc)3 = 27abc
1
Equality holds fora=b =c = 3
1581.If a,b,c > 0,abc = 1 then:
(az + bZ)a+b(CZ + b2)c+b(a2 + C.2)a+c > 64
Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Mirsadix Muzefferov-Azerbaijan
A-G
(a? + bz)‘”'b(cz + bZ)c+b(a2 + ¢?)are 2
Weighted (GM = HM)

> (2ab)®*?. (2bc)<*?. (2ac)?*c S
2(a+b+c) 2(a+b+c)
- 2(a+b+o) B (@a+b+c) Aéa
=\ 2ab + 2bc + 2ac |\ ab + bc L _ac =
a+b b+c a+c a+b b+c a+c
2(a+b+c)
(a+b+c) ) a6 3
— (a+b+c) T 923%Vabc - 96 _
- a+b+b+c+a+c (2) = 2 =2 64
4 4 4

Equality holds if: a=b =c=1.
1582.If x,y,z > 0 and x +y + z = 1 then prove that :
Ux3y2z + y3z2x + z3x2y < V3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

cyc cyc

7 CBS
Via Holder,z Ux3y2z < |729 (Z x3y2z> = 7\/729xyzz x%ty <

cyc

7 ? ?
729xyz. z x2y2 z x? | < V3 & 243xyz. z x2y? Z x2 <1
cyc cyc

cyc cyc

6 12
=1 ?
vz Z x| e Z x| Z59049x%y?z? Z x%y? Z x?
cyc cyc () cyc

cyc

Assigningy+z=a,z+x=b,x+y=c>a+b-c=2z>0,b+c—a=2x
>0andc+a—-b=2y>0=>a+b>cb+c>ac+a>b = ab,cform
sides of atriangle with semiperimeter, circumradius and inradius = s,R, r (say)

= Zx =S,XyZ = rzs,ZxZ = s% — 8Rr — 2r? and
cyc cyc

Z x%y? = r?((4R +r)? — 2s%)and so, (») &

cyc

s10 ; 59049r°((4R + )% — 2s%)(s> — 8Rr— 2r?) and = P =

*)

~

(s? — 16Rr + 5r2)° + r(80R — 25r)(s? — 16Rr + 5r2)"
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+2r?(1280R? — 800Rr + 125r2)(s? — 16Rr + 5r2)° +

4r3(1024R3 — 9600R?r + 3000Rr? + 2912r%)(s? — 16Rr + 5r2)” +
Art (81920R4 —102400R3r — 188196R?*r? + 580490Rr3) (s2 — 16Rr + 5r2)
—368275r*

Gerretsen

- 81920R* — 102400R3r — 188196R?r? + 580490Rr> — 368275r*
= (R - 2r)(81920R® + 61440R’r — 653160Rr? + 449858r?) + 53144 1r*

Euler

> 531441r* >0
?
. in order to prove (*x), it suffices to prove : LHS of (x*) > P &

?
65536t> — 102400t* — 408392t + 1101931t> — 941659t + 283978 > 0
(t _ E) o (t-2) ((t 2)(65536t3 + 159744t — 31560t + 336715))

+531441
Eu
- true = t 2 2 = (x+) = (»)is true - /x3y2z + /y3z2x + \/z3x2y <
1
</§Vx,y,z>0|x+y+z=1,”=” iffx=y=z=§(QED)

1583.If a,b,c > 0, abc = 1 then:

JVbc(b?% + ¢%) + b/ c? + a? Jac(a2 + ¢2) + ¢/ a? + b? w/ab(a2 + b?) + a+/ b? + c2 > 3v3
avb + cVa bvc + aVb cva + bVJc -

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

Walter Janous inequaliy: x,y,z; A,B,C > 0 then:

X y z
—(B+C —(C+ A —(A+B)>.3(AB+BC+CA) (1
erZ( +O+_——(C+ )+x+y( +B) > /3(AB + BC + CA) (1)

