
 
UP.581 If 𝟏 ≤ 𝒂 ≤ 𝒃 then: 

𝟐𝟒(𝒃 − 𝒂)𝟐 𝐥𝐧
𝒃

𝒂
+ (𝒃𝟐 − 𝒂𝟐)𝟑 ≥ 𝟏𝟐(𝒃 − 𝒂)𝟐(𝒃𝟐 − 𝒂𝟐) + 𝟐𝟒 𝐥𝐧𝟑 (

𝒃

𝒂
) 
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Solution by proposer 

The inequality can be written: 

𝟑(𝒃 − 𝒂)𝟐 𝐥𝐧
𝒃

𝒂
+ (

𝒃𝟐 − 𝒂𝟐

𝟐
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𝟑

≥ 𝟑(𝒃 − 𝒂)𝟐 (
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𝟐
) + 𝐥𝐧𝟑 (

𝒃

𝒂
) 
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𝒂
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𝒃
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𝒛

𝒃

𝒂

𝒅𝒛 

𝟑∫ ∫ ∫
𝟏

𝒙

𝒃

𝒂

𝒅𝒙
𝒃

𝒂

𝒅𝒚
𝒃

𝒂

𝒅𝒛 +∫ ∫ ∫ 𝒙𝒚𝒛
𝒃

𝒂

𝒅𝒙
𝒃

𝒂

𝒅𝒚
𝒃

𝒂

𝒅𝒛 ≥ 

≥ 𝟑∫ ∫ ∫ 𝒙
𝒃

𝒂

𝒅𝒙
𝒃

𝒂

𝒅𝒚
𝒃

𝒂

𝒅𝒛 + ∫ ∫ ∫
𝟏

𝒙𝒚𝒛
𝒅𝒙

𝒃

𝒂

𝒅𝒚
𝒃

𝒂

𝒅𝒛
𝒃

𝒂

 

∫ ∫ ∫ (
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
+ 𝒙𝒚𝒛)

𝒃

𝒂

𝒅𝒙
𝒃

𝒂

𝒅𝒚
𝒃

𝒂

𝒅𝒛 ≥ 

≥ ∫ ∫ ∫ (𝒙 + 𝒚 + 𝒛 +
𝟏

𝒙𝒚𝒛
)

𝒃

𝒂

𝒅𝒙
𝒃

𝒂

𝒅𝒚
𝒃

𝒂

𝒅𝒛 

It is enough to prove that: 

𝟏

𝒙
+

𝟏

𝒚
+

𝟏

𝒛
+ 𝒙𝒚𝒛 ≥ 𝒙 + 𝒚 + 𝒛 +

𝟏

𝒙𝒚𝒛
         (1) 

We will prove by mathematical induction that: 

𝑷(𝒏):∑
𝟏

𝒙𝒊

𝒏

𝒊=𝟏

+ 𝒙𝟏𝒙𝟐…𝒙𝒏 ≥∑𝒙𝒊

𝒏

𝒊=𝟏

+
𝟏

𝒙𝟏𝒙𝟐 ⋅ … ⋅ 𝒙𝒏
 

For 𝒙𝟏 = 𝒙;𝒙𝟐 = 𝒚;𝒙𝟑 = 𝒛; 𝒏 = 𝟑 we obtain (1) by (2). 

Suppose 𝑷(𝒏) true: 

𝑷(𝒏 + 𝟏):∑
𝟏

𝒙𝒊

𝒏+𝟏
𝒊=𝟏 + 𝒙𝟏𝒙𝟐…𝒙𝒏𝒙𝒏+𝟏 ≥ ∑ 𝒙𝒊

𝒏+𝟏
𝒊=𝟏 +

𝟏

𝒙𝟏𝒙𝟐⋅…⋅𝒙𝒏𝒙𝒏+𝟏
     (to prove) 

∑
𝟏

𝒙𝒊

𝒏+𝟏

𝒊=𝟏

+ 𝒙𝟏𝒙𝟐…𝒙𝒏𝒙𝒏+𝟏 =∑
𝟏

𝒙𝒊

𝒏

𝒊=𝟏

+
𝟏

𝒙𝒏+𝟏
+ 𝒙𝟏𝒙𝟐…𝒙𝒏𝒙𝒏+𝟏 = 



 

