
 
UP.584 Let 𝒂, 𝒃, 𝒄, 𝒅 > 𝟏 and 𝒇: [𝒂, 𝒃] → [𝒄, 𝒅] a continuous function for 

which ∃𝝀 ∈ (𝒂, 𝒃) such that 

𝒂∫ 𝒇(𝒙)
𝝀

𝒂

𝒅𝒙 + 𝒃∫ 𝒇(𝒙)
𝒃

𝝀

𝒅𝒙 ≥ 𝒂 + 𝒄 

then prove: 

∫
𝒙

𝒇(𝒙)

𝒃

𝒂

𝒅𝒙 ≤ (
𝟏

𝒂
+
𝟏

𝒃
)
𝒃𝟐 − 𝒂𝟐 − 𝟐

𝟐
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Solution by the proposers 

Let 𝑭: [𝒂, 𝒃] → ℝ, 𝑭(𝒕) = ∫ 𝒇(𝒙)
𝒕

𝒂
𝒅𝒙. Because 𝒇 is a continuous function, the function 𝑭 is 

derivable and 𝑭′(𝒕) = 𝒇(𝒕), ∀𝒕 ∈ [𝒂, 𝒃] we have: 

∫ 𝒙𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 =
𝑰𝑩𝑷

𝒙𝑭(𝒙)|𝒂
𝒃 − ∫ 𝑭(𝒙)

𝒃

𝒂

𝒅𝒙 = 𝒃∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 −∫ 𝑭(𝒙)
𝒃

𝒂

𝒅𝒙 

Using Mean Value Theorem: 

∃𝝀 ∈ (𝒂, 𝒃) such that ∫ 𝑭(𝒙)
𝒃

𝒂
𝒅𝒙 = (𝒃 − 𝒂)𝑭(𝝀) or 

∫ 𝒙𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 = 𝒃∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 − (𝒃 − 𝒂)𝑭(𝝀) = 

= 𝒃(∫ 𝒇(𝒙)
𝝀

𝒂

𝒅𝒙 +∫ 𝒇(𝒙)
𝒃

𝝀

𝒅𝒙) − (𝒃 − 𝒂)∫ 𝒇(𝒙)
𝝀

𝒂

𝒅𝒙 = 

= 𝒂∫ 𝒇(𝒙)
𝝀

𝒂

𝒅𝒙 + 𝒃∫ 𝒇(𝒙)
𝒃

𝝀

𝒅𝒙 

Therefore, 

𝒂∫ 𝒇(𝒙)
𝝀

𝒂
𝒅𝒙 + 𝒃∫ 𝒇(𝒙)

𝒃

𝝀
𝒅𝒙 = ∫ 𝒙𝒇(𝒙)𝒅𝒙

𝒃

𝒂
≥ 𝒂 + 𝒄           (1) 

On the other hands, we have: 

(𝒄 − 𝒇(𝒙))(𝒂𝒙 − 𝒙𝒇(𝒙))

𝒇(𝒙)
≤ 𝟎, ∀𝒙 ∈ [𝒂, 𝒃] ⇔ 

𝒂𝒄𝒙

𝒇(𝒙)
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𝒃
)𝒙 −

𝟏

𝒂𝒄
𝒙𝒇(𝒙) ⇔ 



 

∫
𝒙

𝒇(𝒙)

𝒃

𝒂

𝒅𝒙 ≤ (
𝟏

𝒂
+
𝟏

𝒄
)∫ 𝒙

𝒃

𝒂

𝒅𝒙 −
𝟏

𝒂𝒄
∫ 𝒙𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 ⇔
(𝟏)

 

 

∫
𝒙

𝒇(𝒙)

𝒃

𝒂

𝒅𝒙 ≤ (
𝟏

𝒂
+
𝟏

𝒄
)
𝒃𝟐 − 𝒂𝟐

𝟐
− (

𝟏

𝒂
+
𝟏

𝒄
) ⇔ ∫

𝒙

𝒇(𝒙)

𝒃

𝒂

𝒅𝒙 ≤ (
𝟏

𝒂
+
𝟏

𝒄
)
𝒃𝟐 − 𝒂𝟐 − 𝟐

𝟐
 

 


