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UP.580 If f:[a,b] — [—1,>);a,b € R; a < b; f continuous, then:

b 3 b
O (1+f(x))dx> 2(b—a)3+3(b—a)2j f(x) dx

Proposed by Daniel Sitaru — Romania

Solution by proposer
First we recall Bernoulli’s generalized inequality:
Ifn € N xq,%3, ..., X, € [-1,0);x; - x; 2 0; (V)i,j € 1, n then:
A+x)A+x) - A +x)=21+x3+x++x, (1)
For n = 2 we must prove that:
14+x)A+x)=14+x1+x,
1+x1+x,+x1x,214+x1 +x
X1X2 = 0 (True)
Pm): [ (1+x)=>1+X",x; (suppose true)
P(n+ 1):ITM( + x)) = 1 + X x; (to prove)

n+1 n

P(n)
[[a+x=a+x-[[a+x =
i=1 i=1

n
= (1 + xn+1) : (1 + x,-) =

4

n n n+1
= 1+in+xn+1 +xn+1 ‘zxi = 1+le
i=1 i=1 i=1
n+1 n n+1
DRTD TN
i=1 i=1 i=1

=1 X Xpp1 =0 (true)
P(n)->Pn+1)
We take in (1):
x1 = f(x);x2 = f(¥); x3 = f(2); %1, %2, %3 € [-1,0)
1 +f@)A+fM)A+F@) =1+ f() + fO) + f(@)
By integrating:



ROMANIAN MATHEMATICAL MAGAZINE

b b b
f f f (14 7)) (A +f)(1+ f(2))dxdydz =

b ~b /b
> f f f (1+ £ + ) + f(2)) dxdydz

(jbf(x)dx>(jbf()’)d)’><fbf(2)dz> J-bfbjbdxdydz+
jjjf(x)dxdydz+j j ff(J’)dxdydz+f J Jf(Z)dXdydz

(j f(x)dx) > (b— a)3+3jf(x)dx J dedz

3
(j f(x)dx) z(b—a)3+3(b—a)2J £ dx

Equality holds for a = b.



