
 
UP.580  If 𝒇: [𝒂, 𝒃] → [−𝟏, ∞); 𝒂, 𝒃 ∈ ℝ; 𝒂 ≤ 𝒃; 𝒇 continuous, then: 

(∫ (𝟏 + 𝒇(𝒙))𝒅𝒙
𝒃

𝒂

)

𝟑

≥ (𝒃 − 𝒂)𝟑 + 𝟑(𝒃 − 𝒂)𝟐 ∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

First we recall Bernoulli’s generalized inequality: 

If 𝒏 ∈ ℕ∗; 𝒙𝟏, 𝒙𝟐, … , 𝒙𝒏 ∈ [−𝟏, ∞); 𝒙𝒊 ⋅ 𝒙𝒋 ≥ 𝟎; (∀)𝒊, 𝒋 ∈ 𝟏, 𝒏 then: 

(𝟏 + 𝒙𝟏)(𝟏 + 𝒙𝟐) ⋅ … ⋅ (𝟏 + 𝒙𝒏) ≥ 𝟏 + 𝒙𝟏 + 𝒙𝟐 + ⋯ + 𝒙𝒏      (1) 

For 𝒏 = 𝟐 we must prove that: 

(𝟏 + 𝒙𝟏)(𝟏 + 𝒙𝟐) ≥ 𝟏 + 𝒙𝟏 + 𝒙𝟐 

𝟏 + 𝒙𝟏 + 𝒙𝟐 + 𝒙𝟏𝒙𝟐 ≥ 𝟏 + 𝒙𝟏 + 𝒙𝟐 

𝒙𝟏𝒙𝟐 ≥ 𝟎   (True) 

𝑷(𝒏): ∏ (𝟏 + 𝒙𝒊)
𝒏
𝒊=𝟏 ≥ 𝟏 + ∑ 𝒙𝒊

𝒏
𝒊=𝟏     (suppose true) 

𝑷(𝒏 + 𝟏): ∏ (𝟏 + 𝒙𝒊)
𝒏+𝟏
𝒊=𝟏 ≥ 𝟏 + ∑ 𝒙𝒊

𝒏+𝟏
𝒊=𝟏  (to prove) 

∏(𝟏 + 𝒙𝒊)

𝒏+𝟏

𝒊=𝟏

= (𝟏 + 𝒙𝒏+𝟏) ⋅ ∏(𝟏 + 𝒙𝒊)

𝒏

𝒊=𝟏

≥
𝑷(𝒏)

 

≥ (𝟏 + 𝒙𝒏+𝟏) ⋅ (𝟏 + ∑ 𝒙𝒊

𝒏

𝒊=𝟏

) = 

= 𝟏 + ∑ 𝒙𝒊

𝒏

𝒊=𝟏

+ 𝒙𝒏+𝟏 + 𝒙𝒏+𝟏 ⋅ ∑ 𝒙𝒊

𝒏

𝒊=𝟏

≥ 𝟏 + ∑ 𝒙𝒊

𝒏+𝟏

𝒊=𝟏

 

∑ 𝒙𝒊

𝒏+𝟏

𝒊=𝟏

+ ∑ 𝒙𝒊

𝒏

𝒊=𝟏

⋅ 𝒙𝒏+𝟏 ≥ ∑ 𝒙𝒊

𝒏+𝟏

𝒊=𝟏

 

∑ 𝒙𝒊
𝒏
𝒊=𝟏 ⋅ 𝒙𝒏+𝟏 ≥ 𝟎    (true) 

𝑷(𝒏) → 𝑷(𝒏 + 𝟏) 

We take in (1): 

𝒙𝟏 = 𝒇(𝒙); 𝒙𝟐 = 𝒇(𝒚); 𝒙𝟑 = 𝒇(𝒛); 𝒙𝟏, 𝒙𝟐, 𝒙𝟑 ∈ [−𝟏, ∞) 

(𝟏 + 𝒇(𝒙))(𝟏 + 𝒇(𝒚))(𝟏 + 𝒇(𝒛)) ≥ 𝟏 + 𝒇(𝒙) + 𝒇(𝒚) + 𝒇(𝒛) 

By integrating: 



 

∫ ∫ ∫ (𝟏 + 𝒇(𝒙))
𝒃

𝒂

𝒃

𝒂

𝒃

𝒂

(𝟏 + 𝒇(𝒚))(𝟏 + 𝒇(𝒛))𝒅𝒙𝒅𝒚𝒅𝒛 ≥ 

≥ ∫ ∫ ∫ (𝟏 + 𝒇(𝒙) + 𝒇(𝒚) + 𝒇(𝒛))
𝒃

𝒂

𝒃

𝒂

𝒃

𝒂

𝒅𝒙𝒅𝒚𝒅𝒛 

(∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙) (∫ 𝒇(𝒚)
𝒃

𝒂

𝒅𝒚) (∫ 𝒇(𝒛)
𝒃

𝒂

𝒅𝒛) ≥ ∫ ∫ ∫ 𝒅𝒙
𝒃

𝒂

𝒅𝒚
𝒃

𝒂

𝒅𝒛 +
𝒃

𝒂

 

+ ∫ ∫ ∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙
𝒃

𝒂

𝒅𝒚
𝒃

𝒂

𝒅𝒛 + ∫ ∫ ∫ 𝒇(𝒚)
𝒃

𝒂

𝒅𝒙
𝒃

𝒂

𝒅𝒚
𝒃

𝒂

𝒅𝒛 + ∫ ∫ ∫ 𝒇(𝒛)
𝒃

𝒂

𝒅𝒙
𝒃

𝒂

𝒅𝒚
𝒃

𝒂

𝒅𝒛 

(∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙)

𝟑

≥ (𝒃 − 𝒂)𝟑 + 𝟑 ∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 ⋅ ∫ ∫ 𝒅𝒚
𝒃

𝒂

𝒅𝒛
𝒃

𝒂

 

(∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙)

𝟑

≥ (𝒃 − 𝒂)𝟑 + 𝟑(𝒃 − 𝒂)𝟐 ∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 

Equality holds for 𝒂 = 𝒃. 