=∑
𝟏

𝒙𝒊

𝒏

𝒊=𝟏

+ 𝒙𝟏𝒙𝟐…𝒙𝒏 − 𝒙𝟏𝒙𝟐 ⋅ … ⋅ 𝒙𝒏 +
𝟏

𝒙𝒏+𝟏
+ 𝒙𝟏𝒙𝟐…𝒙𝒏𝒙𝒏+𝟏 ≥ 

≥
𝑷(𝒏)

∑𝒙𝒊

𝒏

𝒊=𝟏

+
𝟏

𝒙𝟏𝒙𝟐…𝒙𝒏
− 𝒙𝟏𝒙𝟐…𝒙𝒏 +

𝟏

𝒙𝒏+𝟏
+ 𝒙𝟏𝒙𝟐…𝒙𝒏𝒙𝒏+𝟏 

Denote 𝒚 = 𝒙𝟏𝒙𝟐 ⋅ … ⋅ 𝒙𝒏. Remains to prove that: 

∑𝒙𝒊

𝒏

𝒊=𝟏

+
𝟏

𝒚
− 𝒚 +

𝟏

𝒙𝒏+𝟏
+ 𝒚𝒙𝒏+𝟏 ≥ ∑𝒙𝒊

𝒏+𝟏

𝒊=𝟏

+
𝟏

𝒚𝒙𝒏+𝟏
 

𝟏

𝒚
− 𝒚 +

𝟏

𝒙𝒏+𝟏
+ 𝒚𝒙𝒏+𝟏 ≥ 𝒙𝒏+𝟏 +

𝟏

𝒚𝒙𝒏+𝟏
 

Let’s observe that: 

𝒚 ≥ 𝟏; 𝒙𝒏+𝟏 ≥ 𝟏;𝒚𝒙𝒏+𝟏 ≥ 𝟏 or 

𝒚 − 𝟏 ≥ 𝟎; 𝒙𝒏+𝟏 − 𝟏 ≥ 𝟎;𝒚𝒙𝒏+𝟏 − 𝟏 ≥ 𝟎       (3) 

𝒚𝒙𝒏+𝟏 − 𝒙𝒏+𝟏 +
𝟏

𝒙𝒏+𝟏
−

𝟏

𝒚𝒙𝒏+𝟏
+

𝟏

𝒚
− 𝒚 ≥ 𝟎    (to prove) 

𝒙𝒏+𝟏(𝒚 − 𝟏) +
𝟏

𝒙𝒏+𝟏
(𝟏 −

𝟏

𝒚
) −

𝒚𝟐 − 𝟏

𝒚
≥ 𝟎 

𝒙𝒏+𝟏(𝒚 − 𝟏) +
𝟏

𝒙𝒏+𝟏
⋅
𝒚 − 𝟏

𝒚
−
(𝒚 − 𝟏)(𝒚 + 𝟏)

𝒚
≥ 𝟎 

(𝒚 − 𝟏) (𝒙𝒏+𝟏 +
𝟏

𝒚𝒙𝒏+𝟏
−
𝒚 + 𝟏

𝒚
) ≥ 𝟎 

(𝒚 − 𝟏) (𝒙𝒏+𝟏 − 𝟏 +
𝟏

𝒚𝒙𝒏+𝟏
−
𝟏

𝒚
) ≥ 𝟎 

(𝒚 − 𝟏) (𝒙𝒏+𝟏 − 𝟏 −
𝒙𝒏+𝟏 − 𝟏

𝒚𝒙𝒏+𝟏
) ≥ 𝟎 

(𝒚 − 𝟏)(𝒙𝒏+𝟏 − 𝟏) (𝟏 −
𝟏

𝒚𝒙𝒏+𝟏
) ≥ 𝟎 

(𝒚 − 𝟏)(𝒙𝒏+𝟏 − 𝟏)(𝒚𝒙𝒏+𝟏 − 𝟏) ≥ 𝟎     (true by (3)) 

Equality holds for 𝒂 = 𝒃. 