Jbc(b? + ¢2) + bVc? + a? AM_GM Vbc.2bc + bV2ca V2bVe(Ve + Va) B
avb + ca h avb+c/a ~  avb+c/a

B b/c
x/_a\/_+c\/_(f+\/‘) \/_—(C+A)(2)

(x =avb,y = bJc,z = cVa; A=+a,B =Vb,C =)

Vbc(b? + c2) + bVc? + a? N Jac(a? + ¢2) + cVa? + b? \/ab(az + b?) + aVb? + 2
aVvb + cVa bVc + aVb c/a + bc
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Jbc(b? + c2) + bVc? + a? @ Y
_z R Z‘/_ (C+A)>\/_\/3(AB+BC+CA)

AM-GM
=2 32\/@ > V2 |3 x 3¥abe < 3v2

Equality holds fora=b =c = 1.

1584.If x,y > 0 and (Vx + 1)(2,/y + 4) + y > 13 then prove that :

oyl
—+—+y=3
y x

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
Vx+1)(2/ly+4)+y=13=>2/xy+4/x+2,[y+y =9

CBS

=>(2\/_+\/_)(2+\/_)>9=>9<(2\/_+\/_)(2+\/—) <

AM-GM
V3. 2x+y.V3.\[y+2 < —(2x+2y+2)=>x+y>2
1 via(® 1 7 x* yl
[Case1]x < andthen:y > 2—-x>2--=—andso,—+—+y—3
4 4 4 y Xx
y3 3 73 7 x4 y3
>—+y—324y +y—3>4(z> +Z—3>0-'-;+—+y>3
4 y3 4 y4 Bergstrom

x
m—<x<2andthen —+——(3 yY=—+—-03-y) =
y y xy

AM-GM
and

x% + y?)? vie® (x2 + (2 — x)%).2x
ﬂ_(g_y) > ( ( ") y—(x+1)=
y(x+1) y(x+1)
2x(x*+2-2)»)-(x+1)? (x-1)>2*M4x-1 1 x*t 3
( ( )?) —( ) :( )*( )20,_._<x_.__+y_+y23
x+1 x+1 4 x
4 3 4 4 Bergstrom

X"y X"y
[Case3]x >2andthen: —+—-3-y)=—+—-3-y) =
y x y y xy y

AM-GM
and

(x% +y?)? vie® 2xy(x? + y?) 2x(x?)

2T 3oy > 22 T (1) > —(x+1

yatn GV = agn G FU>SE -G+
2 -x?-2x-1 (x-2)2x*+3x+4)+7
B x+1 - x+1

>0+vx=2
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xt oyl Xt oyl

~—+=—+y > 3 and so,combining all cases,—+—+y >3V
y x y X
xy>0|(Vx+1)(2/y+4)+y=13," =" iffx =y = 1 (QED)

1585.If a > b > ¢ > 0 then prove that :

3b aZ 2

a
T+b2c+c32 + bc? + c?a

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
a3b Zp?
T+b2c+c32 +bc? + c?a
< a3b +b%c? + ¢t — a?b? —bc3 —c2a =0
& (b%c? — a?b?) — (bc® —a®b) + (c* —c2a) > 0
o (c—a)(b?c+ab? —bcZ—abc—a*b+c3) >0
s (c—a) ((c3 — bc?) + (ab? — a?b) + (b%*c - abc))

& (c—a)(cz(c—b)+ab(b—a)+bc(b—a)) >0

<:>(a—c)(cz(b—c)+ab(a—b)+bc(a—b))20—>true°-°a2b2c>0
a’b a’b?
-'-T+bZC+C3 =

+bc?+c2ava=b=>c>0"=" iffa=b=c(QED)

