
 
UP.577  Find a closed form: 

∫
𝒙𝟐 𝐥𝐧 𝒙

𝒙𝟑 + 𝒙√𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙 

Proposed by Vasile Mircea Popa – Romania  

Solution by proposer 

Let us denote: 

𝑰 = ∫
𝒙𝟐 𝐥𝐧 𝒙

𝒙𝟑 + 𝒙√𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙 

In this integral we make the variable change: 𝒙 = 𝒛
𝟐

𝟑. 

We obtain: 

𝑰 =
𝟒

𝟗
∫

𝒛 𝐥𝐧 𝒛

𝒛𝟐 + 𝒛 + 𝟏

𝟏

𝟎

𝒅𝒛. 

We have, successively: 

𝑰 =
𝟒

𝟗
∫

(𝟏 − 𝒛)𝒛 𝐥𝐧 𝒛

𝟏 − 𝒛𝟑

𝟏

𝟎

𝒅𝒛 

𝑰 =
𝟒

𝟗
(∫

𝒛 𝐥𝐧 𝒛

𝟏 − 𝒛𝟑

𝟏

𝟎

𝒅𝒛 − ∫
𝒛𝟐 𝐥𝐧 𝒛

𝟏 − 𝒛𝟑

𝟏

𝟎

𝒅𝒛) 

𝑰 =
𝟒

𝟗
(∫ ∑𝒛𝟑𝒏+𝟏

∞

𝒏=𝟎

𝐥𝐧 𝒛𝒅𝒛
𝟏

𝟎

−∫ ∑𝒛𝟑𝒏+𝟐
∞

𝒏=𝟎

𝟏

𝟎

𝐥𝐧 𝒛𝒅𝒛) 

𝑰 =
𝟒

𝟗
∑(∫ 𝒛𝟑𝒏+𝟏 𝐥𝐧 𝒛

𝟏

𝟎

𝒅𝒛 − ∫ 𝒛𝟑𝒏+𝟐
𝟏

𝟎

𝐥𝐧 𝒛 𝒅𝒛)

∞

𝒏

. 

We will use the following relationship: 

∫ 𝒙𝒂
𝟏

𝟎
𝐥𝐧 𝒙𝒅𝒙 = −

𝟏

(𝒂+𝟏)𝟐
, where 𝒂 ∈ ℝ, 𝒂 ≥ 𝟎. 

We obtain: 

𝑰 =
𝟒

𝟗
∑ [

𝟏

(𝟑𝒏 + 𝟑)𝟐
−

𝟏

(𝟑𝒏 + 𝟐)𝟐
]

∞

𝒏=𝟎

. 

Or: 



 

𝑰 =
𝟒

𝟗
∑[

𝟏
𝟗

(𝒏 + 𝟏)𝟐
−

𝟏
𝟗

(𝒏 +
𝟐
𝟑)

𝟐 ]

∞

𝒏=𝟎

. 

We now use the following relationship: 

𝝍𝟏(𝒙) = ∑
𝟏

(𝒙 + 𝒏)𝟐

∞

𝒏=𝟎

 

where 𝝍𝟏(𝒙) is the trigamma function. 

We have: 

𝑰 =
𝟒

𝟖𝟏
[𝝍𝟏(𝟏) − 𝝍𝟏 (

𝟐

𝟑
)]. 

The following special value of triagamma function is known: 

𝝍𝟏(𝟏) =
𝝅𝟐

𝟔
 

We obtained the value of the integral required in the problem statement: 

𝑰 =
𝟒

𝟖𝟏
[
𝝅𝟐

𝟔
− 𝝍𝟏 (

𝟐

𝟑
)]. 


