
 
UP.578 Prove the equality: 

∫
𝒙𝟒√𝒙 𝐥𝐧 𝒙

(𝒙 + 𝟏)(𝒙𝟐 + 𝟏)(𝒙𝟒 + 𝟏)

∞

𝟎

𝒅𝒙 =
𝟏

𝟖
𝝅𝟐√𝟓 −

𝟕

√𝟐
 

Proposed by Vasile Mircea Popa – Romania  

Solution by proposer 

Let us denote:  

𝑰 = ∫
𝒙𝟒√𝒙 𝐥𝐧 𝒙

(𝒙 + 𝟏)(𝒙𝟐 + 𝟏)(𝒙𝟒 + 𝟏)

∞

𝟎

𝒅𝒙; 

𝑨 = ∫
𝒙𝟒√𝒙 𝐥𝐧 𝒙

(𝒙 + 𝟏)(𝒙𝟐 + 𝟏)(𝒙𝟒 + 𝟏)

𝟏

𝟎

𝒅𝒙 = ∫
(𝟏 − 𝒙)𝒙𝟒√𝒙 𝐥𝐧 𝒙

𝟏 − 𝒙𝟖

𝟏

𝟎

𝒅𝒙 

𝑩 = ∫
𝒙𝟒√𝒙 𝐥𝐧 𝒙

(𝒙 + 𝟏)(𝒙𝟐 + 𝟏)(𝒙𝟒 + 𝟏)

∞

𝟏

𝒅𝒙 = ∫
(𝟏 − 𝒙)𝒙𝟒√𝒙 𝐥𝐧 𝒙

𝟏 − 𝒙𝟖

∞

𝟏

𝒅𝒙 

We consider the integral 𝑨. 

We have: 

𝑨 = ∫
𝒙

𝟗
𝟐 𝐥𝐧 𝒙

𝟏 − 𝒙𝟖

𝟏

𝟎

𝒅𝒙 − ∫
𝒙

𝟏𝟏
𝟐 𝐥𝐧 𝒙

𝟏 − 𝒙𝟖

𝟏

𝟎

𝒅𝒙 

We will calculate: 

𝑨𝟏 = ∫
𝒙

𝟗
𝟐 𝐥𝐧 𝒙

𝟏 − 𝒙𝟖

𝟏

𝟎

𝒅𝒙 

We make the variable change: 𝒙𝟖 = 𝒚; 𝒙 = 𝒚
𝟏

𝟖 

We obtain: 

𝑨𝟏 =
𝟏

𝟔𝟒
∫

𝒚−
𝟓

𝟏𝟔 𝐥𝐧 𝒚

𝟏 − 𝒚

𝟏

𝟎

𝒅𝒚 

We will use the following known relationship: 

∫
𝒛𝒂 𝐥𝐧 𝒛

𝟏−𝒛

𝟏

𝟎
𝒅𝒛 = −𝛙𝟏(𝒂 + 𝟏), 𝒂 ∈ 𝑹 ∖ {−𝟏, −𝟐, … },  where 𝝍𝟏(𝒙) is the trigamma function 

We obtain: 



 

𝑨𝟏 = −
𝟏

𝟔𝟒
𝝍𝟏 (

𝟏𝟏

𝟏𝟔
) 

We will calculate: 

𝑨𝟐 = ∫
𝒙

𝟏𝟏
𝟐 𝐥𝐧 𝒙

𝟏 − 𝒙𝟖

𝟏

𝟎

𝒅𝒙 

Proceeding similarly, we obtain: 

𝑨𝟐 = −
𝟏

𝟔𝟒
𝝍𝟏 (

𝟏𝟑

𝟏𝟔
) 

We obtained the value of the integral 𝑨: 

𝑨 = 𝑨𝟏 − 𝑨𝟐 =
𝟏

𝟔𝟒
[−𝝍𝟏 (

𝟏𝟏

𝟏𝟔
) + 𝝍𝟏 (

𝟏𝟑

𝟏𝟔
)] 

We conside the integral 𝑩. We make the variable change: 𝒙 =
𝟏

𝒕
. 

We obtain:  

𝑩 = ∫
(𝒕 − 𝟏)𝒕

𝟏
𝟐 𝐥𝐧 𝒕

𝟏 − 𝒕𝟖

𝟏

𝟎

𝒅𝒕 

By proceeding similarly to the integral 𝑨, we obtain: 

𝑩 =
𝟏

𝟔𝟒
[𝝍𝟏 (

𝟑

𝟏𝟔
) − 𝝍𝟏 (

𝟓

𝟏𝟔
)] 

Result: 

𝑰 = 𝑨 + 𝑩 

𝑰 =
𝟏

𝟔𝟒
[−𝝍𝟏 (

𝟏𝟏

𝟏𝟔
) + 𝝍𝟏 (

𝟏𝟑

𝟏𝟔
) + 𝝍𝟏 (

𝟑

𝟏𝟔
) − 𝝍𝟏 (

𝟓

𝟏𝟔
)] 

We use the reflection formula: 

𝝍𝟏 + 𝝍𝟏(𝟏 − 𝒙) =
𝝅𝟐

𝐬𝐢𝐧𝟐(𝝅𝒙)
 

We obtain: 

𝝍𝟏 (
𝟑

𝟏𝟔
) + 𝝍𝟏 (

𝟏𝟑

𝟏𝟔
) =

𝝅𝟐

𝐬𝐢𝐧𝟐 𝟑𝝅
𝟏𝟔

; 𝝍𝟏 (
𝟓

𝟏𝟔
) + 𝝍𝟏 (

𝟏𝟏

𝟏𝟔
) =

𝝅𝟐

𝐬𝐢𝐧𝟐 𝟓𝝅
𝟏𝟔

; 

Result: 



 

𝑰 =
𝝅𝟐

𝟔𝟒
(

𝟏

𝐬𝐢𝐧𝟐 𝟑𝝅
𝟏𝟔

−
𝟏

𝐬𝐢𝐧𝟐 𝟓𝝅
𝟏𝟔

) 

We have: 

𝟏

𝐬𝐢𝐧𝟐 𝟑𝝅
𝟏𝟔

−
𝟏

𝐬𝐢𝐧𝟐 𝟓𝝅
𝟏𝟔

= 𝟑𝟐 𝐬𝐢𝐧𝟑
𝝅

𝟖
 

We propose to the reader to prove this equality. 

Result: 

𝑰 =
𝟏

𝟐
𝝅𝟐 𝐬𝐢𝐧𝟑

𝝅

𝟖
 

We have: 

𝐬𝐢𝐧
𝝅

𝟖
=

𝟏

𝟐
√𝟐 − √𝟐 

We propose to the reader to prove this equality. 

Result: 

𝑰 =
𝟏

𝟖
𝝅𝟐√𝟓 −

𝟕

√𝟐
 

Thus, the problem is solved. 

 

 