1586. Let x,y,z, m, n be positive numbers such that xyz > 1. Prove that :

1 1 1
+ + < 1andth
xmn(ym 4 zn) +1  ym™tn(zm 4+ x")+ 1 z™am 4+ y") + 1 ancdthe

inequality sign is reversed for xyz < 1
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
Letx™ = a,y™ =b,z™ =¢,x" = u,y" = v,z" = wand then,

1 1
+ + <1
abu+uwa+1 bev+vub+1 caw+wvc+1

clearing denominators and simplifying
=N (a’b?c?uvw + abcu?viw? — 2) +
(abcuvw — 1) (abu + acw + auw + bev + buv + cvw) > 0, which is true
whenever xyz > 1 (* xyz = 1 = abc > 1 and uvw > 1) and evidently,
the reverse inequality holds whenever xyz < 1

proposed inequality

68 RMM-INEQUALITIES MARATHON 1501-1600



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

(wxyz<1=>abc<1landuvw<1)
1 1

- <1
xmn(ym +zn) +1 * ymn(zm 4 xn) +1 * zmn(xm +y") +1 7
1 1

VXx,y,z,mn > |xyz >1and
1
Zmn(xym 4 yn) + 1

xmn(ym +zn) +1 * ymin(zm + xn) + 1 *
>1Vx,y,z,mn> |xyz <1"="iff xyz =1 (QED)

1587.If x,y,z > 0,xy+yz+zx =1and 1 < A < 3 then:

5 A
Zx +Axyz2x21+§

cyc cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

x% + Ax >1 A 21524
yZ ) x = +3<:) X 123 1-3xyz ) x

cyc cyc cyc cyc

sysyasis =1 (Z xy) (Z 2y xy> -2 (Z xy>2 ~3xyz ) x | and

cyc cyc cyc cyc

< 1 . it suffices to prove : (Z xy) (Z x? — Z xY) =

cyc cyc cyc

2
<Z xY) - 3xyzz xe Z(x3y +xy3) =2 Z x*y? - true via AM — GM

cyc cyc cyc cyc

..0<1<
B 3_

W >

A
-'-Zx2+lxyz2x21+§ Vx,y,z>0|xy+yz+zx=1and1£l£ 3,

cyc cyc

1
"="iffx=y=2z=— (QED
y \/§(Q )

1588.If x,y,z > 0,x+y+z=1and 0 < A < 3,then:
2

2A+3
aA+1) ny < 9 ny + Axyz

cyc cyc
Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

2 2
A+1) (Z xy) < ZA; 3 (Z xy) + Axyz x+y;= ' A+1) <z xy)

cyc cyc cyc

B 3<zxy> (z) e

cyc cyc

) ) )

2
3 <Z xy) << x) -3 Z xy | and it’s trivially true when :
cy

cyc

2 2
9<ny> —2< xy)(Zx) —9xysz<0('-'lZO)&when:
cyc cyc
2

cyc cyc

9<zxy> _z<zxy> (z) 0132y x> 0. then:

cyc cyc cyc

(s (z xy>2 - (z xy> (z ) oYk |2

cyc cyc cyc

; 9<zxy>2 _z<zxy> (z) oY

cyc cyc cyc

2
é3<2xy> <Zx> —Bny @Z(x3y+xy3)—22x2y2£0

cyc cyc cyc cyc cyc

2
s Z xy(x —y)? é 0->true~ (A+1) (Z xy) < Z)L; 3 (Z xy) + Axyz

cyc cyc cyc

1
Vxyz>0|x+y+z=1and0<A<3"=" iff x =y =z = 5 (QED)
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1589. If x,y,z > 0, then prove that :

4(x?* +y? + z22) x y Z 13
+ + + > —
27(xy+yz+zx) 7x+y+z x+7y+z x+y+7z 27

Proposed by Neculai Stanciu, |Titu Zvonaru-Romania

Solution by Soumava Chakraborty-Kolkata-India

4(x? +y2 +z2%) X y Z Bergstrom
27(xy+yz+zx)+7x+y+z+x+7y+z+x+y+7z

2
43 cye X2 (Zeyex) 4m m+2n 5
+ . = + m = Z x?,n= Z xy
27 Yeyc Xy 7T Xeyc X2 +22ycxy 27n 7m+ 2n
cyc cyc
3 4m(7m + 2n) + 27n(m + 2n) ? 13

> —=28m-n)?>0-t
27n(7m + 2n) =27 (m —n)* > 0 - true

4?2 +y? +12%) N X N y N v/ >13
"27(xy+yz+zx) Tx+y+z x+7y+z x+y+7z° 27

Vxyz>0/"="iffx=y=1z(QED)
1590. If ab(1 + a)(1 +b) + bc(1 +b)(1 +c) + ca(1 +c)(1 + a) = 12,
then prove that : a? + b% + ¢? > 3
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

12< ) (ab(1+@)(1+b)) = ) ab+ ) a?b?+ ) a’b+ ) ab’

cyc cyc cyc cyc cyc

TS s ;(z ) v2 (z ) (z b>

cyc cyc cyc

Szau;(zaz)ZH (zaz).;@az)z:3t2+3t4+6t3

cyc cyc cyc

Yeye a2
<t: Y 12+ 1)?2>4=>24+t-2>0=>(t—-1D(t+2)=>0
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a? a?
>t=>1 <'-‘t= {ZC%ZO&>=> ’&%Zl:az+b2+c223whenever

ab(1+a)(1+b)+bc(1+b)(1+c)+ca(l+c)(1+a) =12,
"="iffa=b=c=1(QED)
1591. If x, ¥,z > 0O then:
X z\2 6(xy+yz+zx
(42 5 Sy tystan,
y z X X“+y +z

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

x z\2 x? 2 g2\’ cos [((x+y+2)?\
(Z+249) =<_+y_+_> 5 (#) _
y Z X Xy Yz Zx Xy +yz+ zx

2

(X2 +y?+ 22+ 2(xy + yz + 2X)
B Xy +yz + zx
2 x*+y?+z?
_ .7CZ+yZ-|-Z2 +2 m_xy+lz+zx21
\xy+yz+zx B
We need to show:
x z\? 6(xy+yz+zx
(_+X+_> N (xy+y )
y z x x% +y? + z2

(m+2)? (1)

> 15

6 x? +y? + 72
(m+2)? + o > 15 <using (Dand m = 4 > 1>

xXy+yz+zx

6
m2+4m+4+E=150r,m3+4m2—11m+620

(m-1)??(m+6)>0 trueasm=>1
Equality holds for a=b = c.

1592.If x,y,z > 0, xyz(x + y + z) = 3 then:
24302 +y? +20) < (25 —2x+4) (y5 -2y +4) (5 -2z +4)°

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

V real number x,we have( x* — 1)and (x® — 1)
have the same signs and because of this
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- -x+1=(*-1D-1)=>0 > x>—x*+3=>x3+2(1)

AM—-GM (€9)
xX°—=2x+4 > xX*-(*+1D)+4=x>—x*+3> x3+2

Similarly:y®> —2y+4>y3+2andz3—2z+4>273+2
(xy + yz + zx)?

3
= (xy+yz+2zx)2>9 or (xy + yz+zx) > 3 (2)

3=xyz(x+y+2z)=xy.yz+yz.zx + zx.xy <

(2)
LHS = 243(x? + y* + z?) = 243 ((x +y+2)?2-2(xy+yz+ zx)) <

<243((x+y+2)?-2x3)=3%(x+y+2)?-2.3%°(3)

(1
(x°—2x+4)(y5—2y+4)(2°—2z+4) = (x®+2)(p* +2)(Z° + 2)
Holder
=3 +1+1)A+y +1D)A+1+23) = (x+y+2)33@)

@
RHS = (x5 —2x+4)" (¥ -2y +4)"(£5-22+4)" > (x+y+2)

We need to show:
3&4)
(x+y+2° > 3°(x+y+2)?-2.3°
or,(x+y+2)°+2.3%>3%x + y+ 2)? this is true because

AM-GM
(x+y+2)°+23°=x+y+2)°+.3°+3% >

>3(x+y+2)?%32.32=243(x+y + 2)?
Equality holds forx =y =z = 1.

1593.If x,y,z > 0,xy + yz + zx = 3 then:

2 1 2 1 2 1
Ty +—+ [Ty z+—+ |7z +x+y23J3(x+y+z)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

xy+yz+zx=3

x+y+z=+(x+y+2)?=30xy+yz+zx) = Vo =3(1)
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Applying generalised Minkowski's inequality ,we get:

1 1 1
\/7x2+y+—+\/7y2+z+—+ 722+ x+—-2>
z x ’ y

2 2 1 1 1\°
2\/(\/7(x+y+z)) +(Vx+ [y +Vz) +<ﬁ+ﬁ+ﬁ> >

aM_Gu J7(x+y+z)z+2(\/_+\/_+\/_)<T+%+\/1;> <’

>/7(x+y+2)?2+2x9 =7x+y+2)2+18 (2)

We need to show :

1 1 1
j7x2+y+;+j7y2+z+;+ /7zz+x+;2 3y3(x+y+2)

=> J7(x+y+2?+18 >3/3(x+y+2)

> 7(x+y+2)?+18>27(x+y+z)

m=x+y+z=3 by (1)
= 7m?> -27m+ 18 > 0=>(7m—-6)(m—3)>0trueasm >3

Equality holds forx =y =2z = 1.

1594. If a,b,c > 0, then prove that :

b* 3 3 c* 3 3
ZE(c +a)+F(b + ¢?) 6

>
b4 + ¢* _3abc

cyc
Proposed by Zaza Mzhavanadze-Georgia

Solution 1 by Soumava Chakraborty-Kolkata-India

VA,B, C, x, y’,z’ >0,

x’ !
B HC) T (C+A) F o (A +B) 2 [3) AR
y +2 +y -
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4 4
_ %(c3+a3)+%(b3+cg)
(via Walter Janous) — (1) and nOW,Z T =

cyc

! ! !

Z
x'+y’

1 /b3+c2 c2+a
a*\ b* + ct X y
> - (B’ +C) + - (C'+A) +
i_l_l y' +z’ z' + x'
cyc b4 c4
01 1 1 ad+b® b+ B +ad)vie®
X =F'y =Flz =F’A = a4 ;B = b4 ) = c4 2
AM-GM

d
3 a3+ b3 b3 +¢3 Cgsnaro 3 6/8a3b3c3 g 6 b 0
. > . T A A =V )y W, > )
Z p b4 = a‘*b*ct Yabc “e

cyc
"="iffa=b=c

(A" +B')

Solution 2 by Mirsadix Muzefferov-Azerbaijan

Let's transform the left side of the expression
according to the Walter Janous inequality
b* 5. 5, ct 2 30 bt bt c*B3 | 7
F(C +a)+?(b +c3) s +E+F+F
b* + c* a b* + c*

1 .43, 3¢4 . 433, .7 1 b*c® +adb* + c*bh® + 7
?(bc + a’b* + c*b +C)_ﬂ' hT o
a b* + c* B b* + c* B
b*. c*

1
P a3+c3_|_b3+c3 X B+ 0
c* b* ) y+z

1 /(a®+c2 b*+c3
A\ & e

- 1 1 -1 1

T T A
Walter Janous inequality x,y,z,A,B,C >0

X y Z
_* Y -
(+) y_I_Z(B-l-C)+x+z(A+C)+y+x(B+A)_JS(AB+BC+CA)

1
= 313 o343
- b* a’+b’ a’+c’\ y
Analogously : i+l< s p —x+Z(A+C)
& c3+b3_|_a3+b3 _z 4 +B)
i4+bi b* at* | x+y
a
. 1 1 1 a + b3 3+ b3 a® +¢3
ere:\¥ =@V =pn? =@ A= B (=
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Walter Janous AM—-GM

LHS 3  /3(AB+BC+CA) = \[3.33A2.BZ.CZ=

AM-GM
a3+ b3 c3+b% a3+ 3

3
3
=3.\/ABC=3\/ i a2

33 2Va3b3 2Vb3c3 2Vc3ad B 63 a’b3c® 6
= at bt A - a*bict 3/'_abc

1595. If a, b, ¢ > 0 then:

\/a+b(1+1)+\/b+C(1+1>+\/c+a(1+1>> 9.2
a?+b>\\/p +Jc/ b*+ct\Jc Ja/ c*+a*\Ja +b/  a*+ b?+c?

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

b
(1)

3 3
x/a+b(1 1) Va+b (12 12\Radon Ya+b 292 _ 2V2 |a+
a?+b*\b+c a*+ b% |b+c

Z+02\Vp Vo) T @+ 2\ Vb Ve

Va+b<1 4 1>+\/b+C(1 4 1)+\/c+a(1 N 1)_
a2+b2\\p ¢/ b*+c2\Jc Ja/ cE+a*\Ja b/
Z\/a+b(1 1)(1)
a?+b*\\b +c
2V2  |a+b)\ am-em 3 1
> > >
_Z<a2+ b? b+c> - 6\/2\/(a2+b2)(b2+c2)(c2+a2)_
AM—-GM 1 9v2
> 6V2 = V2
(2(a2+b2+ c2)> a? + b?% + c?
3

Equality holds fora=b = c.
1596.

If x,y,z> 0 and xy + yz + zx + 2xyz = 1 then prove that :

3v3
\/1—x2+\/1—y2+\/1—z2ST\/_

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

AM-GM
1=2xyz+ ny > 23 +3t% (t=3/xyz) > 2t-D(E+1)?<0

cyc

1 CBS
:tgiﬁ@andzvl—xz < |3 S—sz < (3 S—ny
cyc

cyc

1
xXy+yz+zx + 2xyz =1 ts 2 2 3\/§
= \/3(3—1+2xyz) < 3(2+§)=T

3v3
aN1=—x2+1—y% +41—22 ST\/_ Vxyz>0|xy+yz+zx+2xyz=1,
1

"= iffx=y=z=§ (QED)

1597. Leta,b,c, m,n > 0 and abc = 1.Prove that
1 1 1
a2m+n + a2n+m +1 + b2m+n + b2n+m +1
Proposed by Dang Ngoc Minh-Vietnam

+ c2m+n + c2n+m +1 = 1

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have g2mtn + antm — a2(m+n) + qmtn — am+n(am _ 1)(an _ 1)
< aZ(m+n) + gmtn

because a™ — 1, a"™ — 1 have the same sign.

And since a™*", p™*", ¢™*" = 1, then 3x,y,z > 0 such that

am+n — yz bm+n — X Cm+n — xy
- 32’ -2’ -2
X y 4
Therefore

4

1 x
Z a2(m+n) 4 gmin 4 1 Z (yz)? + x*yz + x*
cyc

cyc

AM-GM 4 CBS 212
. ( ; G 2 (nyc;)( . g~ b
5 (o + SXZEE ey, (e SV

1
Z a2m+n + a2n+m +1 =

cyc

So the proof is complete. Equality holds iffa=b = c = 1.
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1598. If a, b > 0 and a* + b* = ab(a + b) then:

a’+b* <2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

a* b* Radon (a + b)*

4 4=_ >
a*+b 13+13 > 3 (1)
am-6M (a + b)? + b)3
ab(a+b) < (@+b) (a+b)=(a 2 ) (2)

a* + b* = ab(a + b) .Using (1)& (2)we get:

a+b)* (a+b)?

( 8) S( 4) or,(a+b) <2 (3)
We need to show:

a’?+b*><2 or(a+hb)>—2ab<2

2((14 + b4) a*+b*=ab(a+b)
-~ 7 <

2 _
(a+b) , a+b - 2
2(a+b)° (L
(a+b)2—%s20r4(a+b)2—(a+b)3S8

XB—4xt+8 gb Oor(x—2)(x2—2x—-4)>0
(x—2)(x(x—2)—4) =0truesinceby 3)x=a+b<2
so(x—2)<0and (x(x—2)—4)<0and(x—2)(x(x—2)—4)=>0
Equality holds for a=b=1.
1599.Ifa + b + ¢ + 2 = abc then:

1 s 1 . 1 1
V7+a V7+b JV7+c

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

If a+b+c+2=abcthen3x,y z> 0 suchthat
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x+y y+z xX+z
a= ) b = , € = )
z X y
° h >0,f"(a) = 72 <0
bat+s " ered @) = (6a+s)3 =
so f is concave for a > 0.Using Jensen inequality we get :

We take f(a) =

Z6z+ s=f@+f)+fx)= 3f(ﬂ)s x+y+13f(£)

3
6X§
—3— 3 s-201)
6 X'§'+'S
1 1 1

+ + =
V7+a V7I+b J7+c

z s=x+y+z

1 1
=Zﬁzz\/ﬁ=2j6z+(x+y+z)
z
Z\/6Z+SCES\/ Zéz+s \/_( 6z64z—s)=

- B e

Equality holds for a=b=c=2.

1600. If a,b,c > 0 and a + b + ¢ + 2 = abc, then prove that :

ﬁ+%+ﬁs;m

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
Leta=x+1b=y+1,c=z+ 1andthen:
x+y+z+5=(x+1)y+1)(z+1)=>xyz+xy+yz+zx =4
:~Z((2 +Y)2+2) - 2+ 22 +y)(2+2) =4 — (xy +yz+zx + xyz) = 0
cyc

1
Z v 1-(m)(~2+x=a+1>1>0andanalogs) and setting :

cyc

79 | RMM-INEQUALITIES MARATHON 1501-1600



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro

1 1 _ 2a ) similar] 11 ;

2+x—i—(x=>x—l_a—>(),snmlary,settmg.m_i_ﬁan
2

1 1 1v1a(m)1 +1 +1 tad 1 ()

= — — = — - . . N ___)

2+c 2 Y ) 2 1“ B y=>a+B+y i

Wenotethat: 3 +y ==-—a=—-——>0and similarly,y+a>0anda+ >0

2 2+x
2a 2y
and z =
B+y Y+a oa+ B

3
and via such substitutions,va + Vb +/c < E.\/abc
2a 2 2y
& |—+1+ [——+14 |[——+1<
B+y Y+a oa+ B
3 2a 2B 2y
— 1 1 1
2\/<B+y+ )(y+a+ )(a+B+ )

jY+Z jz+x \/X+YI \/(Y+Z)(Z+X)(X+Y)
<™ XYZ

X=B+y>0Y=y+a>0Z=a+p>0)

/Y Z 8(Teve X)(Zeve XY
NWZ - ’ZOHZ) ’ X 2 \/ (Zy9))(%y )
cyc cyc cyc

3 j9(2cycx)(2cycxv) (ZeyeX)(Zeye XY) AM—GM 3 j9(2cycx)(2cycxv) — 9XYZ
=3

~(M)and (i) = x =

and analogously,y =

9XYZ 2 9XYZ

3 Y+2D)(Z+X)(X+Y)
2 XYZ

Va,b,c>0|a+b+c+2=abc,”=” iffx=y=z=1
=>"="iffa=b=c=2(QED)

3
:>(*)istrue:>\/5+\/5+\/zsi.\/abc
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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